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Preface 


This manual provides detailed solutions to the (b) Exercises and the even-numbered Discus- 
sion questions and Problems from the 11" edition of Atkins’ Physical Chemistry. 


Conventions used is presenting the solutions 


We have included page-specific references to equations, sections, figures and other features 
of the main text. Equation references are denoted [14B.3b-595], meaning eqn 14B.3b located 
on page 595 (the page number is given in italics). Other features are referred to by name, 
with a page number also given. 


Generally speaking, the values of physical constants (from the first page of the main text) 
are used to 5 significant figures except in a few cases where higher precision is required. 
In line with the practice in the main text, intermediate results are simply truncated (not 
rounded) to three figures, with such truncation indicated by an ellipsis, as in 0.123...; the 
value is used in subsequent calculations to its full precision. 


The final results of calculations, generally to be found in|a box}, are given to the precision 
warranted by the data provided. We have been rigorous in including units for all quantities 
so that the units of the final result can be tracked carefully. The relationships given on 
the back of the front cover are useful in resolving the units of more complex expressions, 
especially where electrical quantities are involved. 


Some of the problems either require the use of mathematical software or are much easier 
with the aid of such a tool. In such cases we have used Mathematica (Wolfram Research, 
Inc.) in preparing these solutions, but there are no doubt other options available. Some of 
the Discussion questions relate directly to specific section of the main text in which case we 
have simply given a reference rather than repeating the material from the text. 
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Errors and omissions 


In such a complex undertaking some errors will no doubt have crept in, despite the authors’ 
best efforts. Readers who identify any errors or omissions are invited to pass them on to us 


by email to pchem@ch. cam.ac.uk. 


The properties of gases 


1A. The perfect gas 


Answers to discussion questions 


DIA.2 


The partial pressure of gas J, py, in a mixture of gases is given by [1A.6-9], py = 
xyp, where p is the total pressure and xy is the mole fraction of J. 


If the gases are perfect, the partial pressure is also the pressure the gas would 
exert if it occupied on its own the same container as the mixture at the same 
temperature. This leads to Dalton’s law, which is that the pressure of a mixture 
of gases is the sum of the pressures that each one would exert if it occupied the 
container alone. 


Dalton’s law is a limiting law because it holds exactly only in the limit that there 
are no interactions between the molecules, which for real gases will be in the 
limit of zero pressure. 


Solutions to exercises 


EIA.1(b) 


EIA.2(b) 


From inside the front cover the conversion between pressure units is: 1 atm = 
101.325 kPa = 760 Torr. 


(i) A pressure of 22.5 kPa is converted to atm as follows 
1 atm _ 
101.325kPa _ 


(ii) A pressure of 770 Torr is converted to Pa as follows 


Latm _ 101.325kP 
770 Torr x ——— x * = 103 kPa = [1.03 x 10° Pa 
760 Torr 1 atm 


22.5 kPa x 0.222 atm 


The perfect gas law [1A.4-8], pV = nRT, is rearranged to give the pressure, 
p =nRT/V. The amount n is found by dividing the mass by the molar mass of 
Ar, 39.95 g mol '. 


(25 g) (8.3145 x 10°? dm? bar K™! mol") x (303.15 K) 
(39.95 g mol) 1.5 dm 
= 10.4 bar 


p= 


So {no}, the sample would not exert a pressure of 2.0 bar, but |10.4 bar] if it were 
a perfect gas. 


E1A.3(b) 


E1A.4(b) 


E1A.5(b) 


E1A.6(b) 


Because the temperature is constant (isothermal) Boyle’s law applies, pV = 
const. Therefore the product pV is the same for the initial and final states 


PrVi=piVi hence pj; = peV_/Vi 


The initial volume is 1.80 dm? greater than the final volume so V, = 2.14+1.80 = 
3.94 dm’. 


Ve. 2.14dm° 


it x 
P Vi Pe 3.94 dm°* 


x (1.97 bar) = 1.07 bar 


(i) The in initial pressure is |1.07 bar 


(ii) Because 1 atm is equivalent to 1.01325 bar and also to 760 Torr, the initial 
pressure expressed in Torr is 


1 atm 760 Torr 
x 


x 1.07 bar = |803 Torr 
1.01325 bar l atm 


If the gas is assumed to be perfect, the equation of state is [1A.4-8], pV = nRT. 
In this case the volume and amount (in moles) of the gas are constant, so it 
follows that the pressure is proportional to the temperature: p « T. The ratio of 
the final and initial pressures is therefore equal to the ratio of the temperatures: 
Pr/pi = Te/T;. Solving for the final pressure ps (remember to use absolute 
temperatures) gives 


PE 7 ™ Pi 


_ (11+ 273.15) 
(23 + 273.15) 


K 
< (125 kPa) =|120 kPa 


The perfect gas law pV = nRT is rearranged to give n = pV/RT. 


ee 
RT 
_ (1.00 x 1.01325 x 10° Pa) x (4.00 x 10° m*) 


(8.3145JK~! mol’) x ([20 + 273.15] K) 


=11.66... x 10° mol 


1 5-2 have been used. 


where 1 J = 1 kgm’s~? and 1 Pa= 1kgm™ 
The molar mass of CH, is 12.01 + 4 x 1.0079 = 16.0416 g mol ', so the mass of 


CH, is (1.66... x 10° mol) x (16.0416 gmol ') = 2.67 x 10° g or|2.67 x 10° kg. 


The vapour is assumed to bea perfect gas, so the gas law pV = nRT applies. The 
task is to use this expression to relate the measured mass density to the molar 
mass. 


First, the amount n is expressed as the mass m divided by the molar mass M to 
give pV = (m/M)RT; division of both sides by V gives p = (m/V)(RT/M). 


EIA.7(b) 


E1A.8(b) 


The quantity (m/V) is the mass density p, so p = pRT/M, which rearranges 
to M = pRT/p; this is the required relationship between M and the density. 
a PRE _ (0.6388 kg m™) x (8.3145 JK"! mol) x ([100 + 273.15] K) 
p 16.0 x 103 Pa 
= 0.123... kg mol! 


where 1J = 1 kgm*s~? and 1 Pa = 1 kgm‘ s~? have been used. The molar mass 
of P is 30.97 gmol ', so the number of P atoms in the molecules comprising 
the vapour is (0.123... x 10° gmol ')/(30.97 gmol ') = 4.00. The result is 
expected to be an integer, so the formula is likely to be |P4. 


The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies; the 
task is to use this expression to relate the measured data to the mass m. This 
is done by expressing the amount n as m/M, where M is the the molar mass. 
With this substitution it follows that m = MPV/RT. 


The partial pressure of water vapour is 0.53 times the saturated vapour pressure 
MpV 
> 2 
_ (18.0158 gmol ') x (0.53 x 0.0281 x 10° Pa) x (250 m>) 
(8.3145J K~! mol ') x ([23 + 273.15] K) 
= 2.7 x 10° g =|2.7 kg 


Once the total amount and the total pressure p;., are known, the volume is 
found using the perfect gas law. The total amount in moles of the mixture of 
gases is 
™McH, | Mar ‘ MNe 
Mcu, Mar Mne 
0.320 g 0175 0.2258 
(12.01+ 4x 1.0079) gmol' 39.95gmol* 20.18 gmol' 


= 3.54... x 10°? mol 


Ntot = NCH, + NAr + NNe = 


The mole fraction of neon is 


n 0.225 1 
XNe = —* = a = 0.314... 
Atot 20.18 gmol 3.54... x 10-2 mol 


Because Pne = XNe X Ptot it follow that 


PNe _ 8.87 kPa 7 
XNe 0.314... 


28.2 kPa 


Prot = 


The volume is calculated using the perfect gas equation with the known total 
pressure and total amount 


nRT _ (3.54... x 10~* mol) x (8.3145J K”! mol) x (300 K) 


V = 
p 28.2 x 103 Pa 


= 3.14 x 10°? m? =|3.14 dm° 


E1A.9(b) 


E1A.10(b) 


E1A.11(b) 


The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies. 
The task is to use this expression to relate the measured pressure and volume 
of a known mass of gas to the molar mass. 


The amount n is expressed as the mass m divided by the molar mass M to 
give pV = (m/M)RT; this rearranges to M = mRT/pV which is the required 
relationship. The pressure in Torr is converted to Pa by noting that 760 Torr is 
equivalent to 1 atm. 

_ mRT 

pv 
(33.5 x 10-6 kg) x (8.3145J K~! mol’) x (298 K) 
~ (152 Torr/760 Torr) x (1.01325 x 105 Pa) x (250 x 10-6 m3) 


= |0.0164 kg mol? 


The relationships 1 J = 1 kgm*s~* and 1 Pa = 1 kgm 's~? have been used; 
note the conversion of the volume to m’. 


The idea here is that the volume will go to zero at absolute zero. The data given 
are the slope of the volume/temperature plot, together with one fixed point, so 
the equation of the straight line can be found, and then the required intercept. 


The equation of the line is 
(V/dm*) = (0.0741) x (8/°C) + (c/dm?) 


The fixed point given is that the volume at @ = 0 °C is 20.00 dm?, so the constant 
c is equal to this volume 


(V/dm*) = (0.0741) x (8/°C) + 20.00 


This is solved for V = 0 to give (0/°C) = (-20.00)/(0.0741) = -270, hence 


6 = —270 °C. This is the estimate of absolute zero. 


(i) The mole fractions are 


nu, 1.5 mol 3 
8 


5 
XH, = xn, = 1-H, =]3 


ny,t+ny, 1.5 mol+2.5mol — 


(ii) The partial pressures are given by p; = X;Ptot. The total pressure is given 
by the perfect gas law: Prot = MtorRT/V 


3 (4.0 mol) x (8.3145JK7! mol‘) x (273.15 K) 
PH. = XH, Ptot = = x 


8 22.4 x 10-3 m3 
=|1.5 x 10° Pa 
5 (4.0 mol) x (8.3145J K~! mol’) x (273.15 K) 


= XN, = x 
PN. = XN; Prot 8 22.4 x 10-3 m3 


=|2.5 x 10° Pa 


Expressed in atmospheres these are 1.5 atm and 2.5 atm, respectively. 


(iii) The total pressure is 


(3.0 mol) x (8.3145JK7! mol ') x (273.15 K) _ 
22.4 x 10-3 m3 


4.0 x 10° Pa 


or 4.0 atm. 


Alternatively, note that 1 mol at STP occupies a volume of 22.4 dm? which is 
the stated volume. As there are a total of 4.0 mol present the (total) pressure 
must therefore be 4.0 atm. 


Solutions to problems 


PIA.2 


P1A.4 


P1A.6 


Perfect gas behaviour indicates that pV « T, where T is the absolute tempera- 
ture. In terms of the temperature 6 in °N, T is written T = 0 + 00, where @ is 
the absolute temperature of zero on the °N scale. The proportionality is made 
an equality by inserting a constant 


pv = a(O + 00) 
The two data points given are expressed as the following two equations: 
28 = a(0 + @) 40 = a(100 + @0) 


These are solved simultaneously to give 9 = 233 K. This means that 0 °N 
corresponds to an absolute temperature of 233 K. It follows that, on the °N 
scale, absolute zero is |—233 °N. 


At absolute zero the volume will go to zero so the temperature corresponding 
to absolute zero @o is found by solving 


0 = Vo(1 + a6) hence 09 =-1/a 


The quantity a varies with pressure, and what is required is its value in the 
limit that the pressure goes to zero, because in this limit perfect gas behaviour 
is achieved. A plot of a against pressure, Fig. 1.1, reveals a gentle curve which 
fits well to a polynomial of order 2. 


The equation of the fitted line is 
(10° «)/°C ' = 4.5000 x 10~° x (p/Torr)? + 7.5870 x 107° x (p/Torr) + 3.6635 


The intercept at p = 0 gives the low pressure limit of a as 3.6635 x 107° °C"’," 
and hence 


Oy = -1/a = -1/(3.6635 x 10° °C") =[=273.96 °C 


For a given setting of the pivot, the balance point is reached for a given density 
of gas, because it is the density which affects the buoyancy of the bulb. The 
density of the gas depends on its pressure and its molar mass: the greater the 
molar mass, the higher the density for a given pressure. 


PIA.8 


3.67 


3.67 
© 

~ 3.67 
8 
=) 

a 3.67 

3.66 

! ! ! 
0 200 400 600 
p/Torr 


Figure 1.1 


The exact relationship is derived for a perfect gas by starting with pV = nRT. 
The amount in moles is n = m/M, where M is the molar mass and m is the 
mass of the gas. It follows that pV = (m/M)(RT) which rearranges to pM = 
(m/V)(RT). The quantity m/V is the mass density p, and hence pM = pRT. 


If the first gas has molar mass M;, and balances the pivot at pressure p;, and 
likewise M, and p> for the second gas, then because the densities must be the 
same it follows that (at fixed temperature) 


M 
PiM, = p.M, hence aos 
1 


For the first experiment 


P2oM>, (423.22 Torr) x (70.014 gmol *) 
pp (327.10 Torr) 


M, = 90.588 gmol ! 


For the second experiment 


p2Mz _ (427.22 Torr) x (70.014 g mol ') 


M = 
py (293.22 Torr) 


= 102.01 gmol ' 


If the gases are behaving ideally, the two experiments should give the same 
molar mass - which evidently they do not. Because the lower pressure is closer 
to ideality, the second experiment is perhaps to be preferred, but high precision 


is not justified in quoting the result for the molar mass as /102 g mol |. 


The compounds CH,FCF3 and CHF,CHF, have molar masses close to this 
value. 


The stoichiometric equation for the production of NH3 is 3H; + N. ——> 
2NHs3. Conversion of all of the Hz (2 moles) to ammonia results in the forma- 
tion of t mol of NH3 and consumes 5 mol of N2. After the reaction is complete 


P1A.10 


P1A.12 


the amounts are therefore 


2 4 
ny, = 0 i Ae = gel hw, = 3 mol 


The total amount is ; + 4 = 2 mol, from which the total pressure is calculated 
using the perfect gas law 


nRT (2 mol) x (8.3145) K"! mol *) x (273.15 K) 
V 22.4 x 10-3 m3 


The partial pressures are calculated from the mole fractions and the total pres- 
sure 


1.69 x 10° Pa 


nN, 1/3 mol 


= XN, p = = x (1.69... x 10° Pa) =|0.338 x 10° Pa 
PN = 2NeP Not 5/3 mol ( ) 
4/3 mol 
ba ee pe. (1.69... x 10° Pa) = |1.35 x 10° Pa 
Ntot 5/3 mol 


It is useful to recall that at STP 1 mol occupies a volume of 22.414 dm’. 


A concentration of 250 DU means that when all of the ozone in a column of 
cross-sectional area 1.00 dm? is compressed into a disc with the same cross- 
sectional area and at STP the thickness of the disc is 250/1000 cm. Expressed 
in dm, the thickness is therefore 2.50 x 10-7 dm, and so the volume of the disc 
is (thickness x area) = (2.50 x 10-? dm) x (1.00 dm”) = 2.50 x 10? dm’. The 
amount in moles of ozone is therefore 


2.50 x 10° dm? 
22.414 dm? mol ! 


The amount in moles corresponding to 100 DU is found by using a ratio 


100 100 % = 
NO;,100 DU = —— X M0,,250 DU = ao x (1.11... x 107° mol) = |4.46 x 107° mol 


= 1.11... x 107? mol =|1.12 x 1073 mol 


no, 


The volume of a column of cross-sectional area 1.00 dm? and height (50-10) = 
40 km is (1.00 x 10? m*) x (40 x 10° m) = 400 m’. If the amount in moles in 
this column is 1.11... x 107° mol (corresponding to 250 DU) the concentration 
is 

1.11... x 107° mol 


co; = = 2.79 x 107° mol m™ 
° 400 m3 


or [2.79 x 10-° moldm“*|. Using a ratio as before, the concentration corre- 


3 


sponding to 100 DU is (100/250)x2.79x10~° mol dm = |1.12 x 107? mol dm~. 


(a) From the perfect gas law pV = nRT, the amount in moles is calculated 
using n = pV/RT; the volume of the balloon is (4/3)nr°. 


pV (1.01325 x 10° Pa) x (47[3.0 m]’) 
RT (8.3145JK7! mol ') x ([25 + 273.15] K) 
= 4,62... x 10° mol =|4.6 x 10° mol 


P1A.14 


(b) The mass of the volume of air displaced by the balloon is 
4 
mass = volumexdensity = ( 3713.0 m]°)x(1.22kgm~) = 1.37...x10” kg 


The mass of the hydrogen in the balloon is 


mass = amount in moles x molar mass 
= (4.62... x 10° mol) x (2 x 1.0079 x 10°? kgmol”') = 9.31... kg 
The mass that can be lifted (the payload) is the difference between the 


displaced mass and the mass of the gas in the balloon (ignoring the mass 
of the material making up the balloon itself) 


payload = (1.37... x 10° kg) — (9.31... kg) =]1.3 x 10° kg 


(c 


~ 


If the gas is helium, the mass of the gas in the balloon is 
(4.62... x 10° mol) x (4.00 x 107° kg mol’) = 1.84... x 10’ kg 


and the payload is 


payload = (1.37... x 10° kg) — (1.84... x 10! kg) =|1.2 x 10? kg 


To solve this problem it is necessary to assume that the partial pressure of each 
gas obeys a barometric formula in which the constant H depends on the iden- 
tity of the gas 
_ RT 

My, g 


PN2 = Po,n, exp(-h/Hy,) — Hy, 


and likewise for O2. The mole fractions of the two gases at sea level, and hence 
their partial pressures, are found from the mass composition at this level. Like- 
wise, the mole fractions and partial pressures are found at the higher altitude 
from the stated mass composition. 


Imagine 1000 g of atmosphere: at sea level this contains 800 g of Nz and 200 g 
of O,. The mole fractions are 


(800 g)/(2 x 14.01 gmol') 


2 = 0.820 
800 2 x 14.01 gmol!) + (200 2 x 16.00 gmol! 
g g g g 


XN, 


Hence xo, = 1 — xn, = 0.180. 


At the higher altitude the same mass of atmosphere contains 900 g of Nz and 
100 g of O2. The mole fractions are 


; (900 g)/(2 x 14.01 gmol') 


Xn, = = —~ = 0.911 
(900 g)/(2 x 14.01 gmol ~) + (100 g)/(2 x 16.00 gmol ~) 


Hence xo, = 1— xy, = 0.089. 


At altitude h the partial pressures of the two gases are 


PN, = P0,No exp(—h/Hy, ) Po, = Po,02 exp(-h/Ho,) 


Taking the ratio of these two equations gives 


PN2 ~ PON? oxp(—h/Hy, + h/Ho,) 
Po, Po,02 


The ratio of the partial pressures is the same as the ratio of the mole fractions 


T 

x. 

“No — £N2 exp(—h/Hy, +h/Ho,) 
Xo, XO, 


where xn, is the mole fraction at h = 0. This equation is rearranged to find h 


x! 
Nz 02 _ exp(—h/Hy, + h/Ho,) 
oo 
N2 XO, 
XO > *Na Ay, i 
N2 XO, ns hMo,g 
XO > *Na RT 
RT ‘a Nz XO, )-n 
g(Mo, ~ My,) XO, XN> 


Inserting the data gives 
o RT xn, XO 
g(Mo,- Mx,) es XN, 
(8.3145J K-! mol ')([25 + 273.15] K) 


(9.807 ms~2) x [(2 x 16.00 x 10-3 kg mol _') — (2 x 14.01 x 10-3 kg mol’) ] 
( 0.911 0.180) 
In aaa 
0.0890 0.820 
= 51.4... km =[51 km 


At this height the total pressure is found by summing the partial pressures at 
this height. The partial pressure at sea level is given by po,n, = XN, Po, so it 
follows that 


PN. = Xn,Poexp(-h/Hn,) Po, = Xo, Po exp(-h/Ho,) 


It is convenient to compute the scale heights H separately 


ae RT ____(8.3145JK7! mol *)([25 + 273.15] K) 
*  My,g (2x 14.01 x 10-3 kg mol *) x (9.807 ms~?) 
= 9,02... x 10° m 
Ho, = RT __—_(8.3145JK7! mol’) ([25 + 273.15] K) 


Mo,g (2.x 16.00 x 10-3 kg mol’) x (9.807 ms~2) 
= 7.90... x 10° m 


10 


The total pressure at height h is therefore 


P = Xn; Po exp(-h/Hy,) + XO, Po exp(-h/Ho,) 


51.4... x 10° m 
= (0.820 x 1 atm) exp { -———__—_ 
9.02... x 103 m 
51.4... x 10° m 
+ (0.180 x 1 atm) exp | -———___ 
7.90... x 103 m 


= {0.0030 atm 


The calculation is incomplete as it assumes that composition is affected only 
by the mass and ignores the entropically driven mixing of gases. In fact, the 
composition of the atmosphere remains pretty much constant up to 100 km. 


1B. The kinetic model 


Answer to discussion questions 


DIB.2 


The mean free path is given by [1B.14-18], A = kT/op. In a container of con- 
stant volume, the mean free path is directly proportional to temperature and 
inversely proportional to pressure. The former dependence can be rationalized 
by noting that the faster the molecules travel, the farther on average they go 
between collisions. The latter also makes sense in that the lower the pressure, 
the less frequent are collisions, and therefore the further the average distance 
between collisions. 


Perhaps more fundamental than either of these considerations is the depen- 
dence on the size of the container and on the size of the molecules. The ratio 
T/p is directly proportional to volume for a perfect gas, so the average distance 
between collisions is directly proportional to the size of the container holding a 
given number of gas molecules. Finally, the mean free path is inversely propor- 
tional to the size of the molecules as given by the collision cross section (and 
therefore inversely proportional to the square of the radius of the molecule). 


Solutions to exercises 


E1B.1(b) 


(i) The mean speed is given by [1B.9-16], Umean = (8RT/1M)'/?, 80 Umean & 
\/1/M. The ratio of the mean speeds therefore depends on the ratio of 
the molar masses 


Umean,He _ (= " a (= gmol | \ 
Mute 4.00 gmol | 


= |7.08 


Umean,Hg 


(ii) The mean translational kinetic energy (Ex) is given by $m(v~), where 
(v) is the mean square speed, which is given by [1B.7-15], (v7) = 3RT/M. 
The mean translational kinetic energy is therefore 


(Bx) = 5m(v*) = =m (=F) 


The molar mass M is related to the mass m of one molecule by M = mNa, 
where Na is Avogadro’s constant, and the gas constant can be written R = 
kNa, hence 


= er 
2 


1 3RT 1 3kNaT 
(2) = (Sr) amo) 
2 M 2 mN A 

The mean translational kinetic energy is therefore independent of the 
identity of the gas, and only depends on the temperature: it is the same 
for He and Hg. 

This result is related to the principle of equipartition of energy: a molecule 
has three translational degrees of freedom (x, y, and z) each of which 
contributes +kT to the average energy. 


E1B.2(b) — Therms speed is given by [1B.8-15], Vrms = (3RT/M)'/?; Mco, = 44.01 gmol ’. 


3RT \"? (3x (8.3145JK7! mol”) x (293.15 K) \? 
Urms,CO, = = = =, 
Mco, 44.01 x 10-3 kg mol 
= (408 ms"! 


where 1 J = 1 kgm” s~” has been used. Note that the molar mass is in kg mol '. 


1.35kms! 


3 x (8.3145) K"! mol *) x (293.15 K) — 
Urms,He = -1 7 
4.00 x 10-7 kg mol 


E1B.3(b) The Maxwell-Boltzmann distribution of speeds, f(v), is given by [1B.4-14]. 
The fraction of molecules with speeds between v and v3 is given by the integral 


[- f(v) du 


If the range v2 — v; = bv is small, the integral is well-approximated by 


f(Umia) dv 


where Umia is the mid-point of the velocity range: Umia = $(v2 + v1). In this 
exercise Umiq = 402.5 ms! and 6v = 5ms_'. Mco, = 12.01 + 2 x 16.00 = 
44.01 gmol '. 


mM \?? -Mv?,, 
fraction = f(Umia) dv = 4 —— es nid | § 
raction = f(Umia) dv = 4m x (=) Uinid EXP ( aT v 


ee ( 44.01 x 10-? kgmol 
2n x (8.3145J K"! mol!) x (400 K 
San ( —(44.01 x 1073 kgmol*) x (402.5 ms7!)? 
2 x (8.3145) K~! mol *) x (400 K) 


3/2 
} x (402.5 ms")? 


x (5 ms!) 


= (0.0107 


where 1 J = 1kg m’ s~? has been used. Thus, 1.07% of molecules have velocities 
in this range. 
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E1B.4(b) The mean relative speed is given by [1B.11b-16], v1) = (8kT/my)'/7, where 
= mamp/(ma + ma) is the effective mass. Multiplying top and bottom of 
the expression for v,< by Na and using Nak = R gives v;e1 = (8RT/mNau)'/? 
in which Nay is the molar effective mass. For the relative motion of Nz and O2 
this effective mass is 


My,Mo, _ (2x 14.01 gmol ') x (2 x 16.00 g mol‘) 


Nap= = =. = 14.9...gmol * 
My,+Mo, (2x 14.01 gmol’) + (2 x 16.00 gmol~) 
BRT \"? (8x (8.3145JK7! mol”) x (298.15K) \” = 
rel = = a =|650 ms 
mNau m x (14.9... x 10-3 kg mol ~) 


E1B.5(b) The most probable speed is given by [1B.10-16], Ump = (2RT/M)'/?, the mean 
speed is given by [1B.9-16], Umean = (8RT/1M)"?, and the mean relative 
speed between two molecules of the same mass is given by [1B.1la—-16], v+e1 = 
V20mean: Mu, = 2 x 1.0079 = 2.0158 g mol '. 


v ay ¢ x (8.3145 J K7 mol!) x (293.15 ny" 
mA M 2.0158 x 10-3 kg mol! 


=11.56x 10? ms"! 


Umean = 


eae 7 (° x (8.3145J K"! mol’) x (293.15 K) )" 
1M mt x (2.0158 x 10-3 kg mol") 


=(1.75 x 10? ms7! 


Vret = V2Umean = V2 x (1.75 x 10° ms!) = [2.48 x 103 ms! 


E1B.6(b) ‘The collision frequency is given by [1B.12b-17], z = ov;e1p/kT, with the relative 
speed for two molecules of the same type given by [1B.1la-16], Ure) = V2Umean- 
The mean speed is given by [1B.9-16], Umean = (8RT/1M)'/?. From the Re- 
source section the collision cross-section o is 0.40 nm”. 


1/2 
OUrelp Op (=) 
= =— 2 ane 
aay UT debe; 


(0.40 x 10-18 m?) x (1.01325 x 10° Pa) J 
= x 
(1.3806 x 10-23 J K7!) x (298.15 K) 


: (° x (8.3145J K7! mol‘) x (298.15 K) " 
m x (2 x 16.00 x 10-3 kg mol ') 


6.2 x 10° 57! 


where 1 J = 1 kgm*s~? and 1 Pa = 1 kgm 's~” have been used. Note the 


conversion of the collision cross-section o to m?: 1 nm? = (1 x 107°)? m? = 


1x 10718 m?. 


EIB.7(b) 


From inside the front cover 760 Torr is equilvant to 1 atm, which is 1.01325 x 
10° Pa. Therefore a pressure of 1 nTorr is expressed in Pa as 


1 atm 1.01325 x 10° Pa 


x = 1.33... x 107” Pa 
760 Torr latm 


1 nTorr = (1 x 10°° Torr) x 


The mean speed is given by [1B.9-16], Umean = (8RT/1M)'/. The collision 
frequency is given by [1B.12b-17], z = ov;ep/kT, with the relative speed for 
two molecules of the same type given by [1B.lla-16], Ure = V/2Umean- The mean 
free path is given by [1B.14-18], A = kT /op 


(i) The mean speed is calculated as 


475 ms! 


; a (' x (8.3145JK-! mol!) x (298.15 K) " 
mean \ nM mx (2x 14.01 x 10-3 kg mol ') 


(ii) The collision cross-section o is calculated from the collision diameter d 
as 0 = md* = nm x (395 x 10°? m)? = 4.90... x 10°? m*. With this value 
the mean free path is calculated as 


_kT (1.3806 x 107 JK™) x (298.15 K) 
op (4.90... x 107!9 m?) x (1.33... x 1077 Pa) 


=|6.30 x 104m 


where 1J = 1kgm*s~? and 1 Pa = 1kgm 's~” have been used. The mean 
free path is 63 km, a distance very much greater than the dimensions of 
the apparatus. 


(iii) The collision rate is calculated as 


OVrip op _ 
= a 2 ee 
7" kT OKT «Vix (TS 


4. oi? mn? 33.0% 1077 
_ (4.90 x 1071? m?) x (1.33... x 10 a 
(1.3806 x 10-23 JK7!) x (298.15 K) 


; (° x (8.3145 JK! mol!) x (298.15K) )" 
mt x (2 x 14.01 x 10-3 kg mol") 


1.07 x 1077 s7! 


An alternative for the calculation of z is to use [1B.13-18], A = vye1/z, 
rearranged to Z = Urei/A 


— Urel _ sf Daca _ V2 x (475 ms') 
Ar Xr 6.30 x 104m 


=|1.07 x 1072 s7! 


As expected for such a low pressure, collisions are very infrequent, occur- 
ing about once every 100 s. 
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E1B.8(b) 


E1B.9(b) 


The collision cross section o is written in terms of a diameter as o = md”, hence 
d=,/o/n 


d = \/o/n = \/(0.36 x 10-18 m?)/n = 3.38... x 107° m 


The mean free path is given by [1B.14-18], 1 = kT/op. This is rearranged to 
give the pressure p with A equal to 10 times the estimate for the diameter of the 
atoms 


kT (1.3806 x 10-73 JK7!) x (298.15 K) 
~ 6(10d) (0.36 x 10-18 m2) x 10 x (3.38... x 10-10 m) 


=|3.4 x 10° Pa 


P 


The mean free path is given by [1B.14-18], A = kT/op. 


kT (1.3806 x 10773 JK7') x (217 K) 
~ op (0.43 x 10-18 m2) x (12.1 x 103 Pa) © 


5.8x 10-7 m=0.58 pm 


Solutions to problems 


PIB.2 


The Maxwell-Boltzmann distribution of speeds in one dimension (here x) is 
given by [1B.3-13] 


me Al : 
= —mo;,/2kT 
Flex) (cr) . 


An analogous expression gives the distribution in the y direction, f(v,). The 
probability of finding a particle with velocity between v, and vx + du, is given 
by f(v,) dv,, and similarly in the y direction. The overall probability of finding 
a particle with velocity between v, and v, +dv,, and between vy and vy +dvy, 
is therefore 


1/2 1/2 
m )" emus /2kT (=".)' emus /2kT dv,dv, 
2nkT 2nkT 


m —m(v2+v2)/2k 
: Ga. PPT do xd, 


m —mv?/2kT 
-(" ae pe dou,dvy 
——— 
A 


On the last line the speed v, given by v* = vz + v4, is introduced. 


As discussed in Section 1B.1(b) on page 13, the ‘area element’ dv,dvy can be 
interpreted by imagining a velocity space with axes labelled (v,,v,). In this 
space, particles with speed v lie on a circle of radius v, so particles with speeds 
between v and v + dv lie in a ring of radius v and thickness dv. Because the 
ring is very thin, its area is given by the circumference of the circle times the 
width: 21v dv. 


The total probability ofa particle having speed v and v+dv, f (v)dv, is therefore 
found by multiplying the term A in the above expression, not by the area ele- 
ment dv,duv, but by the area of the ring because this gives the total probability 


P1B.4 


of having this range of speeds, regardless of direction 


m 
2nkT 


f(v) du= ( 


The distribution of speeds in two dimension is therefore 


em /2KT any dy 


f(v) do = (=) pe /2kT 


The average speed is found using [1B.6-15], (v") = [,~ v"f(v) dv. In this case 


= Lyf 2) perme? /2kT =i (=) —mv?/2kT 
(v) [ o( 7) ve du 1 Agee du 


The required integral is of the form of G.3 from the Resource section 


[ee ais 1 en 
0 4\a3 


With a = m/2kT the mean speed is 


m Tl ie Tl ne 
(») ital teresrd| 7 ( sm) | 


The Maxwell-Boltzmann distribution of speeds in three dimensions is given 
by [1B.4-14] 


2nRT 
with M the molar mass. The root mean square speed is given by [1B.8-15], 


M 3/2 5 
f(v) - an( pe MY /2RT 


Urms = (3RT/M)*/?, and mean speed is given by [1B.9-16], Umean = (8RT/1M) 12. 


The required proportions are found by integrating f(v) between the relevant 
limits for v. 


(a) The fraction having speed greater than v,;ms is given by 


f(v) do 
Urms 
Mathematical software is used to evaluate the integral to give \/6/n e7/? + 
erfc(,/3/2), where erfc(x) isthe complementary error function, erfc(x) = 
1 - erf(x). The result is evaluated numerically to give 0.391, that is [39% 
of molecules have speeds greater than the root mean square speed. 


(b) The remaining fraction, 1- 0.391 = 0.608, have speeds smaller than vy ms. 
Thus [61%| of molecules have speeds smaller than the root mean square 
speed. 


(c 


ma 


The integral is as in (a), but with lower limit vean. Mathematical software 
gives the result 4/1e~4/"+ erfc(2/,/m). The result is evaluated numerically 
to give 0.467, that is|47%|of molecules have speeds greater than the mean 
speed, and so |53%|of molecules have speeds smaller than the mean speed. 


P1B.6 


The Maxwell-Boltzmann distribution of speeds in three dimensions is given 
by [1B.4-14] 


3/2 4 
f(v) = an( pe MY /2RT 


2nRT 


with M the molar mass. The mean of uv" is found using [1B.6-15], (v") = 
Jy vu" f(v) dv. The required integral is therefore 


eo M 3/2 _ ; 
(v") = 7 v" f(v) du =4n (=) [ plt2e-Mv?/2RT g 


For the case where n + 2 is odd, integral G.7 from the Resource section is used 


a ay? m! 
i xrmtlenax Ne oA. m=1, 2, 3,... 
0 


qmtl 


The relationship between m and n is found by noting that for n = 1, 3, 5, ..., 
mwill be 1, 2, 3, ... (note that these generate only the odd values of n + 2). It 
therefore follows that m = }(n +1) and m+1 = $(n+3). These substitutions, 
along with a = M/2RT allow the integral to be evaluated. 


Ap AUD Sate , 
(v") = an( f[ pie MY eet dy 
2nRT 0 


M V2? 1 [3(n+1)]! 
(ser) 2 (M/2RT)2("+3) 


=2n(+)"( M y"( M ye agen) 


Tt 2RT 2RT 
LV ORT)?" 
Hence 
2" /2RT\? 1/n 
nylf/n _ 1 
(ory = (=) (ey) odd n 


For the case where n + 2 is even, integral G.8 from the Resource section is used 
oo 2m -1)!! (n\'? 
[ smart dy = CREM (2) m = 1, 2, ie ee 
0 2amtlam \a 
where (2m — 1)!! = (2m -1) x (2m-3) x (2m-5) x...1or2. 


The relationship between m and n is found by noting that for n = 2, 4, 6, ..., 
m will be 2, 3, 4, ... (note that these generate only the even values of n + 2). It 
therefore follows that m = }(n +2), m+1 = $(n+4) and (2m-1) =(n+1). 


These substitutions, along with a = M/2RT allow the integral to be evaluated. 


M 3/2 i) 2 
(v") - an( f[ pita My /2RT du 
0 


2nRT 
M \?? (2m-1)!! (ny? 
= 4n( scar) (7) 
2nRT amtigm \a 


MY? (n +1)! Tt ae 
= 4 : 7 
2nRT 22("+4) (M/2RT)2("*?) (M/2RT) 
1 n/2 M 3/2 M —4}(n+2) M -1/2 
=(3) (ser) (ser) Ger) m4 
2RT 2RT 2RT 


n/2 n/2 
(==) (n +1)! 
M 
T 


Hence 


1/2 
cory (SEY ns" even 


Mathematical software gives a solution for both even and odd n 


st M 3/2 °° 5 
(v") = 4 v" f(v) du = an(— 7 ylt2e-Mv/2RT g 


Tt RT\"? 
= 2092 (2) r[n 43) 


Tt 
where I'(x) is the Euler gamma function. 


If the argument x is an integer then I(x) = (x — 1)!. This will be the case for 
odd n, in which case 


1 ar 
(y") = —_ 20)? (37) Q[n+1))! — oddn 
Vn M 2 

which is the same result as found above. 


If the argument of the Gamma function is an odd multiple of ; (that is $m, 
with m = 1, 3, 5, ...) then 


iy . (m-2)I/n 
Pam) = Soya 


This will be the case for even n, in which case 


(ot) = 2 ater (BEY (n+3-2)!/r 


Jn M 2(n+3-1)/2 
_ seven (BE) (n+1)!h/r 
Jn M 2(n+2)/2 
RT n/2 
-(=) (n+1)!! even n 


which again is the same result as above. 
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P1B.8 


P1B.10 


The Maxwell-Boltzmann distribution of speeds in three dimensions is given 
by [1B.4-14] 


M \3/2 : 
f(v) - an(; a) pe MY /2RT 
Tt 


with M the molar mass, here taken to be 0.1 kg mol '. Plots of f(v) are shown 
in Fig. 1.2. 


0.005 — 
| — T=200K |, 
vite T =400K 
OO0Ge FN  Wedrces T=3800K H 
; +++ T=1200K | 
--- T=1600K 
af ---- T = 2000K 
= | za 
= 
0.002 |- | 
0.001 | “Sr J 
0.000 ! Gas 2 Oa 
0 400 600 800 1000 


v/ms! 


Figure 1.2 


The Maxwell-Boltzmann distribution of speeds in three dimensions is given 
by [1B.4-14] 


2nRT 


The speed at which this function is a maximum is found by setting the deriva- 
tive df (v)/dv equal to zero. The derivative is found using the product rule and 
the chain rule 


df(v) _ an M ) ; [aver iy ( -2Mv ener] 
du 2nRT 2RT 


mM \3/2 ; 
f(v) = an (or) pe MY /2RT 


—Mv"/2RT 


The derivative is set to zero and factors of e and v are identified to give 


3/2 : 
an( - MAT yx [2 -v# (2°) |= 0 


2nRT RE 


2 
The solution when v = 0 is not a maximum, and the solution e-“@” /28? = 0 


corresponds to the asymptotic behave at large speeds. This leaves the maximum 


to be given by 


> (M oar 
— Umax | =} = 0 hence Umax = | —— 
RT M 


That this is a maximum can be verified by inspecting a plot of f(v). 


1c Real gases 


Answer to discussion questions 


DIC.2 


DIC.4 


The critical constants represent the state of a system at which the distinction 
between the liquid and vapour phases disappears. This situation is usually 
described by saying that above the critical temperature the liquid phase cannot 
be produced by the application of pressure alone. The liquid and vapour phases 
can no longer coexist, though supercritical fluids have both liquid and vapour 
characteristics. 


The van der Waals equation is a cubic equation in the volume V. Every cubic 
equation has some values of the coefficients for which the number of real roots 
passes from three to one. In fact, any equation of state of odd degree n > 1 can 
in principle account for critical behavior because for equations of odd degree 
in V there are necessarily some values of temperature and pressure for which 
the number of real roots of V passes from n to 1. That is, the multiple values of 
V converge from n to 1 as the temperature approaches the critical temperature. 
This mathematical result is consistent with passing from a two phase region 
(more than one volume for a given T and p) to a one phase region (only one V 
for a given T and p), and this corresponds to the observed experimental result 
as the critical point is reached. 


Solutions to exercises 


EIC.1(b) 


The van der Waals equation of state in terms of the volume is given by [1C.5a- 
23], p = nRT/(V—b)-an*/V?. The parameters a and b for H2S are given in the 
Resource section as a = 4.484 atmdm® mol” and b = 4.34 x 107? dm* mol}. 
With these units it is convenient to use R = 8.2057 x 10°? dm? atm K™! mol '. 
The pressure is computed by substituting in the relevant data. 


(i) T = 273.15 K, V = 22.414 dm’, n = 1.0 mol 


PY —nb V2 
_ (1.0 mol) x (8.2057 x 10~? dm? atm K™! mol") x (273.15 K) 
(22.414 dm’) — (1.0 mol) x (4.34 x 10-2 dm? mol!) 
(4.484 atm dm® mol”) x (1.0 mol)* _ 
(22.414 dm’)? 


0.99 atm 
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(ii) T = 500 K, V = 150 cm? = 0.150 dm’, n = 1.0 mol 


PV —nb V2 
_ (1.0 mol) x (8.2057 x 10-? dm? atm K7! mol) x (500 K) 
(0.150 dm*) — (1.0 mol) x (4.34 x 10-2 dm* mol-!) 
(4.484 atm dm® mol™) x (1.0 mol)? _ 
(0.150 dm? )? 


1.9 x 107 atm 


EIC.2(b) —_ Recall that 1 atm = 1.01325 10° Pa, 1 dm® = 107° m®, and 1 Pa = 1 kg m/s 


1.01325 10°Pa 107° m*® 


x z~ = 0.134 Pa m° mol? 
1 atm l1dm 


a = (1.32 atmdm® mol”) x 


1 


= 0.134kgm™' s-*m° mol = /0.134 kgm* s-? mol? 
10°° m? 
b = (0.0436 dm? mol!) x a as = [4.36 x 107° m? mol! 
m 


E1C.3(b) ‘The compression factor Z is defined in [1C.1-20] as Z = Vin/V,,, where Vy, is 
the molar volume of a perfect gas under the same conditions. This volume is 
computed from the equation of state for a perfect gas, [1A.4-8], as V;> = RT/p, 
hence Z = pVn/RT [1C.2-20]. 


(i) If Vim is 12% larger than the molar volume of a perfect gas, it follows that 
Vin = Va(1 + 0.12) = 1.12V,2. The compression factor is then computed 
directly as 

Ve We Ve 

Vin Vin 


Z 1.12 


(ii) From [1C.2-20] it follows that V, = ZRT/p 


_ ZRT _ 1.12 x (8.2057 x 10°? dm’ atm K™! mol ') x (350 K) 
P 12 atm 


Vin 


= |2.7dm* mol7! 


Because Z > 1, implying that V,, > V,,, repulsive forces are dominant. 


EIC.4(b) (i) The molar volume is computed from the equation of state for a perfect 
gas, [1A.4-8], as V,, = RT/p 


_ RT _ (8.3145JK7! mol’) x ([25 + 273.15] K) 


= 1.24x107* m? mol! 
p 200 x 105 Pa 


Vin 


hence /|V,, = 0.124 dm’ mol”!. 


E1C.5(b) 


(ii) 


(i) 


The van der Waals equation of state in terms of the molar volume is given 
by [1C.5b-24], p = RT/(Vm — b) - a/V,2. This equation is a cubic in Vin, 
as is seem by multiplying both sides by (Vm — b)V,2 and then gathering 
the terms together 


pV, — V2 (pb+RT) + aVm—ab=0 


The values of the constants are given, as is the pressure and tempera- 
ture. Given the units of the quoted values of a and b it is convenient 
to convert the pressure of 200 bar (200 x 10° Pa) to atm, p = (200 x 
10° Pa) x (1 atm)/(1.01325 x 10°Pa) = 197.4 atm, and to use R = 
8.2057 x 10°? dm* atm K~! mol '. Inserting all of these values gives the 
polynomial 


197.4V,. — 30.762V,- + 1.364Vm — 0.04351 = 0 


The roots of this polynomial are found numerically using Mathematical 


software and of these roots only | Vm = 0.112 dm* mol"'] is a physically 
plausible value for the molar volume (the other roots are complex). This 
molar volume is smaller than the molar volume of the corresponding 
perfect gas by about 10%. 


An alternative approach is to approximate the term a/V, as a/(V,° )* and 
then rearrange the van der Waals equation to give a simpler expression for 
Vin 


RT a RT 
= hence Vin = ————- + b 
>” Win—b) (vey? P+ [a/(Ve)?] 
oe os 


p+[a/(Va)?] 
: (8.2057 x 10°? dm? atm K~! mol) x (298.15 K) 
(197.4 atm) + [(1.364 atm dm mol-?)/(0.124 dm’ mol-!)?] 
+ 3.19 x 10°? dm? mol”! = 0.117 dm* mol! 


This approximate value for V,, is then used in place of V“ and the whole 


process repeated. After a few iterations the value of Vn settles as 0.112 dm* mol"!, 


which is the same as the value found by solving the cubic. 


The compression factor Z is given in terms of the molar volume and pres- 
sure by [1C.2-20], Z = pVin/RT, hence V;, = ZRT/p. The volume occu- 
pied by n mol is therefore V = nV = nZRT/p 

nZRT 


P 


V= 
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_ (8.2 x 107% mol) x (0.86) x (8.2057 x 10~ dm? atm K™! mol") x (300 K) 


20 atm 


8.7 x 1073 dm?|=|8.7 cm? 
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EI1C.6(b) 


(ii) The virial expansion in terms of V,, is given by [1C.3b-21], pVin = RT (1+ 
B/Vm +...). The relationship in [1C.2-20], Z = pVm/RT, is used to 
rewrite the term pVm as ZRT. If only the first two terms of the expansion 
are retained it follows that 


ZRT = RT (1+ _) hence Z= (1+ _) 


m m 


and therefore B = V,,(Z — 1). The relationship V, = ZRT/p is used to 
give 
ZRT 
me a maa ae 
_ (0.86) x (8.2057 x 10~* dm? atm K™! mol) x (300 K) 
20 atm 


x (0.86 — 1) 


=|-0.15 dm? mol™! 


The relation between the critical constants and the van der Waals parameters 
is given by [1C.6-26] 


8a 


a ~ 27Rb 


a 
a7ye 
All three critical constants are given, so the problem is over-determined: any 


pair of the these expressions is sufficient to find values of a and b. It is con- 


venient to use R = 8.2057 x 107? dm? atm K~! mol! and volumes in units of 


dm?. 


If the expressions for V. and p, are used, a and b are found in the following 
way 

V.=3b hence b= V./3 = (0.148 dm’ mol ')/3 = 0.0493 dm’ mol! 

a a 
~ 27b? — -27(V./3)? 
a = 27(V-/3)* pc = 27([0.148 dm* mol']/3)? x (48.2 atm) 


= 3.17 atmdm° mol 


Pe hence a = 27(V-/3)p¢ 


There are three possible ways of choosing two of the expressions with which to 
find a and b, and each choice gives a different value. For a the values are 3.17, 


5.50, and 4.17, giving an average of [4.28 atmdm® mol~|, For b the values are 
0.0493, 0.0650, and 0.0493, giving an average of |0.0546 dm* mol~!|. 


In Section 1C.2(a) on page 23 it is argued that b = 4VinolecNa, where Vinolec is 
the volume occupied by one molecule. This volume is written in terms of the 
radius r as 4rtr?/3 so it follows that r = (3b/16nNq)'/?, 


-( 3b y"=( 3 x (0.0546 dm? mol!) 


1/3 
A = 1.76x10-° dm = {176 pm 
16mNa 167 x (6.0221 x 1023 mol”) 
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EIC.7(b) (i) In Section 1C.1(b) on page 20 it is explained that at the Boyle temperature 
Z = 1anddZ/dp = 0; this latter condition corresponds to the second 
virial coefficient, B or B’, being zero. The task is to find the relationship 
between the van der Waals parameters and the virial coefficients, and the 
starting point for this are the expressions for the product pVim is each case 
([1C.5b-24] and [1C.3b-21]) 


RT 


_ 4a RT Vy a 
(Vin = b) Ve 


hence pVm = ———~ - 


van der Waals: p = (V.-b) Va 


virial: m = rr (1 + _) 
V, 


m 


The van der Waals expression for pV» is rewritten by dividing the denom- 
inator and numerator of the first fraction by Vin 


V RT a 
P C= bi Vea) Ven 


The dimensionless parameter b/ Vim is likely to be « 1, so the approxima- 
tion (1—x)7! » 1+.x is used to give 


a 1 a 
é EG ed ya 
PVm = RT(1 + B/Vn) ~ 5 | +( =)| 


Comparison of this expression with the virial expansion shows that 


a? 
RT 


It therefore follows that the Boyle temperature, when B = 0, is T, = a/Rb. 
For the van der Waals parameters from the Resource section 


nu # 4.484 atm dm° mol”? 

ba = z 
Rb (8.2057 x 10-2 dm* atm K-! mol ') x (4.34 x 10-2 dm? mol!) 
=|1.26 x 10°K 


(ii) In Section 1C.2(a) on page 23 it is argued that b = 4VmolecNa, where 
Vmolec is the volume occupied by one molecule. This volume is written 
in terms of the radius r as 4tr?/3 so it follows that r = (3b/16nNq)'/?. 


3b : 3 x (4.34 x 10-2 dm? mol-!) \"? 
16nmNa 16m x (6.0221 x 1023 mol ') 
= 1.63 x 10°? dm = [163 pm 


EIC.8(b) — The reduced variables are defined in terms of the critical constants in [1C.8-26] 


Vi = Vin/ Ve Pr = p/ Pc T, = T/T. 
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If the reduced pressure is the same for two gases (1) and (2) it follows that 


() 
hence p) = Pa x pO 
P 


Cc 


po pe 
pi? p 


and similarly 
1 
ay ta) 
a 
These relationships are used to find the pressure and temperature of gas (2) 
corresponding to a particular state of gas (1); it is necessary to know the critical 
constants of both gases. 


(i) From the tables in the Resource section, for N. p, = 33.54 atm, T, = 
126.3 K, and for H,O p, = 218.3 atm, T, = 647.4 K. Taking gas (1) as N2 
and gas (2) as H2O, the pressure and temperature of HO corresponding 
to pS?) = 1.0 atm and T(2) = 298.15 K is calculated as 


(H20) _ pr 7 (HO) _ 1.0 atm 
Pp 2 (Nz 


) oR ~ 33.54 atm 


x (218.3 atm) =[6.5 atm 


x (647.4K) =[1.5 x 10° K 


FO) _ TWN) 0) _ 298.15 K 
pa) °* 126.3 K 


Cc 


(ii) For CO2 p. = 72.9 atm, T, = 304.2 K. 


(CO2) _ pi) x pcr) = 1.0 atm 
~-gANa) 


‘ = ——— x (72.9 atm) =|2.2 atm 
33.54 atm 


p 


Cc 


TN?) 298.15 K 
TCO) = <x * T6CO) = ea Kk * 042K) = [22% 10°K 
ne 


Cc 


(iii) For Ar p, = 48.0 atm, T, = 150.7 K. 


pr ” (Ar) _ 1.0 atm 
(N2)  *° 33.54 atm 


Cc 


x (48.0 atm) = [1.4 atm 


pr = 


rear) TO) pear) _ 298.15 K 
(My 7 “* 126.3K 


Cc 


x (150.7 K) =[3.6 x 10° K 


EIC.9(b) ‘The van der Waals equation of state in terms of the molar volume is given by 
[1C.5b-24], p = RT/(Vm — b) — a/V,2. This relationship is rearranged to find b 


RT h , RT 
= 7 ence = 
=n Va PY 2 Vb 
2 2 _ 
fone Mee ot hence Vin Vane 
V2 Vin — b pV2ta RT 
RTV2 
hence b=Vy- Vin 
pV2t+a 


With the data given 
RTV,, 
b= Vin ™_ = (4.00 x 10°* m? mol’) 
PVin + a 


where 1 Pa = 1kgm™ 


(8.3145] K7! mol‘) x (288 K) x (4.00 x 10-4 m? mol™')? 
(4.0 x 106 Pa) x (4.00 x 10-4 m3 mol’)? + (0.76 m® Pa mol-?) 


1.3 x 1074 m3 mol! 


"s-? and 1 J = 1 kgm’ s~” have been used. 


The compression factor Z is defined in [1C.1-20] as Z = Vin/V,,, where V,- is 
the molar volume of a perfect gas under the same conditions. This volume is 
computed from the equation of state for a perfect gas, [1A.4-8], as V,, = RT/p, 
hence Z = pVm/RT, [1C.2-20]. With the data given 


_ pV _ (4.0 x 10° Pa) x (4.00 x 1074 m3 mol ') 


— = [0.67 
RT (8.3145 JK~! mol) x (288 K) 


Solutions to problems 


P1C.2 


(a) Using the perfect gas law, pV = nRT, the molar volume is calculate as 


(b 


ee 


_ RT _ (8.2057 x 10°? dm* atm K™! mol") x (350 K) _ 


Vin 


12.5 dm? mol! 


Pp 2.30 atm 


The van der Waals equation of state in terms of the molar volume is given 
by [1C.5b-24], p = RT/(Vin—b)-a/V,2; the term a/V,2 is due to attractive 
interactions. 

This equation is a cubic in V,, which can be solved numerically. A simpler 
approach is to approximate a/V,~ as a/(V,.)*, where V° is the molar 
volume of a perfect gas under the prevailing conditions. The van der 
Waals equation is then rearranged to give a simpler expression for Vy 


ieee = hence Vn = aaa a 
(Ve By CVE)" ™~ p+[a/(Vg)?] 


The van der Waals constants for Cl, are a = 6.260 atmdm® mol”? and 
b = 5.42 x 10°? dm’ mol"!. With these values, the first approximation to 
the molar volume is calculated as 


+b 


P 


we (8.2057 x 10-? dm? atm K~! mol”) x (350 K) 
"~~ (2.30 atm) + [(6.260 atm dm® mol-?)/(12.5 dm? mol-!)?] 
+ 5.42 x 10°? dm? mol”! = 12.3 dm? mol! 


This approximate value for V,, is then used in place of V,. and the process 


repeated, to give|Vm = 12.3 dm’ mol~'|- the same value. The process has 
converged (to this level of precision). 
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P1C.4 The van der Waals equation in terms of the molar volume is given by [1C.5b- 
24], p = RT/(Vm — b) - a/V,2. Multiplication of both sides by Vin gives 


RT Vm a 
PVm = 
(Vn -b) Vin 
Division of the numerator and denominator of the first fraction by Vin, and 
then taking a factor of RT on the right gives the required expression 


1 a 
m= RT ae a 


The approximation (1 — x)~' » 1+ x is the used to write 1/(1 — b/Vm) as 
(1 + b/Vin) to give 


1 
pVin = RT (1+ -)- hence P¥m = RT [1+ — (b- =) 
Vin Vin Vin RT 


The virial equation in terms of the molar volume is given by [1C.3b-21] 


B 
Vn =RT(1+—+... 
P ( V, 


m 


Comparison of this equation with eqn 1.1 shows that B = b-a/RT, as required. 


The value of the second virial coefficient at the critical temperature of 126.3 K 
is found from the given van der Waals parameters as 


ce 
RT 


1.390 atm dm* mol”? 


= (0.0391 dm* mol” ') 5 = 
(8.2057 x 10-2 dm” atm K~! mol) x (126.3 K) 


= —0.0950... dm* mol! 


With this value for B, the molar volume is computed using the virial equation 
and with the approximation that the molar volume or the right-hand side of 
the expression can be replaced by the molar volume of a perfect gas, V7, under 
the same conditions 


RT B RT B RT B 
Vii (1+ )e (1s |= (+ 
Pp Vin/ — p Va} ? RT/p 


RT 
hence Vn = rs +B 


(8.2057 x 10-7 dm? atm K~! mol ') x (126.3 K) 
7 10 atm 
= 0.941... = |0.94 dm’ mol7! 


0.0950... dm* mol7! 


Repeating the calculation at the Boyle temperature, 327.2 K, gives B = —0.0126...dm* mol! 
and V,, = 2.67...dm° mol7! hence| Vm = 2.7 dm? mol! |. 


How close a gas under particular conditions is to perfect behaviour is assessed 
by computing the compression factor Z, given by [1C.2-20], Z = pVmn/RT. At 


126.3 K 
PV (10 atm) x (0.941... dm? mol!) 4 
RT (8.2057 x 10-2 dm’ atm K-! mol ') x (126.3 K) 
and at 327.2 K 


_ PVin _ (10 atm) x (2.67... dm?* mol~') 
RT (8.2057 x 10-2 dm’ atm K-! mol ') x (327.2 K) 


The latter conditions give Z = 1, as expected at the Boyle temperature, whereas 
in the former case Z differs significantly from 1. The gas is closer to perfect 
behaviour at the Boyle temperature that at the critical temperature. 


P1C.6 The molar volume for a perfect gas is computed from Vin = RT/p 


_ RT _ (8.2057 x 10-? dm* atm K~! mol’) x (400 K) 
Pp 3 atm 


= 10.941 dm? mol”! 


Vin 


The van der Waals equation of state in terms of the molar volume is given by 
[1C.5b-24], p = RT/(Vmn - 6) — a/V,2. This equation is a cubic in Vin, as is seen 
by multiplying both sides by (V,—) V~ and then gathering the terms together 


pVn, — Vi(pb + RT) + aVm — ab =0 


Inserting the values of the van der Waals constants, a = 1.337 atm dm mol~? 
and b = 3.20 x 10°? dm? mol", and the stated temperature and pressure gives 
the polynomial 


3V° — 32.919V2 + 1.337Vm — 0.042784 = 0 


The roots of this polynomial are found numerically using mathematical soft- 
ware and of these roots only Vm = 10.932 dm* mol"! is a physically plausible 
value for the molar volume. 

The difference between the molar volume and that of a perfect gas is expressed 
in terms of the fraction 


Vin -— V2 _ (10.932 dm? mol!) — (10.941 dm? mol!) 


= -8.2x 1074 
ve 10.941 dm? mol! 


The difference between the molar volumes is therefore |—0.082%| of the molar 
volume of the perfect gas. 


PIC.8 According to Table 1C.4 on page 25, for the Berthelot equation of state the 
critical constants are given by 


_ eae ae ne \" 
Pe* 12 \ 303 a ~~ 3 \3bR 
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P1C.10 


The first step is to rewrite the bracket in the expression for T, so that it matches 
the bracket in the expression for p< 


: af 2a \" R — 4? 1/2 2 (1aR b2 1/2 

= — | —— x = = 

“ 3\3bR b2 R2 3 \ 303 R2 
1 


Ne” 
combine 


A 


Term A is recognised as being 12p,. The next step is to rewrite b in terms of 
V., b = V./3, and then substitute this into the previous expression. 


2 p2\'/?2 9 (v./3)2\'? 2 1 peVe 
T= 2aap.)x (3 - F02p.)( a = 5x lax 5x Fe 


Tidying up the fractions gives | T- = (8/3) pc Vc/RI. 


The critical temperature for this gas is therefore 


8 pcVe 8 (40 atm) x (160 x 10-* dm’ mol"!) 
ee ee - 


T. 3 =I 
3 R 3 8.2057 x 10-2 dm” atm K~! mol 


208 K 


In the Berthelot equation of state the parameter b is still interpreted as an 
excluded volume in the same way as in the van der Waals equation. In Sec- 
tion 1C.2(a) on page 23 it is argued that b = 4VimolecNa, where Vmolec is the 
volume occupied by one molecule. This volume is written in terms of the radius 
ras 4nr?/3 so it follows that r = (3b/16nN,)'/3. Because V. = 3b this can be 
rewritten r = (V./16nN,)1/? 


2 ( V- \" a 160 x 1073 dm? mol! - 
16mNa 16m x (6.0221 x 1023 mol ') 
= 1.74x 10°? dm ={174 pm 


The virial equation (up to the second term) in terms of the molar volume is 
given by [1C.3b-21] 
B 
Vn = RT{1+ — 
Paar (i+ 7) 
Division of each side by p gives 
RT ( B 
Vn = — [1+ — 
P Vin 
The quantity RT/p is recognised as the molar volume of a perfect gas, V,., so 
it follows that 


B B 
Vm = Vi (1+) hence az=(14 
V, ve Vn 


m 


In Problem P1C.4 it is shown that B is related to the van der Waals constants by 
B = b - a/RT; using this, the compression factor is given by 


z=(1+ 2st) 
V, 


m 


P1C.12 


P1C.14 


It follows that 


a and Zeivhene 
RT RT 


The starting point are the two equations 


RT oe, 2RT 6a 0 
(Vn -b)? V2 (Vn -b)? VA 


To eliminate a between these equations the first is multiplied by 3/Vin and then 
they are added together to give 


BRT RT 
Val Vane a)? (a= bP 


The term RT cancels, and the fractions are eliminated by multiplying through 
by Vin( Vn — b)? to give 


-3(Vin —b) +2Vin = 0 


from which it follows that] V,, = 3b] at the critical point. 


This expression for V., is then used in the first equation 


RT 2a RT 2a 


=0 b =0 
(V, —b) + va ecomes (2b) + (Gb); 


Multiplication through by 4 x 27 x b? eliminates the fractions to give 


-27RTb + 8a =0 


from which it follows that )T = 8a/27Rb|at the critical point. 


To find the pressure at the critical point these values of V,, and T are substituted 
into the van der Waals equation in terms of the molar volume, [1C.5b-24] 


_ RT a 
P= (Wa—b) V2 
8a R a 8a a a 


~ 27RD 2b (3b)? 54b2 92-27? 


The pressure at the critical point is therefore given by |p = a/27b’|, 


The virial equation in terms of the molar volume, [1C.3b-21], is 


m= RT (142+ Se...] (1.2) 


m m 


The virial equation in terms of the pressure, [1C.3a-—21], is 


PVm = RT (1+B'p+C'p’+...) (1.3) 
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Equation 1.2 is rewritten to give an expresion for the pressure 


mo ie ee 
Pp V, mye 


This expression for p is substituted into the right-hand side of eqn 1.3 to give 
PVm = RT (1+ B'p+C'p’+...) 


BIRT eC C'R2T? 2. : 
=RT{1+ 1+ + +...) + 1+ + +...) 4... 
Vin Vn V2 v2 Vin V2 


m 


On the right there is only one term in 1/V,, 


B'R?T? 
Vin 


This is identified with the term in 1/V,, on the right-hand side of eqn 1.2 


BIR°T? _ BRT 
Vn Vs 


hence B= BRT 


There are two terms in 1/V, on the right-hand side of eqn 1.4 


B'BR?T? = C'R°T? 
v2. V2 


m 


These are identified with the term in 1/V,. on the right-hand side of eqn 1.2 


BIBR*T” | C/R°T? _ CRT 


v2 a we hence = B'BRT + C'R°T* =C 


With the substitution B = B’RT, the relationship is|C = R?T*[(B’)* + C’]| 


P1C.16 The given equation of state is multiplied through by V,° to give 
pV. = RT Vm + (a+ bT) 


The partial differential with respect to T of both sides of the equation is then 
computed, being careful to remember that V,, is a function of T so, for example, 
the term RTV,, must be differentiated using the product rule. Calculating the 
derivative is essentially an application of the chain rule. 


ale) = rr (22 
P 


2pVimn ( 


RVp +b 
aT aT ) 7 


This equation is then rearranged by collecting the terms in 0V,/0T together 


(<=) (2pVin — RT) =RVin +b hence 
P 


(es) — RV +b 
aT , 


oT 2pVm — RT 


P1C.18 


P1C.20 


P1C.22 


P1C.24 


In Section 1C.2(b) on page 24 it is explained that critical behaviour is associated 
with oscillations in the isotherms predicted by a particular equation of state. In 
particular, at the critical point a minimum and a maximum in the isotherm 
coincide at the same pressure and volume, thus creating a point of inflexion. 
This is the critical isotherm, and is at the critical temperature. 


A gas which shows critical behaviour can be liquefied by the application of 
pressure alone, provided the temperature is below the critical temperature. 


An equation of state should predict that, as the volume decreases eventually 
the pressure increases without limit. For gas A, in the limit b/V, >> 1 the 
equation of state becomes pV, = DRT, which has the correct behaviour. As the 
volume increases, the expectation is that the perfect gas law will be regained, 
and for gas A the limit b/Vn <«< 1 gives pV = RT, as expected. For gas B in 
the limit V,, > b the perfect gas law results, but in the opposite limit, Vy, « b, 
the equation of state becomes —pb = RT, implying that the pressure reaches a 
constant value of —RT/b which is problematic for positive b. 


For there to be (at least) two extrema in the plots of Vin against p, the derivative 
dVin/dT must have two roots — that is, values at which it is = 0. This implies 
that the expression for the derivative must be a quadratic in Vn, and therefore 
that the expression for V,, must be a cubic in Vy. It is evident that neither of 
the proposed equations of state are cubic in Vn, and so neither is expected to 
show critical behaviour. 


In Brief Illustration 1C.5 the reduced pressure is 0.48 and the reduced temper- 
ature is 1.33; the critical constants for NH; are given in the Resource section as 
Pc = 111.3 atm and T, = 405.5 K. The pressure and temperature for the same 
state as argon are therefore 


p = 0.48 x (111.3 atm) =[53.42atm] —T = 1.22 x (405.5 K) =[494.7K 


The equation of state for a perfect gas, [1A.4-8], is pV = nRT, and the van 
der Waals equation of state in terms of the volume is given by [1C.5a-23], p = 
nRT/(V-b)-an*/V?. From the Resource section the van der Waals parameters 
for CO, are a = 3.610 atmdm® mol”? and b = 4.29 x 107? dm? mol™!. 


Plots of p against V, Fig. 1.3, show only minor deviations between a van der 
Waals gas and a perfect gas under these conditions. Plotting p against 1/V 
gives a straight line for the perfect gas, and as in seen in Fig. 1.4 the deviations 
for the van der Waals gas are minor. 


The van der Waals equation in terms of the molar volume is given by [1C.5b- 
24], p = RT/(Vm— b) —a/V2, and the compression factor Z is given by [1C.2- 
20], Z = pVm/RT, hence 


Vin ( RT a Vin a (15) 


“RT\Va-b V2) Vn—-b RTVm 


31 


32 


3.0 


— van der Waals 
--- perfect 


2.5 


2.0 


p/atm 


1.5 


1.0 


— 
on 
N 
=) 
N 
on 
Ww 
Oo 


Figure 1.3 


3.0 T T T 


— van der Waals 
perfect 


2.5 


2.0 


p/atm 


po ep Pap pe Py Wy 


1.9 
0.03 0.04 0.05 0.06 0.07 


(1/V)/(dm™*) 


Figure 1.4 


To find the turning points in Z as a function of V,, the derivative dZ/dV,, is 
set to zero. In computing the derivative, write the first term as Vin (Vm — b)! 
and recognise the the need to use the product rule 
dZ —Vin 1 a 
= + + 
dVm (Vm-0b)? Vm-b RTVZ 
hence V,,(a-bRT)-2abV» + ab’ =0 


=0 


To go to the second line the equation is multiplied through by RT V2 (Vm —b)?. 
The resulting quadratic in V is solved in the usual way 


Vin [2ab + (4a°b* - 4ab*(a - brT)) "| 


~ 2(a—bRT) 


b (uty 
hence Vy, =————— | 1+{ — 
1-bRT/a a 


The positions of the turning points depend on the van der Waals parameters as 
well as the temperature. The predictions of these equation are best explored by 
inserting some typical values. 


For N>, a = 1.352 atmdm* mol”? and b = 0.0387 dm? mol!. At 298 K the two 
extrema occur at Vm = 0.237 dm* mol7! and V,, = 0.0211 dm’ mol"; using 
these values in eqn 1.5 gives compression factors of 0.962 and —3.82. The latter 
value is physically unreasonable, but the former is acceptable and for this value 
the pressure is calculated as 99.3 atm. 


For Ne a = 0.205 atmdm® mol and b = 0.0167 dm’ mol™!. At 298 K one 
of the extrema occurs at a negative value of V, and the other occurs at 6.92 x 
10-? dm’ mol". However, this latter value gives a negative value of Z, which 
is not acceptable. Therefore, there are no physically plausible conditions under 
which Z is a minimum for Ne at 298 K. 


Answers to integrated activities 


11.2 


According to the equipartition theorem (The chemist’s toolkit 7 in Topic 2A), 
each quadratic contribution to the energy of a molecule contributes $kT to 
the average energy per molecule. Translational kinetic energy is a quadratic 
term, and because translation is possible in three dimensions, the quoted en- 
ergy density of 0.15 Jcm™? is the result of three such contributions. 


The rotation of a molecule about an axis is also a quadratic contribution to the 
energy, and in general three such contributions are expected corresponding to 
rotation about three mutually perpendicular axes. However, linear molecules, 
such as diatomics, do not show rotation about their long axes, so there are 
only two contributions. The contribution of rotation to the energy density will 
therefore be 2 of that due to translation 


trans. rot. 
SSS. — ae 


total energy denisty = (0.15 Jcm™*) + 2 x (0.15 Jcm™) =|0.25 Jcm™ 
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Internal energy 


2A _ Internal energy 


Answers to discussion questions 


D2A.2 


D2A.4 


Work is done when a body is moves against an opposing force. For an infinites- 
imal displacement in the x-direction, dx, against a force F along that direction 
the work done by the body is F dx. 


When the energy of a system changes as a result of a temperature difference 
between the system and its surroundings, the resulting energy transfer from the 
hotter to the cooler body is described as heat. In thermodynamic terms, both 
heat and work cause the internal energy of an object to change: if heat ‘flows in’ 
the internal energy of the body rises, if the body ‘does work, its internal energy 
decreases. 


If the internal energy of an object increases, this is interpreted in molecular 
terms as the molecules moving up to higher energy levels. If the molecules 
drop down to lower levels the resulting energy is available as heat or work. 


A reversible gas expansion is one in which the direction of the process can be re- 
versed by an infinitesimal change in the external pressure. This is achieved if the 
external pressure is altered so that it is only ever infinitesimally different from 
the pressure of the gas which is expanding or contracting. In other words, the 
external pressure must always match the pressure of the expanding/contracting 
gas. 


Solutions to exercises 


E2A.1(b) 


The chemist’s toolkit 7 in Topic 2A gives an explanation of the equipartition 
theorem. The molar internal energy is given by 


Um = 5X (M+ ¥, + 2vy) x RT 


where v; is the number of translational degrees of freedom, v, is the number 
of rotational degrees of freedom and vy is the number of vibrational degrees 
of freedom. As each gas molecule can move independently along the x, y 
and z axis, the number of translational degrees of freedom is three. All the 
listed molecules have three degrees of rotational freedom and none of them is 
expected to have any vibrational modes which are significantly excited at room 
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E2A.2(b) 


E2A.3(b) 


E2A.4(b) 


temperature. Therefore, at room temperature, ozone, ethane and sulfur dioxide 
are all expected to have an approximate molar internal energy of 


Um = 4x(3+2+0)xRT = 3x(8.3145JK7! mol *)x(298.15K) =|7.4kJmol 


A state function is a property with a value that depends only on the current state 
of the system and is independent of how the state has been prepared. Volume, 
internal energy and density are all state functions. 


The system is expanding against a constant external pressure, hence the expan- 
sion work is given by [2A.6-40], w = —pexAV. The change in volume is the 
cross-sectional area times the linear displacement 


AV = (75 cm’) x (25 cm) = 1875 cm? = 1.87... x 107° m? 


The external pressure is 150 kPa = 1.50 x 10° Pa, therefore the expansion work 
is 


w = —(1.50 x 10° Pa) x (1.87... x 107° m?) =/—281J 


Note that the volume is expressed in m?. The relationships 1 Pa = 1 kgm‘! s~? 


and 1 J = 1 kgm’ s~? are used to verify the units of the result. 


For all cases AU = 0, because the internal energy of a perfect gas depends on 
the temperature alone. 


(i) The work of reversible isothermal expansion of a perfect gas is given by 
[2A.9-4]] 


we -nkTIn (=) 
Vi 
5.0 dm? 


20. : 
= —(2.00 mol) x (8.3145J K™! mol’) x (273.15 K) x In (eee) 


= -6.3 x 10° J=|-6.3 kJ 


Note that the temperature is expressed in K in the above equation. Using 
the First Law of thermodynamics, [2A.2-38], gives 


q = AU -w =0- (-2.68 kJ) ={+2.68 kJ 


(ii) The final pressure of the expanding gas is found using the perfect gas law, 
[1A.4-8] 


nRT _ (2.00 mol) x (8.3145JK7! mol ') x (273.15 K) 
Vi (20.0 x 10-3 m3) 
= 2.27...x 10° Pa 


Pr = 


This pressure equals the constant external pressure against which the gas 
is expanding, therefore the work of expansion is 


W = —Pex x AV = (2.27... x 10° Pa) x (20.0 x 10>? m? —5.0 x 107° m?) 
= -3.41 x 10° J=|-3.41kJ 


and hence q = |+3.41 kJ 


(iii) Free expansion is expansion against zero force, so |w = 0] and therefore 
q = Ojas well. 
E2A.5(b) For a perfect gas at constant volume p;/T; = p¢/T; therefore, 
Tr ( 356 =) 
= pi xX — = (111 kPa) x | —— ]} =|143 kPa 
Pr= Pix p= ( )*\aa7K 


The change in internal energy at constant volume is given by [2A.15b-45] 


5 = 
AU = nCy,mAT = (2.00 mol) x (; x 8.3145] K"! mol : x (356 K - 277 K) 


= +3.28 x 10° J =[4+3.28 kJ 


The volume of the gas is constant, so the work of expansion is zero, |w = 0|, The 
First Law of thermodynamics gives qg = AU — w = +3.28 kJ — 0 = |+3.28 kJ. 


E2A.6(b) (i) The work of expansion against constant external pressure is given by [2A.6- 
40], w = —pex AV = —(7.7 kPa) x (2.5 dm’) =|-19 J}. 


(ii) The work done in a reversible, isothermal expansion is given by [2A.9-41] 
w = —nRT In(V;/V;). The amount in moles of argon is 


_m_ (6.56 g) 
M (39.95 gmol ') 
w = —(0.164... mol) x (8.3145JK~! mol”') x (305 K) 


in [18.5 + 2.5] dm° 


= 0.164... mol 


=|-53 J 


18.5 dm? 


Note that the modulus of the work done ina reversible expansion is greater 
than the work for expansion against constant external pressure because 
the latter is an irreversible process. 


Solutions to problems 


P2A.2 The First Law of thermodynamics states that AU = gq + w. Work is done on 
the electric heater, so w = +1 kJ. Heat is transferred to the surroundings, so 
q = -1kjJ. Therefore overall 


AU =q+w=(-1kJ)+(1kJ) =|0 
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P2A.4 (a) n=x/1 = (90 nm)/(45 nm) = 2.0 therefore v = n/N = 2.0/200 = 0.01 
kT l+v 
B= sy in( 
21 l-v 


9.1x10-1°N 


(1.3806 x 10-73 JK™') x (298.15K) i (-202") 
- in 7 
(2 x 45 x 10-9 m) 1-0.01 


(b) The equation to be plotted is F/N = 4.57x 10°“ In [(1 + v)/(1 — v)]; this 
is shown in Fig. 2.1. 


10° F/N 


—1.0 —0.5 0.0 0.5 1.0 
Figure 2.1 
The natural logarithm can be expanded using the Taylor series as In(1 + 


v) x v+v?/2! 4 v3/3! + ..., which, for v << 1, can be approximated as 
In(1+ v) * v, and similarly, In(1 — v) » —v. Therefore, 


kT kT kT 
F = —[In(1 + v) -In(1~ »)] » <—[v—( v= 
Because v = n/N, it follows that 
ga 
l NI 


Hooke’s law predicts F = const x x, that is the restoring force is directly 
proportional to the displacement. Using n = x/I, the expression for the 
force obtained in part (a) is rewritten as 
nkT kTx 
= a, = const x x 
NI NI 
Therefore Hooke’s law applies and kT/NI? is the force constant. 


(c) 


dw = Fdx = =r in(=*) ax sin (*) (wrav) 
21 l-v l-v 


= n=) av 
2 l-v 


P2A.6 


P2A.8 


Integrating both sides and using f In(1+x)dx = (x+1)In(1+x)-x 


gives 
Ve 
fav in(*) av 
2 0 l-v 

w= NET we tin( ty) +9 G-Tie-¥) a0 

- Tina +) + vin(—*)| 

l-v 0 

= [ints + vi) =v) + ven] 

=. 


The expansion work is given by [2A.6-40], dw = —p.,dV. For a reversible 
expansion p-x is always equal to the pressure of the gas so 


2 
dw = -pgrsdV = (= ve )av 


Integrating both sides gives 


Ve (nRT nea 
Wwe f[ dV 
Vi V y2 
Ve 


: 1 1 
= —aRTin v= = -nkT In (2) na 
V dy Vi ve V; 


The work done on the surroundings is the opposite of the work done on the 


gas. 
Weurr = HRT In (=) +na (— - =) 
Vi ve Vi 

The first term is identical to the work done on the surroundings by a per- 
fect gas expanding under reversible isothermal conditions. V; > Vj, therefore 
n’a(1/V;—-1/V;) is negative, so the overall work done on the surroundings by 
the gas is smaller than it would be for a perfect gas. The attraction between the 
gas molecules has to be overcome when expanding, meaning that less energy 
is available as work. 


Decomposition of 1.0 mol of calcium carbonate liberates 1.0 mol of carbon 
dioxide. In either case the expansion is against constant external atmospheric 
pressure, Pex = 1.0 atm = 1.01325 x 10° Pa. The final volume of the expanding 
gas is found using the perfect gas equation, V = nRT/pex. The change in 
volume of the solid is negligible compared to the change in volume due to the 
formation of the gas, therefore the overall change in volume of the system is 
AV = V. The work against constant external pressure is 


RT 
W = —PexAV = —Pex x - = —nRT = —(1.0 mol) x (8.3145J K! mol‘) 


ex 


x ([800 + 273.15] K) = -8.9 x 10° J =|[-8.9 kJ 
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P2A.10 


The reduced pressure of a van der Waals gas is given by [1C.9-26] 


a 8T,n 3n 
 3V,-1 V2 


Pr 


The reduced volume, pressure and temperature are given in terms of the van 
der Waals parameters in [1C.7-26] and [1C.8-26], Vinx = Vmn/Ve = Vm/(3b) 
> Pr = p/ pc = 27b*p/a and T, = T/T, = 27RbT/8a. In Problem P2A.7 the 
work done during the isothermal reversible expansion of a van der Waals gas 


is found as , 
w=-nRTIn (7 nea( | 
Vi — nb Ve OV; 


This expression is first rewritten in term of the molar volume and then in terms 
of the reduced volume, temperature and pressure. 


w=-nRTIn dE Seda na : : 
nVm,i — nb nVmt  1Vm,i 
=-nRTIn Vint = b na : 
Vin,i -b Vin,f Vini 
=-n( 8a Tn 3bV,¢—b sag 1 1 
27Rb 3bV,4—b 3bV,¢ 3bV,5 
8a 3V,¢-1 naf[{ 1 1 
=-n (=) T, In : 
27b 3V,,i-1 3b\ Vie Ve 
The reduced work is defined as w, = (3b/a)w, with this it follows that 
8 3V.¢ - 
w.=-n(5) T, In Vet — 1 n : : 
9 3V,,i-1 Vit Vii 
For expansion along the critical isotherm from Vinj = Vo to Ving = xVe. It 


follows that Vii = Vini/Ve = Ve/Ve = land Vie = Ving/Ve = xVe/Ve = x. 
Along the critical isotherm T- = 1, therefore w;, is 


aC) aera aa 


2B Enthalpy 


Answers to discussion questions 


D2B.2 


If a substance is heated at constant volume all of the energy as heat is trans- 
formed into internal energy of the substance. If the same process is carried out 
under conditions of constant pressure some of the energy as heat will be used 
to expand the substance against the external pressure and so less of the energy 
as heat is transformed into internal energy. This effect is largest for gases whose 
volumes change much more rapidly with temperature than do solids or liquids. 


The temperature of a substance is related to its internal energy, and therefore 
as energy as heat is supplied the temperature increases. For a given amount 


AJ 


of energy as heat this increase in internal energy is smaller for the constant- 
pressure case than for the constant-volume case. Therefore the rise in temper- 
ate is smaller for the constant-pressure process, and this implies that the heat 
capacity is greater. 


Solutions to exercises 


E2B.1(b) 


E2B.2(b) 


E2B.3(b) 


The heat transferred under constant pressure equals the change in enthalpy 
of the system, [2B.2b-47], qp = AH. The relationship between the change in 
enthalpy, change in temperature and the heat capacity is given by [2B.6b-49] 


6 A (178 J) 
Pm” nAT (1.9 mol) x (1.78 K) 


= 52.6... JK mol! =|53JK7! mol’ 


For a perfect gas Cy,m — Cy,m = R, [2B.9-49], therefore 


Cv,m = Cp,m—R = (52.6... JK7! mol ')-(8.3145J K™! mol ') =|44JK7! mol! 


There is no change in the number of gaseous species on going from reactants 
to products, therefore An, = 0 and AH, = AUn. 


(i) The heat capacity can be expressed as C, = a + bT where a = 20.17 JK™' 
and b = 0.3665 JK. Integrating the relationship dH = C,dT on both 
sides gives 


Th Tr Th b lp 2712 
f, aH= cat = [ (a+bT)dT = [aT + 5bT’], 


H(T,) — H(T,) = na(T, T,) + 5nb(T3 T) 


= (20.17 JK™') x (373.15 K — 298.15 K) 
+ 4x (0.4001 JK *) x [(373.15 K) — (298.15 K)?] 
= +115... kJ =[+11.6 KJ 


Under constant pressure conditions AH =|q,p = +11.6 kJ}. 
The work of expansion against constant pressure Pex is given by [2A.6- 
40], w = —PexAV = —Pex( Vs — Vi). Assume that the gas is in mechanical 
equilibrium with its surroundings, therefore p.x is the same as the pres- 
sure of the gas, p. The initial and final volumes are calculated from T; and 
T; by V; = nRT;/p and V, = nRT;/p, therefore V; — V; = (T; — T;)nR/p. 
Hence 


R 
w pxo (T;- T;) = -nRAT 


= —(1.00 mol) x (8.3145JK~! mol™') x (373.15 K — 298.15 K) 
= -6.23... x 10? J = [—624J 
AU =q+w = (411.6... kJ) + (-0.623... kJ) =|+11.0 kJ 
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E2B.4(b) 


(ii) The energy and enthalpy of a perfect gas depends on the temperature 
alone, hence AH and AU is the same as above, |AH = AU = +11.6kJ|. 
Under constant volume conditions there is no expansion work, |w = 0} 
therefore the heat is equal to the change in internal energy, qv = AU = 

+11.0 kJ}. 


Under constant pressure q, = AH, therefore 


dp = AH = nCp,mAT = (2.0 mol) x (37.11 JK mol’) x (277 K - 250 K) 
= 2.00... kJ =[+2.0kJ 


The definition of enthalpy is given by [2B.1-46], H = U + pV. For a change 
at constant pressure, it follows that AH = AU + pAV, where AV = V; - Vj. 
If the gas is assumed to be perfect, then V; = nRT;/p and V; = nRT;/p, so 
AV = (Ty—- T,)nR/p. Hence pAV = nR(T; - T,) = nRAT. 


AU = AH - nRAT 
= (2.0... kJ) — (2.0 mol) x (8.3145J K7! mol *) x (277 K — 250 K) 
=|+1.6kJ 


Solutions to problems 


P2B.2 


P2B.4 


The volume of the room is V = (5.5m) x (6.5m) x (3.0 m) = 107.25 m’. Using 
1 atm = 1.01325 x 10° Pa, the amount in moles of gas in the room initially is 


_ pV _ (1.01325 x 10° Pa) x (107.25 m?) 


— = 4,38... x 10° mol 
RT —(8.3145J K~' mol ') x (298 K) 


Assuming that the heat is transferred under constant pressure 
Gp = NCpmAT = (4.38... x 10° mol) x (21J K™’ mol) x (10 K) = 9.21 x 10° J 


The time needed to transfer this heat is At = (9.21... x 10° J)/(1500 Js~') = 
6.1 x 107 s}. 


Fitting the data set using a computer program to an expression in the form of 
Co m(T) = at+bT+cT~ yields a = 28.8) K™' mol ',b = 2.79x10- JK mol" 
and c = -1.51x10° J K mol ". Fitting the data set to an expression in the form of 
Com(T) = a+BT+yT* yields o = 24.6) K™! mol’, B = 3.83x10-? J K-? mol * 
and y = —6.58x 10-° JK? mol '. This second expression gives a slightly better 
fit to the data set than the first expression. 


2C Thermochemistry 


Answers to discussion questions 


D2C.2 


D2C.4 


When a system is subjected to constant pressure conditions, and only expan- 
sion work can occur, the energy supplied as heat is the change in enthalpy of the 
system. Thus enthalpy changes in the system can be determined by measuring 
the amount of heat supplied under constant-pressure conditions. 


A very simple example often encountered in elementary laboratory classes is a 
thermally insulated vessel (for example, a foam plastic coffee cup) left open to 
the atmosphere: the heat released in the reaction is determined by measuring 
the change in temperature of the contents. 


For acombustion reaction a constant-pressure flame calorimeter (Section 2B.1(b) 
on page 47) may be used. In this apparatus a certain amount of substance 
burns in a supply of oxygen and the rise in temperature is monitored. More 
sophisticated methods include isothermal titration calorimetry and differential 
scanning calorimetry, both described in Section 2C.4 on page 56. 


The main objection to the use of the term ‘heat’ to describe the energy change 
associated with a physical or chemical process is that heat is not a state function. 
The value of the heat therefore depends on the path chosen. 


If, in fact, the processes being described takes place at constant pressure, the 
heat is equal to the enthalpy change. Because enthalpy is a state function, the 
heat measured under these circumstance is a property of the physical or chem- 
ical change itself, and not affected by the path taken, and so is a meaningful and 
useful quantity to discuss. 


It is more appropriate to talk about the enthalpy change, the change in a state 
function, rather to talk about the heat which, because of an unstated restriction, 
just so happens to have the same value. 


Solutions to exercises 


E2C.1(b) 


Ethanol is vaporized at constant pressure, therefore q = AH. 


q = AH = nAvapH® = (1.75 mol) x (43.5 kJ mol ') = +76.1... kJ =[+76.1 kJ 


The work of expansion under constant pressure is given by [2A.6-40], w = 
—PexAV. Note that AV = V; because the final state (gas) has a much larger 
volume than the initial state (liquid). The perfect gas law is used to calculate 
Ve. 
RT 
w= PexAV = Pex( Ve Vi) ® Pex Ve = Pex * is = -nRT 


ex 


= -(1.75 mol) x (8.3145J K7! mol") x (260 K) = -3.78... kJ = [-3.78 kJ 


The First Law of thermodynamics [2A.2-38] gives 


AU = q+w = (+76.1 kJ) + (-3.78... kJ) =[+72.3 kJ 
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E2C.2(b) 


E2C.3(b) 


E2C.4(b) 


The chemical equation for combustion of phenol is CsHgO(s) + 7 O2(g) ——> 
6 CO2(g) + 3H2,O(1). The standard enthalpy of combustion is calculated us- 
ing [2C.5a-55] and using values for the standard enthalpies of formation from 
Table 2C.7. 


A.-H?= >) vAcH?- S° vAcH® 


products reactants 
= 6A¢H* (COo,g) + 3AsH*(H20,1) - 7A¢H” (Oz, g) - A¢H® (CsHeO, s) 
= 6 x (-393.51 kJ mol‘) +3 x (—285.83 kJ mol’) 


— 0 - (-165.0 kJ mol!) =)-3054 kJ mol’ 


The standard enthalpy of formation of HI (aq) is A,H® for the reaction 
gHa(g) + 9lo(g) > Hil (ag) 
Because HI is a strong acid, the reaction is effectively 
7H2(g) + 312(g) —> H*(aq) +I (aq) 


By definition, AsH® (H*,aq) = 0, so A,H® for this reaction is AgH® (I", aq). 


A-H® = AgH® (I, aq) =|-55 kJ mol * 


The equation for combustion of anthracene is C4Hj9(s) + = O2(g) —> 
14CO2(g) +5H2O(1). In a bomb calorimeter the heat is at constant volume 
and is given by qy = nA.U*. A.U*is related to A-H® by [2B.3-48], A,H® = 
A,U® + AngRT, where Ang is the change in the amount of gas molecules in the 
reaction. In this case Ang = 16.5 mol — 14 mol = —2.5 mol, hence 


A.U® = A.H® - AngRT 
= (-7.06... x 10° J) — (-2.5 mol) x (8.3145J K7! mol’) x (298 K) 
= -7.05...x 10° kJ mol! 


The heat released in the bomb calorimeter on combustion of 2.25 mg of an- 
thracene (M = 178.219 gmol *) is 


2.25x10-° 8 
178.219 g mol ' 


qv = nA.U® = ( )x« 7.05...x10° kJ mol") = -8.90...x10~? kJ 


Therefore the calorimeter constant is 


_ |avl _ (8.90... x 10-7 kJ) 
AT (1.75 K) 


C 


= 5.08...x 107 kJK | =|5.09x 10-7 kJK! 


The chemical equation for combustion of phenol is CsH¢O(s) + 7 O2(g) ——> 
6 CO2(g)+3 H20 (1). Following the same logic as above, A-H® = —3054kJ mol’, 


E2C.5(b) 


E2C.6(b) 


E2C.7(b) 


An, = -1 mol and A,U® = —3.05... x 10° kJmol”’. The heat released on 
combustion of 125 mg of phenol (M = 94.10 g mol ') is 


0.125 g 
94.1074 gmol * 


g = nAcU* = ( x (-3.05... x 10° kJ mol™') = -4.05... kJ 


Therefore AT = |qy|/C = (4.05... kJ) /(5.08... x 10-7kJ K"') =[+79.6K 


(i) Reaction(3) is reaction(2) — 2 x reaction(1), therefore 


A,H? (3) = A,H®(2) -2A,H?(1) 
= (-483.64 kJ mol”') — 2 x (+52.96 kJ mol ') 


589.56 kJ mol! 


The relationship between A,H and A,U is given by [2B.3-48], A-H = 
A,U + AngRT where Ang is the change in the amount of gas molecules 
in the reaction. For this reaction Ang = 2 mol + 2 mol — 4 mol — 1 mol = 
-—1 mol 


A,U® = A,H® — AngRT 
= (—589.56 x 10° Jmol ') 


— (-3.0 mol) x (8.3145J K-' mol’) x (298 K) =|-582 kJ mol”? 


(ii) Reaction(1) represents the formation of 2 moles of HI(g) from its elements 
in their reference states, therefore the standard enthalpy of formation of 
HI(g) is 


ArH® (HI, g) = 4A,H® (1) = 4 x (+52.96 kJ mol *) =|+26.48 kJ mol" 


Reaction(2) represents the formation of 2 moles of H,O(g) from its ele- 
ments in their reference states, therefore 


ArH® (H20,g) = $A,H®(2) = $x(-483.64kJ mol") =|-241.82 kJ mol’ 


The relationship between A,H and A,U is given by [2B.3-48], A,H = A,U + 
AngRT where Ang is the change in the amount of gas molecules in the reaction. 
For this reaction Ang = 14 mol + 6 mol — 15 mol = +5 mol 
A,” =A,U" + An RT 

= (-772.7 x 10° Jmol”) + (+5.0 mol) x (8.3145J K"' mol’) x (298 K) 


=|-760.3 kJ mol! 


The following reactions are used to construct a thermodynamic cycle which 
gives the standard enthalpy of hydrogenation of ethyne to ethene. 
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E2C.8(b) 


reaction AH? /kJ mol" 
(1) C,H(g) + 3 O2(g) —> 2CO,(g)+H2,O(1) -1300 
(2) C,Ha(g) + 302(g) —> 2CO2(g)+2H2,0(1) -1411 
(3) Hya(g) + $ O2(g) —> HO () ~285.83 
(4) C,H2(g) + Ho(g) —> C2Ha(g) A,H®(4) 


A, H*(4) = A,H®(1) + A,H® (3) - A, H*(2) 
= (-1300 kJ mol ') + (—285.83 kJ mol ') — (-1411 kJ mol’) 


~174.83 kJ mol! 


The relationship between A,H and A,U is given by [2B.3-48], A,H = A,U + 
AngRT where Ang is the change in the amount of gas molecules in the reaction. 
For this reaction Ang = 1 mol — 1 mol - 1 mol = —-1 mol 


A,U® (298 K) = A,H® (298 K) - AngRT 
= (-174.83 x 10° Jmol ') — (-1.0 mol) x (8.3145 J K7! mol™*) 


x (298 K) =|-172 kJ mol’ 


The difference of the molar heat capacities of products and reactants is cal- 
culated using [2C.7b-55] and the corresponding heat capacity data from the 
Resource section 


A,C5 = >> Co a= x WC in 


products reactants 


= Cy m( CoHasg) = C3 (Coho. g) = Cyn (Hag) 
= (43.56 JK"! mol!) — (43.93 JK! mol’) — (28.824 JK”! mol") 
= -29.1...JK™' mol” 
It is assumed that all heat capacities are constant over the temperature range of 


interest, therefore the integrated form of Kirchhoff’s Law is applicable, [2C.7d- 
56] 


A,H® (427 K) = A,H® (298 K) + ATA,C$ 
= (-174.83 x 10° Jmol ') 


+ (427 K - 298 K) x (-29.1... JK”! mol!) =|-179 kJ mol”! 


The reaction equation +N2(g) + H2(g) —> NH3(g) represents the forma- 


tion of NH3(g) from its elements in their reference states, therefore A, H® (298 K) = 


AH? (NH3,g) = —46.11 kJ mol '. The variation of standard reaction enthalpy 
with temperature is given by Kirchhoff’s Law, [2C.7a-55] 


Tr 
A,H° (Ta) = A H(T) + [ A.C? aT 
Ti 
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The difference of the molar heat capacities of products and reactants is given 
by [2C.7b-55] 


ACo= ¥ va YY ve 


products reactants 


Co m(NHs,g) = $C m( Hog) a 5 Chan Ne g) 


e 
pom 


The heat capacities in Table 2B.1 are expressed in the form of Cp, = a+ bT + 
c/T? therefore A.C} = Aa+AbT+Ac/T? where Aa = a(NH3, g)-54(H2, g)- 
+a(Nz,g) and likewise for Ab and Ac. 
Aa = (29.75 JK"' mol’) - 3 x (27.28 JK7' mol ') - } x (28.58 JK’ mol‘) 
= -25.46JK™' mol * 

Ab = (25.1 x 10°? JK? mol") — 3 x (3.26 x 10° JK”? mol ') 

~ 4 x (3.77 x 10° JK? mol") = +18.325 x 107° JK? mol! 
Ac = (-1.55 x 10° JK mol *) - 3 x (0.50 x 10° JK mol’) 

— 4 x (-0.50 x 10° JK mol’) = -2.05 x 10° JK mol 


Integrating Kirchhoff’s Law gives 


, i 
Agr UR) Shar (Ch) 4 ‘ (40 + ADT + =) aT 


Ty 2 


Lf 
= A,H°(T,) + Aa(T: - T,) + 4Ab(T? - T?) Ac( 
7 1 3 


(—46.11 x 10° Jmol!) + (—25.46 JK”! mol') x (750 K — 298 K) 
1 =3 —2 -1 2 2 
+ $x (+18.325 x 10° JK? mol") x [(750 K)? - (298 K)*] 


1 1 
— (-2.05 x 10° JK mol) x (=~ - sax) 
750K 298K 


-53.7 kJ mol! 


Solutions to problems 


P2C.2 


P2C.4 


The combustion equation for octane is CgHj(1) + 12.5 O2(g) —~ 8 CO2(g) + 
9 H,O (1). The standard enthalpy of combustion of octane is given in Table 2C.6 
as —5471 kJ mol’. The amount in moles in 1.0 dm’* octane is 


m pV __ (0.703 gem™) x (1.0 x 10° cm?) 
M M (114.2222 gmol *) 


n = 6.15... mol 


The heat is 


qp = nA.H® = (6.15... mol) x (-5471 kJ mol’) =|3.4 x 104 kJ 


ArH* (B2Hg, g) is the standard enthalpy change of 2 B(s) +3 H2(g) ——> B2H.(g). 
This reaction is 3 x reaction(3) + reaction(2) — reaction(1) = reaction(4), and 
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P2C.6 


SO 


A¢H® (B2H¢,g) = 3A,H° (3) + A,H® (2) - A,H*(1) 
ArH® (BxHo, g) = 3 x (—241.8 kJ mol *) + (-2368 kJ mol‘) — (—1941 kJ mol‘) 


=|-1152.4kJmol™! 


The relationship between A,H and A,U is given by [2B.3-48], A,H = A,U + 
AngRT where Ang is the change in the amount of gas molecules in the reaction. 
For this reaction Ang = 2 mol — 0 mol = +2 mol 
A,H® = A,U® + AngRT 
= (+8.0 x 10° Jmol *) + (2.0 mol) x (8.3145J K7! mol‘) x (583 K) 


= 17.6... kJ mol! =|+18 kJ mol”! 


Applying [2C.5a—55] to this reaction gives 
A,H* = 2A¢H° (CéHe, g) + ArsH® (Cr, s) = Ar¢H® (Cr(CéHe)2, s) 


The standard enthalpies of formation of elements in their reference states are 
zero at all temperatures, therefore A¢H® (Cr, s, 583 K) = AgH® (Cr, s, 298 K) = 
0. Ap H® (CeHe, g, 298 K) is equal to A, H® of the reaction 6 C(s) + 3 H2(g) ——> 
C¢Ho(g) at 298 K. The difference of the molar heat capacities of products and 
reactants of this reaction is calculated using [2C.7b-55] and data from Table 
2C.7 


A,C5 = » eC an ~ OS 


products reactants 
= Chm( CoH, 8) - 3C5 m(H2, 8) — 6C5 m (graphite, s) 
= (81.67 JK"! mol’) — 3 x (28.824 J K™' mol”) - 6 x (8.527 JK! mol!) 
= -55.9...JK-! mol! 
Assuming that A,C> is independent of temperature in the given range, using 
data from Table 2C.6 and applying Kirchhoff’s Law [2C.7d-56] gives 
ArH® (C6Hg, g, 583 K) = A,H®° (583 K) + A,H° (298 K) + ATA,C$ 
= (+82.93 x 10° Jmol’) + (583 K — 298 K) 
x (-55.9... JK7! mol”) = +66.9... kJ mol 
Therefore the standard enthalpy of formation of the chromium complex at 583 K 
is 
ArH® (Cr(CeHg¢)2,$, 583 K) = 2A¢H® (CoHe, g, 583 K) + AgH® (Cr, s) - A,H® 
= 2x (+66.9... kJ mol’) + 0 - (417.6... kJ mol") 


+116 kJ mol! 


P2C.8 


P2C.10 


(a) Using [2C.5a—55] and the values for the standard enthalpies of formation 
given in the problem 


ArH? = \ vAcH?- >) vAgH® 


products reactants 


= A¢H® (SiH2, g) + AgH® (H2, g) — ApH® (SiH, g) 


= (+274 kJ mol!) + 0 — (+34.3 kJ mol‘) =|+239.7 kJ mol! 


(b) Similarly to part (a) 


A,H° = A¢H® (SiH, g) + ArH” (SiHg, g) = ArH (SinHe, g) 
= (+274 kJ mol ') + (+34.3 kJ mol *) — (+80.3 kJ mol‘) 


+228.0 kJ mol! 


The enthalpy change is found using [2C.9-57], AH = ie Cp,ex AT, where Cp cx 
is the excess heat capacity reported by the instrument. The integral is the area 
under the trace, which is estimated to be 230 m/J: this is the estimate for AH. 


From the data given the amount in moles in the sample volume of 0.80 cm? is 
(0.80 cm?) x (2.17 x 10-3 gcm™3)/(14.3 x 10° gmol') = 1.21... x 10-7 mol. 
The molar enthalpy of unfolding is therefore 


AH m = (230 x 107? J)/(1.21... x 107” mol) =|1.9 x 10° kJ mol ' 


2D State functions and exact differentials 


Answers to discussion questions 


D2D.2 


An inversion temperature is the temperature at which the Joule-Thomson co- 
efficient 4 changes sign from negative to positive or vice-versa. For a perfect 
gas y is always zero, thus it cannot have an inversion temperature. As explained 
in detail in Section 2D.4 on page 64, the existence of the Joule-Thomson effect 
depends upon intermolecular attractions and repulsions. A perfect gas has by 
definition no intermolecular attractions and repulsions, so it cannot exhibit the 
Joule-Thomson effect. 


Solutions to exercises 


E2D.1(b) 


The molar volume of a perfect gas at 298 K is calculated as 


RT (8.3145JK7! mol ') x (298 K) 


Ym = > = G00 bar) x [(10° Pa)/(1.00 bar) ] 


= 2.47...x 10°? m? mol 
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E2D.2(b) 


The van der Waals parameter a of sulfur dioxide is found in Table 1C.3, and 
needs to be converted to SI units 


latm 


6 -2 107° m® 1.01325 x 10° Pa 
a = (6.775 dm’ atm mol _) x ace x 
m 


= 0.686... m° Pamol ~ 


Therefore the internal pressure is 


a (0.686... m° Pamol ~) 
= = = = L12 x 10° Pa 
Via (2.47... x 10-2 m3 mol ~ )? 


The internal energy of a closed system of constant composition is a function of 
temperature and volume. For a change in V and T, dU is given by [2D.5-61], 
dU = mrdV + CydT. At constant temperature, this reduces to dU = mrdV. 
Substituting in the given expression for 77 for a van der Waals gas and using 
molar quantities 


This expression is integrated between V,j and Vin,¢ to give 


Vin,f Ving Q 
f[ dUm = ri V2 dVin 
Vin,i Vai V, 


Vin,f ( l l 
a 
Vin,i Vm.f Vii 
The van der Waals parameter a for argon is found in Table 1C.3, and needs to 
be converted to SI units 


hence 


AU 


y2 


m 


= 10° m® 1.01325 x 10° P 
a = (1.337 dm® atm mol ‘)( = )x( * : 


1 dm° 1 atm 


= 0.135... m® Pamol 
1 1 


AU, = -(0.135... m°® Pa mol) ( = = 
30.00 x 10-3 m? mol 1.00 x 10-3 m3 mol 


= +1.30... x 10? Jmol! =|+131 Jmol! 


The work done by an expanding gas is given by [2A.5a-39], dw = —pexdV. For 
a reversible expansion Pex is the pressure of the gas, hence 


w=- f pdVm 


Substituting in the expression for the pressure of a van der Waals gas, [1C.5b- 
24] 
RT a RT a 
dVm = - dVn + ff SV 
ad won wo Vn —b V2 


RT 
-- f dVin + AU 
Vin — 0b 


The second term is identified as AU,, from the above. According to the First 
Law, AU = q + w, the first term in the expression above must be —g, therefore 


Vat RT Vi¢ Vin f7- b 
7 Vn = RT In(Vm - b)| 7% = RT In | ——— 
1 i Vin ~ b in ) rae a( Vin,i a b 


30.00 dm? — 3.20 x 1072 dm? 
1.00 dm? — 3.20 x 10-2 dm? 
= +8.50... x 10° Jmol! =/+8.51 kJ mol” 


= (8.3145JK ' mol‘) x (298 K) x n( 


where the value for b is taken from the Resource section. From the First Law 
the work done is w = —q + AU», hence 


w = —q+AUm = —8.50... 10° J mol”! +1.30...x 10 J mol! = |-8.37 kJ mol! 


E2D.3(b) ‘The volume of the liquid can be written as 
V =V'(a+bT +cT’) 
where a = 0.77, b = 3.7x 10-4 K"! andc = 1.52 x 10°° K ®. The expansion 


coefficient is defined in [2D.6-62] as a = (1/V)(0V/0T) >. The derivative with 
respect to T is 


av 
eP) < 2cT 
Ear V!(b+2cT) 
Therefore 
1 b+2cT 
. vi(beter)=— 
«= Tigaireer SO ree 


Evaluating this expression at 310 K gives 

(3.7 x 10-4 K"') +2 x (1.52 x 10°° K) x (310 K) 
(0.77) + (3.7 x 10-4 K-!) x (310 K) + (1.52 x 10-6 K-?) x (310 K)? 
=|+1.3x 10° K 


0310 = 


E2D.4(b) The isothermal compressibility is defined in [2D.7-62], «7 = -(1/V)(0V/op)r, 
therefore at constant temperature dV/V = —x dp. This question is concerned 
with changes in density, so the next step is to rewrite the volume in terms of 
the density, p. If the mass is m, V = m/p, and therefore dV = (-m/p?)dp. 


Therefore 
dV ifm P) m 1 
= dp | = dp = --d 
" a p? ) C (3 Psa 


It therefore follows that 


ae xrdp andhence dp = ay 
p 


KTP 
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E2D.5(b) 


This expression gives the relationship between the change in pressure and the 
change in density. Approximating dp by dp and dp by dp for sufficiently small 
changes gives 


1 6 1 
dp =—x p-( =) «(1.0% 10°) = +4.5 x 107 atm 
Kr 2.21 x 10-° atm 


The difference Cy m — Cy,m is given by [2D.11-63], Cp.m — Cv,m = a? TV / Kr. 
In this expression the molar volume is found from the mass density p and the 
molar mass M by V,, = M/p. The values of a and x are available in the Resource 
section, as is the mass density. 


CTV: TM 
KT KTP 

7 (11.2 x 10-4 K"!)? x (298 K) x (46.0674 gmol ') 

[ (76.8 x 10-® bar) x (1 bar/10° Pa)] x (0.789 x 10° gm~?) 

+28.4JK7! mol! 


Cp,m = Cyn = 


The units are K-! Pam? mol | = K-! (Nm~*) m* mol | = K-' Nmmol 
=Jk'! mol 


Solutions to problems 


P2D.2 


The pressure p is a function of T and V, therefore according to the Euler chain 
relation and the reciprocal identity 


(sr), -~(ar), (sr), 


Substituting this into the expression given for C, — Cy gives 


dp\ (av Zs es ee 
Cpy-Cy =T T 
=~ lan) lon), & r\aT),\aT), 
__TeV/eT), 
(oV/op)r 
For a perfect gas pV = nRT, therefore 


OV nR OV nRT 
(=) Ss, ad | Sa 
OT/p p Op |; p 


It follows that 


which is the expected result quoted in [2B.9-49]. 
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P2D.4 Rearranging the van der Waals equation of state to give T as a function of p 
and V gives 


re p(V — nb) mn na(V — nb) 
nR V2R 


The partial differentials are 


OT V—nb (<2) nR 
—]|= and |{—-]} = 
op nR oT V V-nb 


4 


As expected, these two partial differentials are the reciprocals of each other. 


(= il 
op}, (op/eT)y 


P2D.6 From the perfect gas law, [1A.4-8], pV = nRT. Writing n = m/M, where m is 
the mass, it follows that 


RT pv 
pv = ™RT andhence —— = ae 
M Mm 


The mass density, p is p = m/V, therefore (RT/M) = p/p. 


: (2) yp\'” 
Ss M p 


For argon, amonoatomic gas, Cy,m = 2R and Cy,m = 2R therefore y = Cp,m/Cy,m 
= 5/3. 


= 1/2 
3 x (8.3145JK~! mol!) x (298.15 K ———— 
mat ( : ) x ) =|322 ms"! 


(39.95 x 10-3 kg mol ') 


P2D.8 In How is that done? 2D.1 on page 63 is is shown that 
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An expression for (0H/dp)r is developed as follows 


3) (2), nwt 


o(U+pV) ) (; 3p ) [definition of H] 


(Sy 
a 7), (2) (A) (35), 


: ns ?h( 3p) "(op Lome Cov) 
a 7) Aa)", 


is aman +V__ [chain relation] 


= a wv) +V__ [reciprocal identity] 


With this result 


1 {oH 1 
2 T oV ) Vv 
Cp\ op}, Cp oT / >» 
In order to compute the partial derivative (0V/dT), it is convenient to take 
the van der Waals equation and re-express it in the form of a virial expansion 


_ RT a _ RT 1 a 
Pe V-b V2 Va\l—8/Va RTVm 


Assuming b/Vm <1, the first fraction can be approximated using (1 —x)~! » 


1l+x 
—( b a 
p= 1+ 
Vin Vn RT Van 


RT ( b a ) 
hence Vin = 1+ = 
p Vn RTVn 


1, b a 
PDP PV¥m RT pVin 


Within the parentheses the perfect gas equation is used to approximate pVm = 
RT 


Vn=RI(2 b a )-4 a 


+b 
p RT RT? p RT 


It is now straightforward to compute the required partial derivative 


(ee) Ra 
oT /, p RT? 


Using this in the expression above for u and switching to molar quantities 


ra 1 1 (tn) a oe a: oe 
Cp,m OT /» Cp,m p RT? 


The above expression for Vin is used once more 


1 R a RT a 
H= T - +b 
ea E a ( a}) 


which is the required result. 


2E Adiabatic changes 


Answers to discussion questions 


D2E.2 


In an adiabatic expansion the system does work but as no energy as heat is 
permitted to enter the system, the internal energy of the system falls and so 
consequently does the temperature. From the First Law, AU = w because q = 
0. However, the change in internal energy is also related to the temperature 
change and the heat capacity: AU = CyAT. Equating these two expressions 
for AU gives w = CyAT, or dw = CydT for an infinitesimal change. 


For a reversible expansion, the work is dw = —pdV. Equating these two ex- 
pressions for the work gives —pdV = CydT. This equation is the point from 
which the relationships between pressure, volume and temperature for a re- 
versible adiabatic expansion are found: the heat capacity comes into the final 
expressions via this route. 


In words, the key thing here is that in an adiabatic process there is a change 
in temperature, so it is not surprising that the properties of such a process are 
related to the heat capacity because this quantity relates the energy and the 
temperature rise. 


Solutions to exercises 


E2E.1(b) 


Carbon dioxide is a linear polyatomic molecule which has three degrees of 
translational and two degrees of rotational freedom. From the equipartition 
theorem 

Cy.m = ; x (y%Y+¥,+2v,) xR 


where 1; is the number of translational degrees of freedom, v, is the number 
of rotational degrees of freedom and v, is the number of vibrational degrees of 
freedom. 
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E2E.2(b) 


E2E.3(b) 


(i) Without any vibrational contribution: Cy = ; x (3+2+0)xR= 2R. 
For a perfect gas, [2B.9-49], Cp,m = Cy,m + R, therefore 
5 
>R+R 
sete k 2 —— = 7 4s 1.40 
Cyim 5R 5 


(ii) With the vibrational contribution: The number of vibrational modes is 
vy = 3N —5 foralinear molecule, where N is the number of atoms in the 
molecule. Therefore vy = 3N — 5 = 4. This gives Cy,m = x (3+2+2x 
4) x R= Rand thus Cp,m = Rand so y = 15/13 ~ 1.15. 


The experimental value of y for carbon dioxide is 


Com Com _ (37.11 JK! mol’) se 
aac Cpm-R (37.11 JK7! mol!) - (8.3145JK7! mol") 


which is somewhat closer to the value expected if vibration is neglected, but 
does not match that value closely. This indicates that vibrations may be con- 
tributing somewhat - for example the lower frequency bending modes. 


For a reversible adiabatic expansion the initial and final states are related by 
[2E.2a-68], (T;/T;) = (Vi/V¢)'/°, where c = Cy.m/R. For a perfect gas Cae = 
Cy,m = R, [2B.9-49], so c = (Cp,m — R)/R. Using the value of Cp,m from the 
Resource section gives 


_. G7. JK7! mol ') - (8.3145) K7! mol’) 


+ = 3,463 
(8.3145J K~ mol’) 
Therefore 
1 pes Se 
V; a 500 3 3.463 
T= 1(>) = (298.15 K) x = = [200K 
Ve 2.00 x 103 cm3 


For a reversible adiabatic expansion the initial and final states are related by 
[2E.3-68], pi a = prev? where y is the ratio of heat capacities, y = Cra} Cy is 
The initial volume of the sample is 


nRT — (2.5 mol) x (8.3145JK7! mol ') x (325 K) _ 
p (2.40 x 105 Pa) 
= 28.1...dm° 


2.81... x 107? m? 


V, = 


For a perfect gas Cy,m — Cy,m = R, hence 


—Cpm Com | (20.8 JK"! mol‘) 


=] —l 1 —] = 1.66... 
Cy,m Cpm-R  (20.8JK~* mol’) - (8.3145JK~‘ mol’) 


Y 


The final volume is given by 


Ve = (28.1... dm*) x(2.40x10° Pa/1.50x10° Pa)!/16° = 37.3...dm? = (37 dm? 


The initial and final states are also related by (T;/T;,) = (Vi/V;)!/° where c = 
Cy.m/R. For this gas 


(20.8 JK~! mol’) = (8.3145JK7! mol!) | 


SS 1.50... 
(8.3145JK-* mol’) 


and hence 


re ee 1/1.50... 
=< a 5 = 2.69... x 10° K = [269K 
‘ m 


-\ Ife 
T:=7(2) = (925K) «( 
V; 


The work done bya perfect gas during adiabatic expansion is given by [2E.1-67] 
Wag = CyAT = nCym( Ts — Ti) = n(Cp,m — R)(Te — Ti) 
= (2.5 mol) x [(20.8 JK”! mol") — (8.3145JK™! mol’)] 
x (2.69... x 10? K — 325 K) =|-1.7kJ 


E2E.4(b) ‘The work done in a reversible adiabatic expansion is given by [2E.1-67], Waa = 
CyAT. The task is to find AT. The initial and final states in a reversible adia- 
batic expansion are related by [2E.2b-68], ViT = VeTf, where c = Cy.m/R. If 
the gas is assumed to be perfect, Cp,m — Cy,m = R [2B.9-49], and so 


_ Cy,m _ Cpm-R _ (29.125 JK7! mol") - (8.3145JK™! mol!) _ 
R R (8.3145JK~! mol ‘) 


c 


The temperature change is given by 


ry fc V. 1c 
ar= 7-1 =7(2) Tj = T;, (=) -1 
Ve Ve 


Therefore the work done is 


V, 1c 
Wi CAT EO AT =e (#) = | 


= (Com — RYT (t)" - 1 


= ("5 =} x [(29.125 JK7! mol ') 
28.02 gmol 


1/2.50... 
400 cm? 
— (8.3145J K7! mol !)] x (296.15 K) x 1 
( J pees ) (2 =] | 


—325J 


E2E.5(b) ‘The initial and final states in a reversible adiabatic expansion are related by 
[2E.3-68], piv,” = pV): therefore 


= |3.6 Torr 


400 cm? )- 


V.\) 
=pi|—] = (97.3T 
oz) ( ont) x (Oe 


2.50... 
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Solutions to problems 


P2E.2 


In a reversible adiabatic expansion the initial and final states are related by 
[2E.2a-68], (T;/T;) = (Vi/Ve)'/° where c = Cy.m/R. Taking the logarithm 
of both sides and using the relationship Inx* = aln x gives 


Tr 1 Vi 
in(=*) - ~In( =} 
T; c Ve 


_ In(Vi/Ve) | In (1/2) eG 
In(T{/T;) In (248.44 K/298.15K) 


It follows that 


Cy.m is calculated from c as follows 
Cy.m = eR = (3.80...) x (8.3145J K7! mol’) = 31.5... JK7! mol! 


Likewise, the initial and final states are related by [2E.3-68], piV, - perv? 
where y = Cp,m/Cy,m- It follows that In(p;/p_) = yIn( V¢/V;), hence 


In(pe/pi) In (81.840 kPa/202.94 kPa) 
Y* in(Vi/Vi) _ In (1/2) 


= 1.31... 


Hence 


Cp,m = Cv,my = (31.5... JK7! mol") x (1.31...) = [41.397 JK"! mol! 


Integrated activities 


12.2 


(a) The table below displays computed enthalpies of formation (semi-empirical, 
PM3 level, PC Spartan Pro™), enthalpies of combustion based on them 
(and on experimental enthalpies of formation of H2O (1), —285.83 kJ mol’, 
and CO2(g), —393.51 kJ mol’), experimental enthalpies of combustion 
(from the Resource section), and the relative error in the enthalpy of com- 
bustion. 


compound A¢H® /kJ mol! A.H® /kJ mol! A.H® /kJ mol! % error 


(calc.) (expt.) 
CH,(g)  —54.45 ~910.7 ~890 2.33 
CrH¢(g) —75.88 —1568.6 —1560 0.55 
C3H¢(g) —98.84 —2225.0 —2220 0.23 
CyHio(g) —121.6 —2881.6 —2878 0.12 
CsHy(g) —142.1 —3540.4 —3537 0.10 


The combustion reactions can be expressed as 


CnHon+2(g) +3(3n + 1)O2(g) —> nCO2(g)+(n+1)H20 (1) 


The enthalpy of combustion, in terms of enthalpies of formation, is 
A.H® = nA¢H® (CO2) + (n+ 1)A¢H® (HO) — A¢H® (CyHons2) 
The % error is defined as 


A.H® (calc.) — A-H® (expt.) 


100% 
A. H® (expt.) ‘ 


% error = 


(b) The errors are shown in the table above. It is evident that the agreement 
is quite good. 
(c) If the enthalpy of combustion is related to the molar mass by 
A.H® = k[M/(gmol ')]" 
it follows by taking logarithms that 
In|A.H®| = Ink + nIn[M/(g mol ')] 
A plot of In|A.H®| against In[M/(g mol ')] is expected to be a straight 
line with slope n and y-intercept In |k|; see Fig. 2.2. 
compound M/ A.H®/  In{M/(gmol*)] In |A.H® /(kJ mol *)| 
-1 -1 
gmol~ kJ mol 
CHa (g) 16.04 —910.72 2.775 6.814 
C2H¢(g) 30.07 -—1568.6 3.404 7.358 
C3H¢(g) 44.10 —2225.0 3.786 7.708 
CyHio(g) 58.12 2881.6 4.063 7.966 
CsHj2(g) 72.15 —3540.4 4.279 8.172 
8.5 
7 8.04 | 
S 
& Ls = 
S 75+ | 
o 
= ' | 
<l 
= 7.0 - = 
6.5 : | 7 
2.5 3.0 3.5 4.0 4.5 
In[M/(gmol ')] 
Figure 2.2 


The data are a good fit to the line 


In |A-H® /(kJ mol ')| = 0.90 x (In[M/(g mol ')]) + 4.30 
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The data from these compounds support the proposed relationship, with 
the parameters [n = 0.90]and k = —e*3° kJ mol! (g mol™!)~°?, which is 


k = -73.7 kJ mol * (g mol™!)-®9|, 


12.4 The change in reaction enthalpy with respect to temperature is described by 
Kirchhoff’s Law, [2C.7a-55]. Assuming that the heat capacities are indepen- 
dent of temperature, the integrated form of Kirchoff’s Law is applicable and is 
given by [2C.7d-56] 


A,H*(T)) = A,H*°(T)) + (T» = 1h )A,CS 


If A.C) is negative, then the reaction enthalpy will decrease with increasing 
temperature, whereas if A.C; is positive, then the reaction enthalpy will in- 
crease with increasing temperature. 


(a) 


A,C5 = > Coa > oan 


products reactants 
= 2C5, mn (H2Oe1) ~ Cp m(O2s8) ~ 2C5 mm (Ha) 
= 2x (9R) - (ZR) -2x (ZR) =+75R 


A,C;, is positive, therefore the standard reaction enthalpy of reaction will 
increase with increasing temperature. 


(b) 
A.C, = C5,m(CO2; 8) + 2C;,m(H20, 1) ~ 2C5,m(O2; g) ~ Co,m(CHa, g) 
= (ZR) +2 (9R) -2x (ZR) - (4R) = +104R 


A,C;, is positive, therefore the standard reaction enthalpy of reaction will 
increase with increasing temperature. 


12.6 (a) From the equipartition principle (The chemist’ toolkit 7 in Topic 2A), 
and assuming that only translational and rotational levels contribute, the 
constant volume heat capacity of a gas of diatomic molecules is Cy,m = 
SR. For a perfect gas Cyp.m — Cv,m = R, [2B.9-49], therefore Cp.m = 
Cym+R= ZR and so y = Cp,m/Cy,m = z. It follows that 


: a \ 2)” 
“LM 5M 


(b) A linear triatomic has the same number of translational and rotational 
modes of motion (three translational, two rotational) as a diatomic, so 
the calculation is the same as in (a). 


(c) A gas of non-linear triatomic molecules has one extra mode of rotational 
motion when compared to a linear triatomic, so the constant volume heat 
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capacity is Cy,m = 3R. Because Cp.m — Cy,m = R it follows that C, m = 
Cym+R=4Randsoy= Creal Cran = 4, 


. = (YE) (8) 
° \M 3M 


The air is mostly composed of diatomic and linear triatomic molecules, Nz, O2 
and CO:, hence y ~ 2. The average molecular weight of air is approximately 
29.0 gmol ’, therefore 


346 ms! 


- cs - (: x (8.3145J K! mol!) x (298.15 K) \"7 _ 
* \5M 5 x (29.0 x 10-3 kg mol) 


The second and third laws 


3A Entropy 


Answers to discussion questions 


D3A.2 


Everyday experience indicates that the direction of spontaneous change in an 
isolated system is accompanied by the dispersal of the total energy of the sys- 
tem. For example, for a gas expanding freely and spontaneously into a vacuum, 
the process is accompanied by a dispersal of energy and matter. For a perfect 
gas this entropy change of such an expansion is derived in Section 3A.2(a) on 
page 80 as AS = nRIn(V;/V;). The entropy change is clearly positive if V; is 
greater than Vj. 


The molecular interpretation of this thermodynamic result is based on the iden- 
tification of entropy with molecular disorder. An increase in disorder results 
from the chaotic dispersal of matter and energy and the only changes that can 
take place within an isolated system (the universe) are those in which this kind 
of dispersal occurs. This interpretation of entropy in terms of dispersal and 
disorder allows for a direct connection of the thermodynamic entropy to the 
statistical entropy through the Boltzmann formula S = klnW, where W is 
the number of microstates, the number of ways in which the molecules of the 
system can be arranged while keeping the total energy constant. 


The concept of the number of microstates makes quantitative the more ill- 
defined qualitative concepts of ‘disorder’ and ‘the dispersal of matter and en- 
ergy used above to give a physical feel for the concept of entropy. A more 
‘disorderly’ distribution of energy and matter corresponds to a greater number 
of microstates associated with the same total energy. 


Solutions to exercises 


E3A.1(b) 


E3A.2(b) 


For the process to be spontaneous it must be irreversible and obey the Clausius 
inequality [3A.12-86] implying that AS,o., = AS + AS,, > 0. In this case, 
AStop = 105 JK! + (-95 ik) = +10 JK“, the total entropy increases and 
thus the process is /spontaneous|. 


The thermodynamic definition of entropy is [3A.la—80], dS = dq,ey/T or for 
a finite change at constant temperature AS = q;ey/T. The transfer of heat is 
specified as being reversible, which can often be assumed for a large enough 
metal block, therefore grey = 250 kJ. 
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(i) 


As = 48" 250 kJ 


= 0.853 kJ = [+853 J 
T (273.15 K+20K) 


(ii) 


250k 
Age Bee 50 J 


= 0.670 kJ =[+670J 
T (273.15 K+ 100K) 


E3A.3(b) As explained in Section 3A.2(a) on page 80 the change in entropy for an isother- 
mal expansion of a gas is calculated using 


as = nRIn(7) - “Rin ( =} 


i) M Vi 
4. 50 cm? 
= (<8 } x (8.3145JK7! mol) x in(2 — 
28.02 gmol 500 cm3 
=|+0.481 JK7"}. 


E3A.4(b) The change in entropy for an isothermal expansion of a gas is AS = nRIn (V;/ Vi) 
as explained in Section 3A.2(a) on page 80. 


(i) Isothermal reversible expansion 


S= (=*8 5} x (8.3145JK~' mol ') x n( 


4.60 dm°* 
28.02 gmol * 


1.20 dm° 


=|+0.81JK7}h 


Because the process is reversible ASto = [O|} 
Because AStot = AS + ASsur 


ASsur = AStot ma AS =|/-0.81 Jk! 7 


(ii) Isothermal irreversible expansion against pex = 0 Because entropy is a 
state function and the initial and final states of the system are the same as 
in (a), AS is the same. 


AS =|+0.81 JK"), 


Expansion against an external pressure of 0 does no work, and for an 
isothermal process of an ideal gas AU = 0. From the First Law if follows 
that q = 0 and therefore AS.u; =|0} 


AStot = AS + ASgur =|+0.81 JK"). 


(iii) Adiabatic reversible expansion For an adiabatic expansion there is no heat 
flowing to or from the surroundings, thus AS,u, = (0). For a reversible 
process ASto: =|0} therefore it follows that AS = |0]as well. 


E3A.5(b) The efficiency is defined in [3A.7-84], 47 = |w|/|qn|, and for a Carnot cycle 
efficiency is given by [3A.9-84], 7 = 1 - (T./Th). These two are combined 
and rearranged into an expression for the temperature of the hot source 


|w|/lan| = 1 - (Te/Ta) 

= T. 
1-|wl/lqul 

— (273.15K+0K) 
1 — |3.00 kJ|/| — 10.00 kJ 


hence Th 


390 K|. 


E3A.6(b) The efficiency of a Carnot cycle is given by [3A.9-84], 7 = 1- (T-/Th). This is 
rearranged to give an expression for the temperature of the cold sink 


T. = (1-1) x Ty = (10.10) x (273.15 K + 40 K) = [282 K]. 


Note that the temperature must be in kelvins. 


Solutions to problems 


P3A.2 (a) The final volume of the gas at 1.00 bar and 300 K temperature is found 
using the perfect gas law [1A.4—-8]: 
nRT 
aici 
P 
(0.10 mol) x (8.3145 x 10-7 dm* bar K™! mol ') x (300 K) 
7 1.00 bar 


= 2.49... dm? =|2.5 dm’°|. 


(b) The expansion work against a constant external pressure is given by [2A.6- 
40], WS —Pex (V; — Vi). 


Wwe —Pex (Ve = Vi) 
= —(1.00 x 10° Pa) x (2.49... x 107° m? - 1.25 x 10° m’) 


= —1.24...x 10° J =|-1.2 x 10? J}. 


The work will be in joules if the pressure is expressed in pascals and the 
volume in m?. 


(c) For an isothermal process of a perfect gas AU = 0. The First Law [2A.2- 
38], AU = q + w, is then used to find the heat 


q= AU -w =0- (1.24... x 107 J) = +1.24... x 107 J =/41.2 x 107 J), 


As explained in Section 3A.2(a) on page 80 the change in entropy of an isother- 
mal expansion of an ideal gas can be calculated from AS = nRIn(V;/Vi). 
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P3A.4 


The entropy of the surroundings is given by [3A.2b-81], AS yur = —Grevy/T, and 
sur = —q. Therefore 


AStot = AS + AS sur 


= nRin( =) + am 
Vi T 


3 
= (0.10 mol) x (8.3145 K~! mol!) x In (28 dm 


1.25 dm? 
—(+1.24... x 10? J) 
300 K 
= +0.159...JK7! =|4+0.16JK 1}, 


The isotherms correspond to constant temperature, and the adiabats corre- 
spond to constant entropy. This implies that Stages 1 and 3 of the Carnot cycle 
are horizontal straight lines, whereas Stages 2 and 4 are vertical straight lines 
on the temperature-entropy diagram, as shown in Fig. 3.1. 


Stage 1 

A B 
ian 
g 
B | Stage 4 Stage 2 
5 
a, 
om 

sa Stage 3 c 

Entropy, S 
Figure 3.1 


(a) The entropy change for a reversible isothermal expansion is given in Sec- 
tion 3A.2(a) on page 80 as AS = nRIn(V;/V;). Thus the entropy change 
for Stage lis AS, = nR In (V/V, ) and for Stage 3 AS; = nRIn(Vp/Vc) = 
—nRI|n(Vp/Va). The area enclosed by the Carnot cycle is is just that of a 
rectangle with sides nR In (Vg/Va) and (Ty — T-), thus 


§ TdS = Area = |nR(T;, — T-) In (Vg/Va)|. 


(b) The amount of heat extracted from the hot source is qy = nRT} In (Vg/Va) 
as explained in Section 3A.3(a) on page 82. The efficiency is defined in 
[3A.7-84], 7 = |w|/|qn|, and for a Carnot cycle efficiency is given by 


P3A.6 


[3A.9-84], y = 1-(T,/T,). Equating them an expression for the net 
work is obtained 


w|/lgnl = 1 — (Te/Ta) 


T 
h = 1-— 
ence |w| = qn x ( 7) 
T 
= nT, In( =) x (1 - z) 
Va Tr, 


nR(Th = T.) In (Vp/Va) . 


(c) The area of the temperature-entropy diagram of a Carnot cycle is equal 
to the net work done in the cycle. 


As shown in Problem P3A.5 for the process in which a heat pump extracts heat 
de = —|q| from the cold source and deposits heat gy, = |q| + |w| into the hot sink 
the overall change in entropy is 


ag — wld, lal +l 
T. Th 


For the process to be permissible by the Second Law the Clausius inequality 
[3A.12-86] must be satisfied 


“lal, lal+ bol, , 
Te Th 


The minimum work corresponds to the equlity. This work is 


Th 
= tai 
bol =lalx (7-1) 


If energy as work or heat is expended for a period of time At, the power is 
(energy) /At. Thus dividing both sides of the above equation by At gives 


m= Wl. (-1) 
At At \T. 


|w|/At is the power expended as work on the engine and |q|/At is the power 
expended due to the heat transferred, therefore 


Th 
Pwork = Pheat * (= ~ 1) 


(273.15 K+ 18 K) 


(273.15 K+ 13 K) 
= 0.0874... kW = [0.09 kW]. 


= 5kW x 
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3B. Entropy changes accompanying specific processes 


Answer to discussion question 
Solutions to exercises 


E3B.1(b) ‘The entropy change ofa phase transition is given by [3B.4-89], AtrsS = AtrsH/Tirs. 
As discussed in Section 3B.2 on page 89 because there is no hydrogen bond- 
ing in liquid cyclohexane it is safe to apply Trouton’s rule. That is AyapS° = 
+85 JK! mol’. It follows that 


Ag = x AS” 
= (273.15 K + 80.7 K) x (+85 J K7! mol ') 


= 3.00... x 10* Jmol”! =|+30 kJ mol’ |. 


E3B.2(b) (i) The entropy change of a phase transition is given by [3B.4-89], AtrsS = 
AtrsH/Tt:s. For vaporisation this becomes 


_ AvapH® + 35.27 x 103 Jmol 
Tp (273.15 K + 64.1 K) 


+104.6 JK~! mol!) 


Aas 


(ii) Because the system at the transition temperature is at equilibrium, AStot 
0, thus 


ASsur = =AyapS” =|-104.6 JK"! mol | . 


E3B.3(b) ‘The change in entropy with temperature is given by [3B.6-90], 


Tt dT 
as=s(T)- s(t) = f° Cy 


Assuming that C, is constant in the temperature range T; to T;, this becomes 
AS = Cy |n(T;/T;) as detailed in Section 3B.3 on page 90. Thus, the increase 
in the molar entropy of nitrogen gas is 


273K 
ASm = Sm(273 K) — Sm(298 K) = (29.125 JK! mol") x In( 3 


298 K 


=|-2.55JK7! mol”! |. 


E3B.4(b) As explained in Section 3B.3 on page 90 the temperature variation of the en- 
tropy at constant volume is given by 


dT 


i 
AS = S(T) — S(Ti) = 7 Cy 


E3B.5(b) 


Assuming that Cy = 5R, the ideal gas limit, for the temperature range of 
interest, the molar entropy at 250 K is given by 


dT 


250K 
Sim(250 K) = Sm (298 K) + f. ue 
8K T 
50K 


3R 
2R 
= Sm (298 K) + sR xIn( > 


x) 


+ (3x 8.3145JK ' mol‘) x In( 


= (154.84JK~! mol’) 


250 x) 
298K 


153JK7! mol ‘|. 


Two identical blocks must come to their average temperature. Therefore the 
final temperature is 


T; = (Ty + T,) = 4 x (100 °C + 25 °C) 
= 62.5... °C = 3.35... x 10° K = [336 K]. 


Although the above result may seem self-evident, the more detailed explaina- 
tion is as follows. The heat capacity at constant volume is defined in [2A.14- 
43], Cy = (dU/0T),,. As shown in Section 2A.4(b) on page 43, if the heat 
capacity is constant, the internal energy changes linearly with the change in 
temperature. That is AU = CyAT = Cy(T; - T;). For the two blocks at 
the initial temperatures of T, and T>, the change in internal energy to reach 
the final temperature T; is AU, = Cy,,(T; — T,) and AU2 = Cy.2(T; - Th), 
respectively. The blocks of metal are made of the same substance and are of 
the same size, therefore Cy,; = Cy,. = Cy. Because the system is isolated 
the total change in internal energy is AU = AU, + AU, = 0. This means that 
AU = Cy ((T¢ - T1) - (T¢ -— To)) = Cy x (2T¢ — (T, + T2)) = 0, which implies 
that the final temperature is T; = a(t + Ty), as stated above. 


The temperature variation of the entropy at constant volume is given by [3B.7- 
90], AS = CyIn(T;/T;), with Cy, replaced by Cy. Expressed with the specific 
heat Cy,, = Cy/m it becomes 


T 
AS = mCy,; in() 


Note that for a solid the internal energy does not change significantly with the 
volume or pressure, thus it can be assumed that Cy = Cy, = C. The entropy 
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E3B.6(b) 


change for each block is found using this expression 


Tr 
AS; = mCy,,ln| — 
1=mMCy, n() 


2 
= (1.00 x 104 ¢) x 0.449 JK7! -1) x In 3.35...x 10° K 
8 g 


100 K+ 273.15 K 


= -4.75...x 107 JK! =|-476 JK"! 


Ty 
AS, = mCy,s n( =) 


2 


3.35...x 107K 
= (1.00 x 10* g) x (0.449 JK7! g") x Inf = 
( 8) x ( K's") Gea = 


= 5.31... x 10? JK? =|4532JK UL 


The total change in entropy is 
AStot = AS; + AS2 = (4.75... x 10? JK7') + (5.31... x 10? JK") 
= 0.563... x 107 JK7! =|+56JK7!}, 


Because AS;ot > 0 the process is spontaneous, in accord with experience. 


Because entropy is a state function, AS between the initial and final states is 
the same irrespective of the path taken. Thus the overall process can be broken 
down into steps that are easier to evaluate. First consider heating the initial 
system at constant pressure to the final temperature. The variation of entropy 
with temperature at constant pressure is given by [3B.7-90], S(Ts) = S(T;) + 
C, In (T;/T;). Thus the change in entropy, AS = S(T;) — S(T;), of this step is 


T; T; 
AS, = Cp in(=) = nCpooln (=) 


Next consider an isothermal change in pressure. As explained in Section 3A.2(a) 
on page 80 the change in entropy of an isothermal expansion of an ideal gas 
is given by AS = nRIn(V;/V;). Because for a fixed amount of gas at fixed 
temperature p o (1/V) an equivalent expression for this entropy change is 


AS) = nrin( 2) 
Pt 


Therefore the overall entropy change for the system is 


T i 
AS = AS, + AS2 = nCpmln( =) + nin( 2) 
T; Pr 


7 273.15 K+135K 
= (2.00 mol) x (5 x 8.3145) K! mot") x In (eee) 


273.15K+25K 
1.50 — 


7.00 atm 
= (418.2... JK7') + (-25.6... JK7') =|-7.3JK71}, 


+ (2.00 mol) x (8.3145J K7! mol *) x In( 


E3B.7(b) 


Because entropy is a state function, AS between the initial and final states is 
the same irrespective of the path taken. Thus the overall process can be broken 
down into steps that are easier to evaluate. First consider heating the ice at 
constant pressure from the initial temperature to the melting point, T,. The 
variation of entropy with temperature at constant pressure is given by [3B.7- 
90], S(T) = S(T;) + Cy ln (T;/T;). Thus the change in entropy, AS = S(T) — 
S(T;), for this step is 


Tn Tn 
AS; = Cpin(=) = nCpm(H20(3))In (=) 


Next consider the phase transition from solid to liquid at the melting temper- 
ature. The entropy change of a phase transition is given by [3B.4-89], AtrsS = 
AtsH/ Teses thus 


Then the liquid is heated to the boiling temperature, T,. In analogy to the first 
step 


b 


AS3 = nCp,m(H20 (1)) In ( 7) 


The next phase transition is from liquid to gas 


AvapH®, 


b 


AS4 = 


Finally, the vapour is heated from Ty, to T; 


ASs = "Cpm(H20(g)) in(*) 
b 
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Therefore the overall entropy change for the system is 
AS = AS; + AS) + AS3 + AS4 + ASs5 


Te\ Asai T, 
: nCpn(H20(8)) In (+) +8 + nCpm(H20 (1) in(=*) 


m 


AvapH® f 
+ noweetim nCpm(H20 (g))In (>) 
Th Th 
15.0 : 273.15K 
= — "8 _ (37.6 JK! mol’) n(x) 
18.02 gmol 273.15 K -12.0K 
15.0¢g 6.01 x 10° Jmol! 
x 
18.02 gmol ' 273.15 K 
15.0 7 273.15 K + 100.0K 
peek —= x (75.3JK! mol * x In( 
18.02 g mol 273.15K 


15.0g 40.7 x 10° Jmol! 
18.02 gmol' 273.15 K+ 100.0K 
15.0 g 273.15 K+ 105.0K 
18.02 gmol ' 273.15 K + 100.0 x) 
= (+1.40... JK™') + (418.3... JK™') + (419.5... JK) 
+ (+90.7... JK7') + (0.372... JK7') 


x (33.6JK"! mol’) x in( 


+130.4JK7!}, 


Solutions to problems 


P3B.2 Because entropy is a state function, AS between the initial and final states is 
the same irrespective of the path taken. Thus the overall process can be broken 
down into steps that are easier to evaluate. 


First consider cooling the water at constant pressure to from the initial temper- 
ature T to that of freezing, T;. Entropy variation with temperature at constant 
pressure is given by [3B.7-90], S(Trinat) = S(Tinitial) + Cp 1m ( Thinat/ Tinitial)- 
Thus the change in entropy, AS = S(Téinat) — S(Tinitial), of this step is 


T; ie 
AS, = Cy in( =) - nCpn(H20 (1) In ( =) 


Next consider the phase transition from liquid to solid at the freezing temper- 
ature; note that freezing is just the opposite of fusion, thus AH = n(—AgusH,, ). 
The entropy change ofa phase transition is given by [3B.4-89], AtsS = AtrsH/Tirss 
thus 

AH — —AtusH 


AS» = 
Te Ts 


The ice is then heated to the final temperature, T. In analogy to the first step 


AS3 = nCp,m(H20 (s)) In (=) 


Therefore the overall entropy change for the system is 
AS = AS, + AS> + AS3 


Tr\  —AfueEI® T 
= nCpm(H20 (1) in(=) + nate + Com (H20(s)) in(=) 
T Te Te 


= (1.00 mol) x (75.3 JK7! mol!) x In( 273.15 K 


273.15 K+5.00 K 
-6.01 x 10° Jmol”! 
273.15K 


+ (1.00 mol) x (37.6 JK~! mol") x In( 


+ (1.00 mol) x 


273.15 K+ 5.00 “) 
273.15 K 
= (-1.36... JK™') + (22.0... JK7') + (+0.682... JK7') 
= -22.6... JK. 
Consider the enthalphy change for the same path. The variation of the enthalpy 


with temperature at constant pressure is given by [2B.6b-49], AH = C,AT. 
Thus for the first and third steps, respectively 


AH, = nCp,m(H20(1))(T7- T) and AH3 =nCpym(H2O(s))(T - Tr) 
Therefore the overall enthalpy change for the system is 

AH = AH, + AH, + AH; 

= nCp,m(H20(1))(T; — T) + n(-AfusH,) + 1Cp,m(H20 (s))(T - Te) 

= (1.00 mol) x (75.3 JK! mol) x (-5.00 K) 

+ (1.00 mol) x (-6.01 x 10° Jmol") 

+ (1.00 mol) x (37.6 JK~! mol *) x (+5.00 K) 
= (-3.76... x 10? J) + (-6.01... x 10° J) + (+1.88... x 10 J) 
= -6.19... x 10° J 


At constant pressure the heat released by the system is the enthalpy change of 
the system, q = AH. Because qsur = —q, the entropy change of the surroundings 
is 


-q _ —(-6.19... x 10° J) 


T  273.15K+5.00K 
= +22.2...JK7} 


ASsur ~ 


Therefore the total entropy change is 


AStot = AS + ASgur = (—22.6... JK7") + (422.2... JK") 
= -0.401...JK7' =|-0.4JK7}}. 


Because the change in the total entropy is negative, the Second Law implies that 
the process is not spontaneous|. 
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P3B.4 Consider heating nitrogen at constant pressure to from the initial to final tem- 
peratures. The variation of the entropy with temperature is given by [3B.6-90], 
S(Tr) = S(T;) + bacon /T)dT. The constant-pressure molar heat capacity 
is given as a function of temperature of a form C,,.m = a+ bT, with a = 
+28.58 JK! mol | and b = +3.77 x 10° J K-? mol *. Thus the molar entropy 
at T; = 373 Kis 


373 K 
5° (373 K) = S° (298 K) + f[ (Cpa tar 
298 K 


373 K bT 
= $3,(298K) + f lee, 
298 K T 
373K ] 373 K 
: (298K) +ax f aaT+bx f dT 
2K T 298 K 


373 K 
298K 


= (191.6 JK! mol!) + (+28.58 JK! mol") x In( 


= $3,(298 K) + a In( ) + bx (373 K - 298 K) 


373 z) 
298 K 


+ (43.77 x 10°? J K~* mol ') x (373 K — 298 K) 
= (191.6 JK! mol") 
+ (6.41... JK7! mol!) + (0.282... JK™' mol!) 


=|+198.3 JK7! mol”! |. 


When the heat capacity is instead assumed to be temperature independent, 
Cp,m = 29.13 JK7! mol |, the result is 


373 K 
5° (373 K) = S° (298 K) + f[ (Com/T) AT 
298 K 
373 z) 
298 K 


= (191.6 JK7! mol!) + (+29.13 JK7! mol”) x In( 


= $° (298 K) + Cm * In( 


373 5) 
298 K 
= (191.6 JK7! mol ') + (6.53... JK7! mol‘) 


+198.1 JK~! mol™'}. 


The difference between the results is relatively small (* 0.1 %). This is because 
the temperature variation of the heat capacity over this range is relatively small. 


P3B.6 (a) Rearranging Newton's law gives 


dT 
T- ashe 


=-adt 


Integrating both sides give 


In(T - Tyur) = -at+D 


P3B.8 


(b 


(a 


~ 


we 


where D is an integration constant that is determinded applying the bound- 
ary conditions T = T; at t = 0. Hence, D = In(T; - Tsur), and therefore 


( Da 7) 
In =-atl, 
Ti - Tyur 


The above equation is rearranged to give an expression for T 
T= Yr at (T; _ Tour) x en 


Given that S(T) - S(T;) = Cln(T/T;), it follows that 


S(t) = S(T(t)) = S(T) + cmn( 7) 
=|S(T;) + cin( 2 + (Ti tw) x =) 


Because enthalpy is a state function, AH between the initial and final 
states is the same irrespective of the path taken. Thus the overall process 
can be broken down into steps that are easier to evaluate. First consider 
condensation of vapour. Given that all the vapour turns to liquid water, 
the heat released is the opposite of that of vaporization 


AH, = n(-AvapH®). 


The newly formed liquid water is initially at the boiling point. The next 
step is the water cooling from the boiling to final temperatures. The en- 
thalpy change associated with a temperature change is given by [2B.6b- 
49], AH = C,AT. Thus 


AH) = CpAT = nCpm(H20 (1))(Tr - To) 


The final step is for the metal block to come to thermal equilibrium with 
the water - 
AH3 = C,AT = yy Cem (Cu(s)) (Tr - T;) 


where TJ; is the initial temperature of the block. 
Because the system is insulated there is no overall change in the enthalpy 


of the system as a whole, AH,,, = AH, + AH, + AH; = 0. Putting together 
the expresssions of enthalpy change at each step gives 
e m 
Hl=Avagll ) + nCp,m(H20 (1) )( Tr P- Th) + yy Cem (Cus) ) (Tr oa T;) =0 
Hence 
m 
Tex (Cc, m(#20()) + 7 Cnm(Ca(s))) : 


= nAvapH® + 1Cpm(H20 (1)) x Th + ~Cp.m(Cu(s)) x T; 
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Thus the final temperature is given by 
nAyapH® + NCp,m(H2O(1)) x Ty + (m/M)Cp,m(Cu(s)) x T; 
nNCp,m(H20 (1)) + (m/M)Cp,m(Cu(s)) 


For convenience the numerator and denominator is estimated separately 


Tr = 


numerator = (1.00 mol) x (4.07 x 10* J mol”) 
+ (1.00 mol) x (75.3 JK”! mol') x (373.15 K) 
i ( 2.00 x 10° g 
63.55 gmol | 
= +2.78...x 10° Jmol 


x (24.44 JK! mol") x (273.15 K) 


denominator = (1.00 mol) x (75.3 J K™! mol’) 
. ( 2.00 x 10° g 

63.55 gmol | 

= +8.44...x 10? JK"! mol 


x (24.44 J K7! mol) 


Hence 


+2.78... x 10° 1? 
Tr = * une — = 3.30... x 10? K = 530K] 
+8.44... x 102 JK mol 


(b) The net heat transferred to the metal block is 


AH; = ~Cp,m(Cu(s)) (Ti =i) 
_ 2.00 x 10° g 
~ 63.55 gmol ! 
= +4.39... x 107 J =[+43.9 kJ]. 


x (24.44 JK! mol) x (3.30... x 10” K — 273.15 K) 


(c 


Ne 


The entropy change of a phase transition is given by [3B.4-89], AtrsS = 
AtrsH/Ttrs. Thus the entropy of the condensation step is 


AH, n(—AvapH*) 


AS, = = 
‘Ts Ty 
(1.00 mol) x (—4.07 x 104 Jmol’) 
7 373.15K 


=-1.09...x 107 JK? 


The temperature dependence of the entropy at constant pressure is given 
by [3B.7-90], AS = nCp,m1n(T;/T;). Thus, the changes in entropy for 
the second and third steps are, respectively 


ve 
AS) = nCpn(H20(1)) In (=) 
b 


3.30... x 107 K 
= (1.00 mol) x (75.3 JK"! mol ') x in 2) 


373.15 K 
=-9.19...JK7} 


m Te 
AS; = TC pmo(Ca(s)) In (=) 


_ 2.00 x 10° g 
63.55 gmol | 
= +1.46...x 107 JK 


The overall entropy change for water is 


AS, + AS = (-1.09... x 107 JK™") + (-9.19... JK"') =|-118 JK™4}, 


The entropy change change for copper block is AS; =|+146 JK7'}, 


The total entropy change is therefore 


AStot = AS, + AS» + AS3 


= (-1.09... x 10? JK7') + (9.19... 


= +27.8... J Ko! =|4+28 JK}. 


x (24.44 JK! mol!) x in( 


3.30...x 107 K 
273.15 K 


JK!) + (41.46... x 10? JK™?) 


P3B.10 (a) Because the working substance is assumed to be a perfect gas, its internal 
energy depends on temperature only. DU as a function of temperature 


is given by [2A.15b-45], AU = CyAT. 


Because the steps 1 and 3 are 


adiabatic, q, =|0|and q3 =|0|. Thus, from the First Law, AU = q + w, the 
work done in these steps is equal to the change in internal energy 


Wi AU, = Cy(Tp Ta) = 
w3 = AU3 = Cy(Tp - Tc) = 


Because the steps 2 and 4 are at constant volume, no work is done: w2 =|0 


nCym(Tp = Ta) . 


nCy m( Tp = Tc) . 


and w4 =|0|. Thus, from the First Law, AU = q+, the heat in these steps 


is equal to the change in internal energy 


gz = AU, = Cy(Tc - Ts) = 
qa = AU4g = Cy(Ta - Tp) = 


nCy m(Tc = Tp) . 


nCym(Ta = Tp) . 


(b) The efficiency is defined as 74 = |Weycte|/|qz2|, thus 


_ |Weycle| _ |w1 +ws3| 
lq2| |q2 


_ nCy.m x \( Tp - Ta) + (Tp - Tc)| 


nCy,m x |Tc — Tp| 


|(T - Ta) - (Tc - Ta) 

7 |Tc — Tp 

_|T-Ta i|=|] Tp ~ Ta|| 
Tc — Tz Tc — Tp 
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(c) 


(d 


w~ 


For a reversible adiabatic expansion in step 1: VaT,° = VgTp°. This is 
rearranged to give a ratio of temperatures 


Ta - Vp " 
Ta \Va 

Similarly, in step 3: VcTc® = VpTp‘, and noting that Vs = Vp and Vz = 
Vc, the temperature ratio is 


Th 7 ("2(8) 2 Tr 
Tc Vp Va Tp 


Using this to write Tp = (TcT,)/Tg, and then substituting this into the 
above expression for the efficiency gives 


; (TcTa/Tn) ~ Ts 


i (T/Tp)(Tc — Ts) 
Tc — Tp Tc — Tp 


1/c 1c 
Oa) fetba) | 
Va Va 


In the last step it becomes apparent that the modulo is redundant because 
Vp < Va and c = Cy.m/R is positive. 


Ta 
Tp 


r 


Because the steps 1 and 3 are adiabatic, no heat is exchanged between the 
system and the surroundings, therefore AS; = ASgur,1 = [0| and AS; = 
AS gur,3 = {0} As explained in Section 3B.3 on page 90 the variation of the 
entropy with temperature at constant volume is given by AS = Cy In (T;/T;). 
Thus, the entropy changes for the steps 2 and 4 are, respectively 


Tc =) 
AS, = Cy In| — } =|nCy.mIn{| — }|. 
2 vin(=) nUy, al 


Ta =) 
AS4 = Cy In| — } =|nCy.» In| — }|. 
4 vin(=} nUy, a(7 


Because the processes during these steps are reversible, the total change 
in entropy is zero, ASto¢ = AS + ASsu; = 0. Therefore, the entropy change 
of the surroundings for each process is, respectively, ASsur,. = —AS2 = 
—nCy.m In (Tc/Ts) and AS sur,4 = —-AS4 = —nCy.m In (Ts/Tp) . 


Given Cy m= 2R and Va = 10Vj, the efficiency of the cycle is 


Va R/Cy,m 1 2/5 
y=l ( =l1- ( = 0.601... = |60.2%|. 
10Vz 10 


It is given that pc/pz = 5 and Vz = Ve. In this constant volume process 
the perfect gas law, pV = nRT, implies that p « T, therefore Tc/Tg = 
Pc/ ps. It is shown above that Tp/Tc = Ta/Ts, so it also follows that 
Ta/Tp = Tp/Tc = 1/5. Therefore the entropy changes in steps 2 and 4 
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are, respectively 


AS, =n (2R)In(5) 
= (1.00 mol) x (3 x (8.3145J K7! mol’) x In(5) 


=|+33.5JK7'|. 
ASg=n (2R) In (1/5) 
= (1.00 mol) x (3 x (8.3145J K7! mol”) x In (1/5) 


=|-33.5JK!} 


The entropy of the surroundings during these steps are thus, respectively, 
ASourz = |-33.5JK7t and AS,ur4 = |+33.5JK~'| Finally, for the steps 1 
and 3 the entropy changes are always zero: AS; = ASgur,1 = [O}and AS; = 
AS sur,3 = [Of 


P3B.12 The entropy dependence on temperature is given by [3B.6-90], S( Tz) = S(T;)+ 
aCe p/T)dT. The empirical expression for the constant-pressure molar heat 
capacity is given by [2B.7-49], Cp.m = a+bT+c/T”. Using this, the expression 

for the molar entropy variation becomes 


T 2 
Su(Ti)=Su(T) +f SPELT ay 


Tr _ T; Te T 
=Sn(T) +a f T+ f' aree gs 
tr T T; Tt of 


Tr c 1 1 
= S(T) +aln( =) + 0(1 T,) (a 5) 


Therefore, using the data given in the Resource section, and given S* (298 K) = 
192.45 JK7! mol’, it follows that 
(a) Ts = 100°C 


Sm (373 K) = (192.45 JK! mol’) 


373.15K 
+ (29.75 JK"! mol”) x n( =) 
298 K 
+ (25.1 x 10° JK~* mol ') x (373.15 K — 298 K) 
-1.55 x 10° J K mol! i 1 
x 
2 (373.15 KK)? (298 K)? 


= (192.45 JK! mol’) + (+6.69... JK7! mol’) 
+ (41.88... JK7! mol™') — (40.316... JK~’ mol") 


+200.71 JK~! mol '|. 
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(b) T; = 500°C 


Sm(773 K) = (192.45 JK7! mol') 


e 773.15 K 
+ (29.75 JK! mol) x n( 
298K 
+ (25.1 x 10° JK? mol’) x (773.15 K — 298 K) 
-1.55 x 10°J K mol? 1 1 
x 
2 (773.15 K)?2 (298 K)? 


= (192.45 JK7! mol‘) + (+28.3... JK7! mol’) 
+ (411.9... JK-! mol!) — (+0.743... JK-! mol!) 


+232.00 J K~! mol '|. 


3C The measurement of entropy 


Answer to discussion question 
Solutions to exercises 


E3C.1(b) Assuming that the Debye extrapolation is valid, the constant-pressure molar 
heat capacity is Cp,.m(T) = aT’. The temperature dependence of the entropy 
is given by [3C.la—-92], S(T2) = S(T1) = - (Cp,m/T)dT. For a given temper- 
ature T the change in molar entropy from zero temperature is therefore 


TY Cosy T aT” 
m(T)-Sm(0) = fl P, ane aT’ 
Sm(T) — Sm(0) a ae 


T 
m af Tar’ = 273 
0 3 


Hence 


1.956 x 1074 J K~4 mol! 
3 
=|6.5x 10-2 JK! mol’. 


Sin (10 K) — Sm (0) = x (10 K)° 


E3C.2(b) ‘The standard reaction entropy is given by [3C.3b-94], A,S° = Dy vS3(J), 
where vy are the signed stoichiometric numbers. 
(i) 
A,S* = Sy,(Zn**, (aq)) + Sm(Cu, ()) - Sma(Zn, ()) — Sa(Cu**, (aq)) 
= (-112.1JK7! mol’) + (33.150 JK7! mol‘) 
~ (41.63 JK"! mol™') - (-99.6 JK"! mol’) 


~21.0 JK! mol’ |. 


E3C.3(b) 


(ii) 
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A,S° = 128° (COz, (g)) + 118% (H20, (1)) - $2, (sucrose, (s)) — 128° (Oz, (g)) 


= 12 x (213.74JK7' mol ') + 11 x (69.91 J K7! mol ') 
— (360.2 JK! mol!) — 12 x (205.138 JK! mol’) 


+512.0 JK~! mol'|, 


Consider chemical equation 
Na(g) + 302(g) —> N20(g) 


Standard reaction entropy is given by [3C.3b-94], A,S° = )°) vyS3,(J), where vy 
are singed stoichiometric coefficients for a given reaction equation. Therefore, 
using data from the Resource section 


A,S* = nSz,(N20, (g)) — Sm (Or, (g)) - nSn(No, (8) 
= (1.00 mol) x (219.85 J K~! mol’) 

— (4 x 1.00 mol) x (205.138 JK7? mol *) 

— (1.00 mol) x (191.61 JK’ mol ') 

-74.33 JK"), 


Solutions to problems 


P3C.2 


Consider the process of determining the calorimetric entropy from zero to 
the temperature of interest. Assuming that the Debye extrapolation is valid, 
the constant-pressure molar heat capacity at the lowest temperatures is of a 
form Cy,m(T) = aT°®. The temperature dependence of the entropy is given 
by [3C.la-92], S(Th) = S(T1) = Bt Ceee] PAT: Thus for a given (low) 
temperature T the change in molar entropy from zero is 


sone lar 
Sm(T) ~ Sn(0) =f a ar’= f - aT’ 
+ ae a3 1 
-af T? aT’ = 21° = 4Cpm(T) 
0 


ee) 


Hence 


Se,(10 K) - $3,(0) = 4 x (4.64 JK™! mol"*) = 1.54... JK"! mol 


The increase in entropy on raising the temperature to the melting point is SP (234.4 K)- 


S°(10 K) = 57.74 JK! mol’. The entropy change of a phase transition is 
given by [3C.1b-92], AtrsS (Tits) = AtrsH( Tirs)/ Dees Thus 


2322 Jmol! 


= 9.90... JK! mol! 
234.4K 


AfusS2, (234.4 K) = 


82 


Further raising the temperature to 298 K gives an increase in the entropy of 
S® (298 K) — S®(234.4K) = 6.85JK! mol’. 


Further raising the temperature to the boiling point, the entropy increases by 
S® (343.9 K) — S2,(234.4 K) = 10.83 JK7! mol". Finally, the contribution of 
the second phase transition is 


AvapH;, _ 6.050 x 104 Jmol 
Th 343.9K 
=1.75...x 10? JK mol ! 


AvapS2, (343.9 K) = 


The Third-Law standard molar entropy at 298 K is the sum of the above con- 
tributions. 


S° (298 K) — S®(0) = (1.54... JK7! mol”) + (57.74 JK"! mol’) 
+ (9.90... JK>! mol!) + (10.83 JK7! mol’) 
+ (1.75... x 10° JK7! mol’) 


256.0 JK7! mol”! |, 


P3C.4 Assuming that the Debye extrapolation is valid, the constant-pressure molar 
heat capacity is of a form Cp,m(T) = aT’. The temperature dependence of the 
entropy is given by [3C.la-92], S(T2) = S(T,) = os (Cp,m/T)dT. Thus for a 
given (low) temperature T the change in the molar entropy from zero is 


TC... T aT? 
Sm(T)-Sm(0) = f Pr df aT ar’ 
o T' o “T' 


a eee a 
=a [ TdT’ = £1? = $Cpm(T) 
0 


“3 
Hence 


Ss,(10 K) - $2,(0) = + x (2.09 JK"! mol") = 0.696... JK™! mol" 


The change in entropy is determined calorimetrically by measuring the area 
under a plot of (Cp,m/T) against T, as shown in Fig. 3.2. 
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TK = CymnfQOK mol") — (Com/T)/(J K-? mol *) 
10 2.09 0.209 0 
20 14.43 0.7215 
30 36.44 1.2147 
40 62.55 1.563 8 
50 87.03 1.7406 
60 111.0 1.8500 
70 131.4 1.877 1 
80 149.4 1.8675 
90 165.3 1.8367 
100 179.6 1.7960 
110 192.8 1.7527 
150 237.6 1.5840 
160 247.3 1.5456 
170 256.5 1.508 8 
180 265.1 1.4728 
190 273.0 1.4368 
200 280.3 1.4015 
2.0 
= L | 
g 1.5 > sl 
M 
= 10/7 + 
= 
R i ml 
E05) 4 
= ‘'b | 
0.0 ! : 
0 50 100 150 200 
T/K 
Figure 3.2 


The plot fits well to a polynomial of order 4. Define y = (Cp,m/T)/(J K-? mol ') 
and x = T/K, so that the fitted function is expressed 


y = c4x* + 03x? + Cx? + C1 + C9 


where the best fitted coefficients c; are 
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P3C.6 


Cj 10 K to 200 K 
C4 —1.0380 x 10-8 
¢3 +5.7041 x 107° 
C) —1.1263 x 1077 
C1 +9.0159 x 10°? 
Co —6.1544 x 107! 


The integral of the fitted functions over the range x; to x¢ is 
XE 4 
f= - cx? + 03x? + Cox? + 01x + Co dx 
Xj 
C4 5 5 3 4 4 c2 3 3 
= 5 (xe xi) + r (xe xj") + (xe Xi ) 


c 
+ a (xp? — xj") + co (xp - xi) 


Using the appropriate coefficients and limits the integral gives 
S° (30 K) — S2.(10 K) = 2.96... x 10? JK7! mol! 


The standard Third-Law molar entropy at 200 K is the sum of the both contri- 
butions. 


S* (200 K) - S%(0) = (S;,(200 K) - S*,(10 K)) 
+ (S;,(10 K) - S3,(0)) 
= (2.96... x 10’ JK"! mol*) 
+ (0.696... JK~') 


=|297 JK! mol ‘|. 


For entropy at 100 K, the above integral in needs to be calculated to the required 
limit. Therefore 


S° (100 K) — S° (10 K) = 1.37... x 10? JK"! mol! 


The other contribution is the same as before. Hence the molar entropy at 100 K 
is 


S* (100 K) — S°,(0) = (0.696... JK! mol!) + (1.37... x 10? JK”! mol") 


=|138JK~! mol '|. 


The standard reaction entropy is given by [3C.3b-94], A,S° = ) vjS3,(J), 
where v, are the signed stoichiometric numbers. 
A,S*(298 K) = S;,(NH3, (g)) - 3S2,(No, (g)) - 35m (Ha. (g)) 
= (192.45 JK7! mol’) — 4 x (191.61 JK™! mol *) 
— 2 x (130.684 JK"! mol’) 


= -99.38... JK! mol | =|-99.38 J K~! mol”'}. 


The standard reaction enthalpy is given by [2C.5b-55], A-H® = ))) vyA¢H° (J). 
Thus 


A,H® (298 K) = AgH®” (NHs, (g)) - 4A¢H®” (H20, (g)) — 2A¢H®* (Ha, (g)) 


= (-46.11 kJ mol’) - 4 x 0- 3 x 0 =|-46.11 kJ mol ‘|. 


The temperature dependence of the reaction entropy is given by [3C.5a-95], 
ArS°(To) = A,S°(T1) + Petre eave Similarly, the enthalpy depen- 
dence on temperature is given by Kirchhoff’s law [2C.7a-55], A,H°(T2) = 
A,H°(T;) + fr, A,C2dT. The quantity A, C#is defined in [3C.5b-95], A,C? = 
X) ¥yCp,m(J). For the reaction at 298 K 


A,C5 = Com(NHs; (g)) — 3Cp.m(Na; (g)) - 3C5.m (Has (g)) 
= (35.06 JK7' mol’) - 4 x (29.125 J K™' mol) 
— 3 x (28.824 JK”! mol) 
= -22.7... JK"! mol 


Assuming that A.C; is constant over the temperature range, the standard en- 
tropy and enthalpy changes of the reaction are given, respectively, by [3C.5b- 
95], A,S°(T) = A,S°(T}) + A,C, In(T)/T\ ); and [2C.7d-56], A,H° (Th) = 
A,H°(T) + A,C3 (Tz - T1). 
A,S° (500 K) = AyS* (298K) + A,C2 x In (x) 
298 K 
= (99.38... JK7! mol’) 


5 
+ (-22.7...JK7! mol’) x In (>) 
298 


4111.15 JK7! mol '| 


A,H® (500 K) = A,H® (298 K) + A,C x (500 K - 298 K) 
= (-46.11 x 10° Jmol‘) 
+ (-22.7... JK! mol ') x (202 K) 


—50.70 kJ mol™'}, 


The change in entropy is determined calorimetrically by measuring the area 
under a plot of (Cp,m/T) against T, as shown in Fig. 3.3. 
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T/K - ComfOK mol?) (Cyn T)/OK-? mol *) 


100 23.00 0.2300 
120 23.74 0.1978 
140 24.25 0.1732 
150 24.44 0.1629 
160 24.61 0.1538 
180 24.89 0.1383 
200 25.11 0.1256 
0.3 
ms | | 
O° 
& 0.2 | 
iy 
= L | 
0.24 | 
E 
on | | 
0.1 ! l ! ! ! ! 


100 120 140 160 180 =.200 
T/K 
Figure 3.3 


The plot is found to be well fitted by a polynomial of order 2. Define y = 
(Cp,m/T)/(J K-? mol’) and x = T/K, so that the fitted function is expressed 


y = (5.9463 x 107°) x? — (2.8129 x 107°) x + 0.45100 


The integral of the fitted functions over the range x; to x¢ is 
i ie 5.9463 x 10-6 
y 


3 me 
(xi) y - ~ 3 (xr " ) 


2.8129 x 1077 
2 


(xp? — x;7) + (0.45100) (ap - x;) 
Evaluating this integral over the range of x of 100 to 200 gives 

S* (200 K) — S2,(100 K) = 16.7... JK”! mol 
Given S* (100 K) the entropy at 200 K is 


S2,(200 K) = S2,(100 K) + (S2,(200 K) - S2,(100 K)) 
= (29.79 JK! mol ') + (16.7... JK! mol‘) 


=|46.57]K~! mol '|. 


P3C.10 


Assuming the heat capacity to be constant over the temperature range of inter- 
est, the change in entropy as a function of temperature is given by [3B.7-90], 
S(T) = S(T;) + Cp In (T;/T;). Therefore 


200 K 
S° (200 K) = (29.79 JK™! mol ') + (24.44 J K7! mol‘) x In( 


100K 


46.73 JK~' mol! |, 


The difference is slight as expected because Cp m does not vary significantly in 
the given temperature range. 


The temperature dependence of the entropy is given by [3C.la—92], S(T) = 
S(T)) = i (Cp,m/T )dT. Given that the heat capacity at the lowest tempera- 
tures is the sum of the Debye, aT®, and electronic, bT, contributions, the molar 
heat capacity is Cp,m(T') = aT°® + bT. Therefore, the molar entropy from zero 
as a function of temperature is given by 


sy eee Pat? +b’ 
Sm(T) ~Sm(0) = ff £ ar’= ar" 
2 Fy gr 
3 


Setting the contributions to the entropy corresponding to each term to be equal 
gives 


473 =6T 
3 


> 


3 
hence T= — 
a 


Therefore this temperature is 


3 x 1.38 x 10-3] K-2 mol! 
T= a = J — = [2.86 Kl. 
0.507 x 10-3 JK-4mol 


Because the Debye term in the entropy expression has a cubic dependence on 
T, as the temperature increases it will dominate over the linear electronic term. 
Thus, |the Debye contribution}. 


3D Concentrating on the system 


Answers to discussion questions 


D3D.2 


As is discussed in detail in Topic 3D the criteria for spontaneity at constant 
volume and temperature is expressed in terms of the Helmholtz energy, dA < 0, 
and at constant pressure and temperature in terms of the Gibbs energy, dG < 0. 


Both the Helmholtz and Gibbs energies refer to properties of the system alone. 
However, because of the way they are defined these quantities effectively allow 
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the entropy change of the system plus surroundings to be evaluated. For exam- 
ple, at constant volume and temperature the change in the Helmholtz energy 
is expressed in terms of the internal energy change and the entropy change 
of the system: dA = dU — TdS. If this expression is divided by —T to give 
-dA/T = -dU/T + dS the two terms on the right can bothe be identified as 
entropy changes. 


The first term, -dU/T, is equal to the entropy change of the surroundings 
because dqsur = —dq, and at constant volume dg = dU. ‘The second term is 
the entropy change of the system. Thus the sum of the two is the total en- 
tropy change, which the Second Law shows must be positive in a spontaneous 
process. Therefore, the change in the Helmholtz energy is an indicator of the 
total entropy change, even though the former refers only to the system. Similar 
considerations can be applied to the Gibbs energy. 


It is also possible to express the criterion for spontaneity in terms of the change 
in H, U or S for the system. For example, as shown in Topic 3D, dSy,y > 0. 
However, the variables which are being held constant (here U and V) do not 
correspond to such easily realizable conditions such as constant temperature 
and volume (or pressure) so such criteria are less applicable to chemical sys- 
tems. 


Solutions to exercises 


E3D.1(b) 


The standard reaction Gibbs energy is given by [3D.9-100], A,G® = A,H® - 
TA,S°. The standard reaction enthalpy is given in terms of the enthalpies 
of formation by [2C.5b-55], A,H® = 3°; vyAgH® (J), where vy are the signed 
stoichiometric numbers. 
(i) 
A,H® = AgH® (Zn7* ,(aq)) + A¢H® (Cu,(s)) 
— AgH®(Zn,(s)) — AgH® (Cu ,(aq)) 
= (-153.89 kJ mol ') + 0 - 0 - (+64.77 kJ mol’) 


=|-218.66 kJ mol ‘|. 


Given the result for the previous execise, A,S® = —21.0]K~! mol’. 


A,G® = (-218.66 kJ mol!) — (298.15 K) x (-0.0210 kJ K"' mol") 


~212.40 kJ mol”! |, 


(ii) 
A,H® = 12A¢H® (CO ,(g)) + 11A¢H®(H20O,(1)) 
— A¢H® (sucrose ,(s)) — 12A¢H® (Oz ,(g)) 
= 12 x (-393.51 kJmol”') + 11 x (—285.83 kJ mol’) 
— (-2222 kJ mol’) - 12 x0 


= —5644.25 kJ mol! =|-5644 kJ mol”'|. 


Given the result for the previous execise, A,S° = +512.0 JK™! mol’. 


A,G® = (—5644.25 kJ mol‘) — (298.15 K) x (+0.5120 kJ K' mol‘) 


=|-5797 kJ mol ‘|, 


E3D.2(b) ‘The standard reaction entropy is given by [3C.3b-94], ArS° = ¥) vjS3,(J), 
where vy are the signed stoichiometric numbers. 
A,S® = S*,(CH3CH2COOH,(1)) - $3,(CO,(g)) - $3,(CH3CH20H,(1)) 
= (191 JK”! mol’) — (197.67 JK“! mol™') - (160.7 JK"! mol’) 
= -167...JK™' mol 


The standard reaction enthalpy is given by [2C.5b-55], ArH® =) vjApH® (J). 


A,H® = AsH® (CH3CH,COOH,(1)) — ApH® (CO ,(g)) 
— A;H® (CH;CH20H ,(1)) 
= (-510 kJ mol ') — (110.53 kJ mol”) — (—277.69 kJ mol ') 
= -121...kJmol 


The standard reaction Gibbs energy is given by [3D.9-100], A,G°® = A,H® — 
TA,S®. 


A,G® = (-121... JK”! mol’) — (298.15 K) x (-0.167... kJ K’' mol") 


=|-72 kJ mol! p 


E3D.3(b) The maximum non-expansion work is equal to the Gibbs free energy as ex- 
plained in Section 3D.1(e) on page 100. The standard reaction Gibbs energy is 
given by [3D.10b-101], A,G° = 3°; vjA¢G* (J), where vy are the signed stoichio- 
metric numbers. For the reaction C3Hs(g) +502(g) —> 3CO2(g) +4H20 (1) 

ArG® = 3A¢G*° (CO2 ,(g)) + 44¢G° (H20,(1)) — A¢H® (C3Hs ,(g)) 
~ 5ArH*(O2 5(8)) 
= 3 x (—394.36 kJ mol!) + 4 x (—237.13 kJ mol”') 
~ (-23.49 kJ mol") —5 x 0 
= -2108.11 kJ mol’. 


Therefore, the |Wada,max| = |ArG*| = /2108.11 kJ mol! |, 


E3D.4(b) ‘The standard reaction Gibbs energy is given by [3D.10b-101], A,G° =); vyA¢G* (J), 
where v, are the signed stoichiometric numbers. 
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(i) 
A,G® = A¢G*(Zn** ,(aq)) + A¢G° (Cu,(s)) 
— ArG* (Zn,,(s)) — ArG* (Cu’* ,(aq)) 
= (-147.06 kJ mol™') + 0 — 0 — (+65.49 kJ mol’) 
=|-212.55 kJ mol ‘|, 
(ii) 


A,G® = 12A¢G°(CO, ,(g)) + 11AgG* (H2O,(1)) 
— A¢G* (sucrose ,(s)) — 12A¢G*° (Oz ,(g)) 
= 12 x (-394.36 kJ mol!) + 11 x (—237.13 kJ mol’) 
— (-1543 kJ mol”) - 12 x0 


—5798 kJ mol ‘|. 


E3D.5(b) Consider the reaction 
NH2CH,COOH (s) + 3O2(g) — 2CO2(g) + 3H20 (1) + 5N2(g) 


The standard reaction enthalpy is given by [2C.5b-55], Ar-H® = 1) vjApH* (J), 
where vy are the signed stoichiometric numbers. 
A,H® = 2A¢H® (CO3 ,(g)) + 2A¢H® (H20,(1)) + 3 ArH? (N2,(g)) 
~ A¢H° (NH2CH2COOH ,(s)) - 3A¢H® (Oz ,(g)) 


when rearranged this gives 


AsH® (NH)CH>COOH ,(s)) = 2A¢H® (CO> ,(g)) + SArH®(H20, (1) 
+ AcH* (No .(g)) — 7ArH® (O2,(g)) - ArH® 
= 2x (-393.51 kJ) + 3 x (-285.83 kJ) + 5 x0 
~ 2 x 0 - (-969 kJ mol’) 
= —5,32... x 10? kJ mol! 
The standard reaction entropy is given by [3C.3b-94], A,S®° = ¥) vyS3,(J). 
Therefore, for the formation of the compound 
A¢S° (NH,CH,COOH,(s)) = S° (NH CH»COOH ,(s)) - 252, (C,(s)) 
— 3S%,(Ha »(g)) - Si,(O2 »(g)) -— 5 Sm (No (8) 
= (103.5JK7! mol ') — 2(5.740 JK~! mol ') 
— 3(130.684 JK"! mol ') — (205.138 JK”! mol‘) 
— £(191.61 JK“! mol’) 
= -5.35...x 10? JK! mol? 


The standard reaction Gibbs energy is defined in [3D.9-100], A,G° = A,H® - 
TA,S°, thus 


ArG* (CH3COOC>Hs ,(1)) = (-5.32... x 10? kJ mol’) 
— (298.15 K)(—0.535... kJ K ' mol ') 


~373 kJ mol '|. 


Solutions to problems 


P3D.2 (a) The standard reaction Gibbs energy is defined in [3D.9-100], A,G° = 
A,H® — TA,S*. This is rearranged to give the reaction entropy change 


_ A,H® - A-G° 

= 

_ (-20 x 10° Jmol™*) - (-31 x 10° Jmol!) _ 
310K 


A,S®° 


+35JK7! mol! |. 


(b 


ee 


The number of moles that are hydrolysed each second is n = N/Na. Thus 

the amount of non-expansion work that is done |Wpon-exp| = (N/Na)|ArG*|. 

Assuming that the cell is spherical, its volume is given by $nr°. The 

power density is the work that is done in a time interval for a unit volume. 

Therefore 
N/Na)|ArG® 

Power density = (NINA OG" 

Sir 

_ (1.0 x 10°) /(6.0221 x 1073 mol") x | = 31 x 10° Jmol | 

n(10 x 10-°)3 


=(12Wm*|. 


For a computer battery it is 
15 W 
100 x 10-6 m3 


Thus the power density of the cell is much smaller. 


Power density (battery) = =1.5x10°Wm” 


(c) The non-expansion work needed to produce 1 mol of glutamine is given 
14.2 kJ. Thus 


[Wainer 14.2 kj 
|A,G?| 31 kJ mol" 


n= =|0.46 moll. 


P3D.4 The standard reaction Gibbs energy is given by [3D.9-100], A,G° = A,H® — 
TA,S*. The standard reaction entropy is [2C.5b-55], A,S° = Yy vyS3, (J), where 
vy are the signed stoichiometric numbers. Therefore 

A,S} = Sm(Na™ ,(g)) + Sm(CI" .(g)) - Sin(NaCl,(s)) 
= (148 JK™' mol’) + (154 JK! mol") - (72.1 JK™! mol") 
= 229.9JK™' mol * 
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P3D.6 


And so 


AG? = (787 kJ mol”') — (298 K) x (0.2299 kJ K' mol’) 


= +7.18... x 10? kJ mol”! =|+718 kJ mol’ |. 


For the second step A,G} = AgoivG°(Na*) + AsoiwG°(Cl”). The Gibbs en- 
ergy of solvation in water is given by Born equation [3D.12b-103], AsolyG* = 
~(z;7/[ri/pm]) x 6.86 x 10* kJ mol ', thus 


: (41)? (-1)? 
ae (acorn * TCP) pal 


1 1 _ e 
== (| i =a) x 6.86 x 104 kJ mol! = -7.28... x 107 kJ mol! 
170 211 


=|-729 kJ mol! 


x 6.86 x 10* kJ mol! 


Therefore the total Gibbs energy change of the process 


A,G® = A,Gf +A,G$ = (+7.18... x 10? kJ mol *) + (-7.28... x 10” kJ mol *) 
=|-10 kJ mol’ |. 


The change in negative implying that the process is spontaneous. 


As hinted, the entropy is related to Gibbs energy as S = —(dG/0T),. Be- 
cause the Born equation [3D.12a-103], AsowG® = —[(z,e*Na)/(8me0ri)] x 
[1 — (1/e,)], does not have an explicit dependence on temperature. Thus the 
entropy contribution is neglected by this model, AgolyS®* = [0]. The standard re- 
action Gibbs energy is given by [3D.9-100], A,G® = A,H® — TA,S*. Therefore 


22 
ze N, 1 
AsowH® = AsolvG° ; * x (1 . 


8TEQT; Ey 


The model is derived considering only the net work needed to transfer a charged 
ion from vacuum to a given medium. This implicitly assumes no heat exchange 
during the process hence resulting in zero entropy contribution. 


3E Combining the First and Second Laws 


Answer to discussion questions 


D3E.2 


The relation (0G/dp)7 = V, combined with the fact that the volume is always 
positive, shows that the Gibbs function of a system increases as the pressure 
increases (at constant temperature). 


Solutions to exercises 


E3E.1(b) ‘The Gibbs energy dependence on temperature for a perfect gas is given by 
[3E.14-109], Gm( pt) = Gn (pi) + RT In(p¢/p;). From the perfect gas law p « 
(1/V). This allows rewriting the previous equation for the change in Gibbs 
energy due to isothermal gas expansion 


AG =nRT In ( =| 
V; 
122 cm? 


3 
= (6.0 x 10-* mol) x (8.3145J K7' mol”) x (298 K) x in scl 


-13 J}. 


E3E.2(b) _ Thevariation of the Gibbs energy with pressure is given by [3E.8-107], (0G/0T) , = 


—S. The change in entropy is thus 


ee 26 (2) (2) __ (a(Gr-G) 
aT aT oT), 


(48) (° [(-73.1J) + T x (42.8 JK") 1) 
P 


oT oT 


= -(42.8JK-') =|-42.8JK7'} 


E3E.3(b) — The Gibbs-Helmholtz relation for the change in Gibbs energy is given by [3E.11- 
108], (o[AG/T]/oT), = -AH/ T°. Expressing for the change in enthalpy gives 


oT oT 


= r (= *) =[-73.1 Jl. 


is n (2) p (ACE Dr eee) 
P P 


E3E.4(b) The molar Gibbs energy dependence on pressure for an incompressible sub- 
stance is given by [3E.13-108], Gnn( pr) = Gm (pi) + (pr - pi) Vn. Assuming that 
the volume of liquid water changes little over the range of pressures considered 


AG = n[Gm(Pr) — Gm(pi)] = (pe Pi)nVm = (Pe pi)V 
= [(500 x 10° kPa) — (100 x 10° Pa)] x (100 x 10°° m®) =[+40.0J}. 


For the molar Gibbs energy 


AG AG MAG 
~m/M pV 
_ (18.02 g mol") x (+40.0J) 
(0.997 gcm=3) x (100 cm?) 


AGm = 


=|+7.23 Jmol ‘|. 
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E3E.5(b) As explained in Section 3E.2(c) on page 108, the change in Gibbs energy of a 
phase transition varies with pressure as Atr;Gm(pr) = AtrsGm(pi) f, i " Atrs Vin Ap. 
Assuming that A,,; Vm changes little over the range of pressures considered 
AGm = AtrsGm(pr) _ AtrsGm (pi) = (pr _ Pi) Atrs Vin 
= [(5000 x 10° Pa) — (1 x 10° Pa)] x (0.5 x 10°° m? mol *) 


=/+2.5 x 10? Jmol ']. 


E3E.6(b) ‘The Gibbs energy dependence on pressure for a perfect gas is given by [3E.14- 
109}, Gm (Pr) = Gm(pi) + RT In(p¢/pi), thus 


AGm = erin( 


1 


100.0 =) 
50.0 kPa 


= +2.88... x 10° Jmol! =|+2.88 kJ mol! |, 


= (8.3145J K7! mol ') x (500 K) x in( 


Solutions to problems 


P3E.2 The standard reaction entropy is given by [3C.3b-94], A,G® = )) vyA¢G*° (J), 
where v; are the signed stoichiometric numbers. 


A,G® (298 K) = 2A¢G*° (NH3 (g)) - ArG* (N2 (g)) — 3A¢G* (H2 (g)) 
= 2x (-16.45 kJ mol’) -0-3x0 


= |-32.90 kJ mol '|. 


Similarly, the standard reaction enthalpy is [2C.5b-55], A,-H°® = y vyApH* (J). 


A,H® (298 K) = 2A¢H* (NHs (g)) — ArH” (No (g)) — 3ArH" (2 (g)) 
= 2x (-46.11 kJ mol”') -0-3x 0 


=|-92.22 kJ mol '|, 


The given expression for the reaction Gibbs energy dependence on temperature 
is rearranged for AG(T>) and becomes 


AG(T,) = AG(T;) 2 +an(t z) 
Ti T; 


1 


Hence at temperatures 500 K and 1000 K, respectively 


00K 500 K 
AG(500 K) = (—32.90 ert go eee + (-92.22 kJ mol *) (1 - ard 
298 K 298 K 
=|+7.31 kJ mol"). 
1000 K 1000 K 
AG(1000 K) = (-32.90 kJ mol *) + (-92.22 kJ mol’) (1 - 
298 K 298 K 


+107 kJ mol! |, 
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P3E.4 (a) p = (RT)/Vin 
(57),7 Gr), (seve) eve (ae), [st 
(b) p= (RT)/(Vn - b) - a/Vin 
Ce 


_ R (27) i R 
Vn -b\OT /vy  |Vmn—b{ 


(c) p= (RT eV (RTVn)) 1 (Von -b) 


(25) -(2) eRe eS 

oV)r \oT/y \OT V,-b -: 

Z (1+ a R .-a/(RTVm)| 
RT2Vm) Vn — 0 


The change in entropy for an isothermal expansion is 


S(Ve) Vv / OS 
as= [ ds= (= dv 
S(v;) v, \OV] 


Comparing the (0S/0V), for the perfect and van der Waals gases implies that 
the change in entropy due to expansion (i.e. positive change in V) is always 
larger for the van der Waals gases: (0S/0V) p.,aw > (OS/0V) 7 perfect: This is 
because R/(V — 0) > R/V for the excluded volume constant b is positive. 
The result is expected as the relative volume expansion for the van der Waals 
gases is always slightly greater than that of the perfect gas due to the fixed finite 
excluded volume. Therefore, the entropy is expected to be more sensitive to the 
changes in volume, especially at the very small volume. 


P3E.6 Using Maxwell’ relation (0S/0p), = —(0V/0T) , and (0S/0T) , = Cp/T the 
given equation becomes 


as as av e 
ds=(—J] d dT =- ae 
(=). p+(57), (Sr),4°+ Tr’ 


-£(car-[} (2) ]rven) 


The expansion coefficient is definded as a = (1/V)(0V/0T) p, therefore 


TdS = C)dT - aTVdp 


The entropy change is defined in [3A.la—80], dS = dqrey/T, hence qrey = i TdS. 
For an isothermal reversible process q = qrey and dT = 0. Therefore, assuming 
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that V and @ are constant for the range of pressures considered, the amount of 
heat transferred is 


S(pr) Pr 
a- f ds= -aTV dp =-aTV(pi- pr) =-aTVAp 
S(pi) Pi 
~(1.82 x 104 K™') x (273.15 K) x (100 x 107° m?) x (1.0 x 10° Pa) 
= [-497]]. 


P3E.8 The Gibbs-Helmholtz relation for the change in Gibbs energy is given by [3E.1- 
108], ([AG/T]/0T) , = -AH/ T°. Integrating the equation between the tem- 
peratures T, and T> and assuming that AH is temperature independent gives 


To T 
f[ ee) ar= AH [ - ar 
T, \oT T ‘ Ty T2 
A 
G(r). AGTH) - an it 4 
T Ti T Ti 


This is rearranged for AG(T>) 


ie T. 
A,G°(T)) = AG (Ti) + A,H® (1 = Z) 
1 


Hence for n = 1, n = 2 and n = 3, respectively 


A,G? (190 K) = (46.2 kJ mol ') x son 
+ (127 kJ mol *) x (1 - aux) 
=|+57.2 kJ mol ‘|. 
A,G$ (190 K) = (69.4 kJ mol ') x sor 
+ (188 kJ mol) x (1 - ax) 
=/+85.6 kJ mol ‘|, 
A,G$ (190 K) = (93.2 kJmol ') x = : 
+ (273 kJ mol ') x (1 - ax) 
=/+112.8kJ mol”'|, 
Answers to integrated activities 
13.2 The statistical definition of entropy is given by [3A.4-81], S = k In W, where W 


is the number of microstates, the number of ways in which the molecules of a 


system can be distributed over the energy states for a specified total energy. As 
explained in Section 3A.2(a) on page 80 the molecular interpretation of helps 
to explain why, in the thermodynamic definition given by [3A.1la—80],dS = 
rev/T, the entropy change depends inversely on the temperature. In a system 
at high temperature the molecules are spread out over a large number of energy 
states. Increasing the energy of the system by the transfer of heat makes more 
states accessible, but given that very many states are already occupied the pro- 
portionate change in W is small. In contrast, for a system at a low temperature 
fewer states are occupied, and so the transfer of the same energy results in a 
proportionately larger increase in the number of accessible states, and hence 
a larger increase in W. This argument suggests that the change in entropy for 
a given transfer of energy as heat should be greater at low temperatures than 
at high, as in the thermodynamic definition. As discussed in Section 3C.2(a) 
on page 93, the statistical definition of entropy also justifies the Third Law 
of thermodynamics. The law states that the entropy of all perfect crystalline 
substances is zero at T = 0. Ata molecular level the absence of thermal motion 
in a perfectly localized crystalline solid is interpreted as there is only one way 
to arrange the molecules like that. Thus, W = 1 and from S = k In W it follows 
that S = 0 as stated by the law. 
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Physical transformations 
of pure substances 


4A Phase diagrams of pure substances 


Answers to discussion questions 


D4A.2 


D4A.4 


Mathematically the change in chemical potential when the pressure is changed 
can be traced to the pV term within the Gibbs energy (part of the definition 
of enthalpy); the product changes when the pressure changes. Physically, an 
incompressible system does not store energy like a spring, which is the analogy 
for a compressible gas; however, it can transmit energy in the same way that a 
hydraulic fluid does. Furthermore, an incompressible system under pressure is 
under stress at a molecular level. Its bonds or intermolecular repulsive forces 
resist external forces without contraction. 


Consider the phase diagram shown in Fig. 4A.4 on page 122 and imagine start- 
ing at a pressure and temperature somewhat above the critical point; only a 
single phase is present, which would be described as a supercritical fluid. Then 
proceed on an clockwise path centred on the critical point. Eventually the path 
will reach the liquid-vapour phase boundary, and if the traverse is stopped at 
this point the sample will be found to consist of liquid at the bottom of the tube 
with vapour above, and a visible meniscus. As the path is continued the system 
moves into the liquid phase (in principle the meniscus would rise up the tube 
and then disappear) and once more only one phase is present. Eventually the 
path takes the system above the critical point and back to the starting point. 


The somewhat curious thing about this path is that it takes us from vapour to 
liquid via the usual process of condensation, but then returns the liquid to the 
vapour phase without crossing a phase boundary, and so with no visible boiling. 


Solutions to exercises 


E4A.1(b) 


In a phase diagram, a single phase is represented by an area, while a line rep- 
resents a phase boundary where two phases coexist in equilibrium. Point a 
lies within an area and therefore only |one phase] is present. Point d lies on 


the boundary between two areas, and therefore |two phases|are present. Points 
b and c each lie at the intersection of three phase boundaries, so in each case 
three phases | are present. 
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E4A.2(b) 


E4A.3(b) 


E4A.4(b) 


E4A.5(b) 


The change in Gibbs energy when an infinitesimal amount dn of substance is 
moved from location 1 to location 2 is given by (Section 4A.1(c) on page 121) 


dG = (U2 — #1) dn 


Assuming that 0.15 mmol is a sufficiently small amount to be regarded as in- 
finitesimal, the Gibbs energy change in this case is 


AG = (2 — 1) An = (-8.3 x 10° Jmol) x (0.15 x 107? mol) = [=1.2J 


Use the phase rule [4A.1-124], F = C- P+2, with C = 4 (for four components). 
Rearranging for the number of phases gives 


P=C-F+2=4-F4+2=6-F 


The number of variables that can be changed arbitrarily, F, cannot be smaller 
than zero so the maximum number of phases in this case is |6|. 


Use the phase rule [4A.1-124], F = C — P + 2, with C = 1 (one component). 
Inserting P = 2 gives F = 1-2+2 = 1. The condition P = 2 therefore represents 
alline}, A line has F = 1 because a variation in pressure determines the required 
variation in the temperature needed to stay on the line. P = 2 indicates that two 
phases are present, so this result confirms that a situation in which two phases 
are in equilibrium is represented by a line in a phase diagram. 


(i) 100 K and 1 atm lies in the Ice I region of the phase diagram, so only 
one phase] (Ice I) will be present. 


(ii) 300 K and 10 atm lies in the liquid region, so only |one phase] (liquid) will 
be present. 


(iii) 273.16 K and 611 Pa corresponds to the triple point of water. So|three phases 


(Ice I, liquid water, and gas) will be present. 


Solutions to problems 


P4A.2 


P4A.4 


(a) At 200 K and 0.1 atm, the phase diagram indicates that CO is a gas. On 
increasing the pressure, a point will be reached at which gas and solid are 
in equilibrium. Above this pressure only the solid form will exist. 

(b) 310 K is above the critical temperature so distinct liquid and gas phases 
do not exist. A single phase (a supercritical fluid) therefore exists at all 
pressures (except perhaps at extremely high pressures when a solid might 
be formed). 


(c) 216.8 K corresponds to the triple point of CO. Below 5.11 atm (the pres- 
sure corresponding to the triple point) CO, will exist as a gas. At 5.11 atm 
solid, liquid and gas phases will all be present in equilibrium. Above 
this pressure, the phase diagram shows that only the solid phase will be 
present. 


A schematic phase diagram is shown in Fig 4.1. Note that in reality the phase 
boundaries may be curved rather than straight. There is one triple point which 
is marked with a dot. 
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e Triple point 


Figure 4.1 


4B Thermodynamic aspects of phase transitions 


Answers to discussion questions 


D4B.2 Formally, the pressure derivative of the chemical potential is (du/0p)r = Vin- 
Because the molar volume is always positive, the slope of the change in chemical 
potential with respect to change in pressure is positive: that is, the chemical 
potential increases with increasing pressure. 


Solutions to exercises 


E4B.1(b) ‘The variation of chemical potential with temperature is given by [4B.la-128], 
(0u/0T)» = —Sm. For a finite change this gives Au = —S,, AT. 


Au(liquid) = —(65 J K7! mol') x (-1.5 K) = |+98 Jmol’ 


Au(solid) = —(43 JK7' mol‘) x (-1.5 K) =|+65J mol 


The chemical potential of the liquid rises by more than that of the solid. So if 
they were initially in equilibrium, the |solid| will be the more stable phase at the 
lower temperature. 


E4B.2(b) The variation of chemical potential with temperature is given by [4B.la-128], 
(Ou/OT), = —Sm. For a finite change this gives Av = —S,,AT, assuming that 
Sm is constant over the temperature range. 


Au = -(53JK‘ mol") x ([150- 100] K) =|-2.7 x 10° Jmol"! 


E4B.3(b) ‘The variation of chemical potential with pressure at constant temperature is 
given by [4B.1b-128], (du/dp)7 = Vm. For a finite change, and assuming that 
Vm is constant over the pressure range, this gives Au = VmAp. The molar 
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E4B.4(b) 


E4B.5(b) 


E4B.6(b) 


volume V,, is given by M/p where M is the molar mass of benzene and p is 
the mass density. 


Au = VmAp = (M/p)Ap 


78.1074 x 10-3 kgmol’ 
i * gm — x ({10 x 10° - 100 x 10°] Pa) 
876.5 kgm 


+8.8 x 10? Jmol! 


Note that 1 Pam? = 1J. 


The variation of vapour pressure with applied pressure is given by [4B.2-130], 
p = preYm(@4?/RT Vis given by Vm = M/p where M is the molar mass of 
naphthalene (CioHs, M = 128.1632 gmol ') and p is the mass density. 
M _ 128.1632 gmol' 
p  1.16x10°gm- 
(1.10... x 1074 m3 mol”) x ([15 x 10° — 1 x 10°] =) 
(8.3145JK~! mol”) x ([95 + 273.15] K) 


am = 1.10... x 1074 m? mol! 


p = (2.0 x 10° Pa) xexp( 


= 3420 Pa = |3.42 kPa 


The relationship between pressure and temperature along the solid-liquid bound- 
ary is given by [4B.7-132], p = p* + (AjsH/T* AmsV)(T - T*), which is 
rearranged to give Aj;H. In this case p* = 1.00atm, T” = 427.15K, p = 
1.2 MPa and T = 429.26K. 

ee sal ul 
“T=T* 
_ (1.2 x 10° Pa) — [(1atm) x (1.01325 x 10° Pa/1 atm)] 

([429.26 — 427.15] K) 


x ({152.6 — 142.0] x 10° m? mol ') 


AfusH T* Atus V 


x (427.15K) 


= 2.36... x 10° Jmol! =|2.4kJ mol! 


The entropy of transition is given by [3B.4-89], AfusS = AtusH/T, where T is 
the transition temperature. At the melting temperature the entropy of fusion is 


2.36... x 10? J mol - 
AfasS = “ J = 5.5JK mol : 
427.15K 


The integrated version of the Clausius—Clapeyron equation [4B.10-133] is given 
by In(p/p*) = —(AvapH/R)(1/T - 1/T*). Rearranging for T gives 


-1 
1 R 
T= in? 
T*  AvapH  p* 
-( 1 8.3145JK mol!  66.0kPa\ 
[ 


x in 
20.0 + 273.15]K 32.7 103 Jmol! 58.0kPa 
296 K| or |22.9 °C 


F4B.7(b) 


E4B.8(b) 


E4B.9(b) 


The Clausius—Clapeyron equation [4B.9-133] is dIn p/dT = AyapH/RT*. This 
equation is rearranged for A,apH, and the expression for In p is differentiated. 
It does not matter that the pressure is given in units of Torr because only the 
slope of In p is required. 


d 
Meapit = BT = RT’ (18.361 
dT 


dT T? 
= (3036.8K)R = (3036.8K) x (8.3145J K7! mol ') = |25.249 kJ mol‘ 


dln p =) - rr? (SSS) 


(i) The Clausius—Clapeyron equation [4B.9-133] is dln p/dT = AyapH/RT°. 
This equation is rearranged for Aya) H, and the expression for In p is dif- 
ferentiated, noting from inside the front cover that In x = (In 10) log«. It 
does not matter that the pressure is given in units of Torr because only 
the slope of ln p is required. 


l 1 d 1625K 
AvapH = RT? 2 - RT*In 104 O8P - RT*In10— (8.750 - = 
dT dT ii 
1625K 
= RT In 10 2 ) = (1625K)Rin10 
T2 


= (1625K) x (8.3145J K7! mol) x In 10 =|31.11kJ mol 


(ii) The normal boiling point refers to the temperature at which the vapour 
pressure is 1 atm which is 760 Torr. The given expression, log(p/Torr) = 
8.750 — (1625K)/T is rearranged for T and a pressure of 760 Torr is 
substituted into it to give 

1625K 1625K 
~ 8.750 —log(p/Torr) 8.750 — log 760 ~ 


276.9 K| or [3.720 °C 


Note that this temperature lies outside the range 15°C to 35 °C for which 
the expression for log(p/Torr) is known to be valid, and is therefore an 
estimate. 


The relationship between pressure and temperature along the solid-liquid bound- 
ary is given by [4B.7-132], p = p* + (AfusH/T* Aus V)(T - T*). The value of 
AfusV is found using Vin = M/p where M is the molar mass and p is the mass 
density: 


M M 
Afus V za Vin (1) Vin(s) TY 
p(l) p(s) 
46.1 Ng 46.1 i 
= sls Sa ore = 8.75...x 10°? m*? mol! 


0.789 x 10°gm-3 0.801 x 10° gm? 
4B.7-132] is then rearranged for T and the values substituted in to give 
[4B ] is th ged for T and the val b d g 

T* AftusV 
T = T* + (p- p*)——=— 
AfusH 
= ([-3.65 + 273.15] K) + ([100 x 10° - 1 x 10°] Pa) 
([-3.65 + 273.15] K) x (8.75... x 107°” m3) 
8.68 x 103J mol” 


x 


= [272 K] or |—0.935 °C 
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E4B.10(b) 


E4B.11(b) 


E4B.12(b) 


E4B.13(b) 


The integrated version of the Clausius—Clapeyron equation [4B.10-133] is given 
by In(p/p*) = —(AvapH/R)(1/T-1/T*). In this case p* = 1 atm (correspond- 
ing to the normal boiling point, T* = 100°C) and p = 1 bar (corresponding to 
the standard boiling point). Rearranging for T and putting in the numbers 
gives 


-1 
1 R 
T= int 
T* AvapH — p* 
-( 1 8.3145JK! mol 1x10°Pa_ | 
[ 


x In 
100+ 273.15]K 40.7 x 103 Jmol 1.01325 x 10° Pa 
= 372.7... K or 99.6... °C 


The standard boiling point is therefore lower than the normal boiling point by 
373.15 K — 372.7... K = [0.37 Ki. 


Using 1 W = 1Js"! and Lha = 1 x 104 m’, the rate at which energy is absorbed 
is 

(0.87kW m~”’) x (1 x 104m?) = 8.7 x 10°kJs"'. The rate of vaporization is 
then 


rate of energy absorption _ 8.7 x 10° kJ s* 1 


—— = 1.97... x 10? mols 
en 44 kJ mol 


Multiplication by the molar mass of water gives the rate of loss of water as 
(1.97... x 10? mols”') x (18.0158 g mol‘) =/3.6kgs~'}, 


Vapour pressure as a function of temperature is given by [4B.10-133], except 
that A,apH is replaced by A,,»H. Using the triple point values for p* and T* 
the partial pressure expected for ice at —5°C is 


* AsubH (1 1 
p= p* exp R (5 r)) 


3 -1 
= (611 Pa) xexp( ae (; : : )) 


8.3145) K7-! mol! \ [-5 + 273.15]K 273.16K 


=|0.40 kPa 


This is less than the partial pressure of water in the atmosphere, so [yes], the 
frost will sublime. A partial pressure of 0.40 kPa or more would be needed to 
ensure that the frost remains. 


(i) Trouton’s rule (Section 3B.2 on page 89) states that Ay,»H/T * 85] K"! mol”! 
where T is the normal boiling point. Rearranging for A,.)H gives 


AvapH = (85JK7' mol ')T = (85JK™' mol ') x ([69.0 + 273.15] K) 


= 2.90... x 10*J mol”! =|29kJ mol! 
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(ii) The variation of vapour pressure with temperature is given by [4B.10-133]: 


- ( aoe Ly) 
= x 
P=P &P\"—R_\ 7 Te 


The values T* = 69.0°C and p* = latm or 1.01325 x 10° Pa, are used, 
hence at 25°C 


p = (1.01325 x 10° Pa) 


2.90... x 104 Jmol! 1 1 
x exp a = 

8.3145 JK~! mol (25 +273.15)K (69.0 + 273.15) K 
=|22 kPa 


and at 60°C 


p = (1.01325 x 10° Pa) 


2.90... x 104 Jmol 1 1 
x exp = =i 

8.3145 JK7! mol (60 +273.15)K (69.0 + 273.15)K 
=|77 kPa 


E4B.14(b) Therelationship between pressure and temperature along the solid—liquid bound- 
ary is given by [4B.7-132], p = p* + (AfusH/T* AusV)(T - T*). The molar 
volume is Vi, = M/p where M is the molar mass and p is the mass density 


AfusV = Vm(1) - Vm(s) = M/p(1) - M/p(s) 


This expression is inserted into [4B.7-132], which is then rearranged for T. T*, 
p*, and A,apH are taken as the values corresponding to the normal melting 
point of ice, that is, 0°C (273.15 K) and 1 atm (101.325 kPa). It is assumed that 
AvapH is constant over the temperature range of interest. 


T™ (M M 
T=T"+(p-p’) ( 
AtusH \p(1) p(s) 
= (273.15K) + ([10 x 10° — 1.01325 x 10°] Pa) x 


273.15K 
6.008 x 103J mol! 


= |272 K| or |-0.74°C 


18.0158gmol' 18.0158 gmol 
x 
0.998 x 10°gm-3 0.915 x 10°gm3 


Solutions to problems 


P4B.2 At the triple point the vapour pressures of the solid and liquid are equal, so the 
two expressions for the vapour pressure are set equal 


10.5916 — (1871.2K)/T = 8.3186 — (1425.7K)/T 
This expression is rearranged to find T as 


_ (1871.2 - 1425.7) K 
(10.5916 — 8.3186) 


= 1.95... x 107K =[196.00K 
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This temperature is then substituted back into one of the expressions for the 


pressure 
1871.2K 
lo Torr) = 10.5916 = 1.04... 
a(p/Tor) 1.95... x 102K 
and so p = 10!-°* Torr = [11.079 Torr]. 
P4B.4 (a) The temperature dependence of the vapour pressure is given by [4B.4a- 


131], dp/dT = AyapS/Avyap V. The entropy change is written as Ayap H/T 
and AvapV is Vm(g) — Vm(s). 
dp _ AvapH 
dT T(Vm(g) - Vm(1)) 
7 14.4 x 10° J mol! 
(180K) x ([14.5 x 10-3 — 115 x 10-6] m3 mol *) 
= 5.56... x 10° Pak’ =[5.56kPaK 


1 Pam? = 1 J has been used. 
(b) The Clausius—Clapeyron equation, [4B.9-133], isd In p/dT = AyapH/RT”. 
This is rewritten as dp/dT = pAyapH/RT”? using dx/x = dInx. 
dp pAvapH (1.01325 x 10° Pa) x (14.4 x 10° J mol!) 
dT RT? (8.3145J K~' mol) x (180K)? 
= 5.41... x 10° PaK™! =|5.42kPaK7! 


The percentage error from the value in part (a) is 


(5.56... — 5.41...) x 10° Pak! 
5.56... x 103 Pak"! 


x 100 % = [2.61 % 


P4B.6 (a) From the variation of chemical potential with temperature (at constant 
pressure) [4B.1b-128], (du/0T), = Vm; the slope of the chemical poten- 
tial against pressure is equal to the molar volume. The difference in slope 
on either side of the normal freezing point of water is therefore 


ou(l ) 
( a ) ( x) Vin (1) — Vin(s) = AfusV. 
Op }r Op |r 

Vm is given by M/p, so the difference in slope is 


AfusV = Vn(1) — Vin(s) = a0) =) 


18.0158gmol | —:18.0158gmol | 
~ 1.000x 10°gm-3 0.917 x 10° gm-3 


= 1.63... x 107° m? mol | =|-1.63 x 107° J Pa! mol7! 


where 1J = 1 Pam? has been used. 


P4B.8 
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(b) Similarly, 


ou(g) du(1) 
( op ). ( Op ) = vate Vin(S) = Avap V 


_M M 
p(g) pC) 
18.0158gmol | —18.0158gmol ' 
0.598 x 10? gm? 0.958 x 10° gm~ 


= 3.01... x 10°? m? mol! =|0.0301 J Pa~! mol7! 


(c) From part (b) 


ou(g) ou(l)\ _ a[u(g)-vQ)]) _ 
( bp ) ( ap ) AvapV hence ( ap I Avap V 


Rewriting this for a finite change gives A[u(g) — u(1)] = Avap V x Ap. So 
if the pressure is increased by Ap = 0.2 atm from 1.0 atm to 1.2 atm, the 


change in u(g) — u(1) is 


1.01325 x 10° Pa 


A[u(g) — u(1)] = (0.0301... J Pa“! mol!) x (0.2. atm) x jaca 


= 610J mol”! 


Therefore, since liquid water and vapour are in equilibrium at 100°C 
and 1.0 atm, if the pressure is raised to 1.2 atm the chemical potential of 


water vapour will exceed that of liquid water by |610Jmol ‘| The fact 
that (g) > w(1) indicates that the water vapour will have a tendency to 
condense under these conditions. 


Using the perfect gas equation ([1A.4-8]) the amount in moles of water vapour, 
fg, in the 50 dm? of air after it has bubbled through the water is 


PuoV 
"RT 


where py,0 is the vapour pressure of the water. The heat required to vaporize 
this amount of water is ngAyapH: 


__PmoV 


x AvapH 
RT 


where q is the heat which enters the liquid water; the minus sign is needed 
because the heat has left the water. This heat is equal to gq = njC,,AT (Sec- 
tion 2A.4(b) on page 43) where Cy, is the molar heat capacity and nj is the 
amount in moles of water. 1) is given by m/M where m is the mass of water 
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and M is the molar mass. It follows that AT = q/mCm 


q 


a 
M 

RG ees PO hoi 
MCy (m/M)Cn RT mC 


(3.17 x 10° Pa) x (50 x 10° m?) 
(8.3145J K~! mol’) x ([25 + 273.15] K) 
18.0158 g mol * 
: (250g) x (75.5JK | mol ') 


x (44.0 x 10° J mol!) 


= —2.68...K 


So the final temperature will be (25 — 2.68...) °C =|22.3°C 


P4B.10 (a) The normal boiling point is the temperature at which the vapour pressure 
is equal to 1 atm, or 760 Torr. From the data, this is at [227.5 °C]. 


(b) Theintegrated form of the Clausius—Clapeyron equation, given by [4B.10- 
133], In(p/p*) = —(AyapH/R)(1/T — 1/T*), is rewritten as 


Pp AvapH 1 AvapH 
+ 
p* R TT RT* 


In 


This implies that a plot of In( p/p*) against 1/T should be a straight line 
of slope —AyapH/R and intercept AyapH/RT*; p* may be taken to be 
760 Torr (1 atm). The plot is shown in Fig. 4.2. 


6/°C. p/Torr T'/K' In(p/p*) 
57.4 1 0.003025 —-6.633 
100.4 10 0.002677. = —4.331 
133.0 40 0.002462 —2.944 
157.3 100 0.002323 —2.028 
203.5 400 0.002098  -—0.642 
227.5 760 0.001 997 0.000 


The data fall on a good straight line, the equation of which is 
In(p/p*) = (-6.446 x 10°) x (T7'/K7!) +12.91 
The slope is equal to —AyapH/R, so: 


AvapH = —slope x R = -(-6.446 x 10° K) x (8.3145J K™' mol’) 


53.6 kJ mol 


P4B.12 (a) The expression dH = C,dT + Vdp implies that for a phase change 


dAirsH = AtrsCpdT a Atrs Vdp 


P4B.14 


| 
0.0018 0.0022 0.0026 0.0030 
T"/K"! 


Figure 4.2 


The Clayperon equation [4B.4a-131], dp/dT = AtrsS/Atrs V, is rearranged 
to give Aiy.;Vdp = AysSdT and this is used to replace Ai;,Vdp in the 
previous equation: dAj,,;H = AysC,dT + AtrsSdT. Replacing Air,S by 
AtrsH/T gives the required expression: 


AtrsHd 
dAtisH = AtsCpdT + =p oe 


(b 


~~ 


Starting with the second expression, application of the quotient rule d(u/v) = 
(vdu — udv)/v? to the left hand side and dInx = dx/x to the right hand 
side gives 


TdA,,,H = AtrsHdT = AtrsC pdT 
T? T 


AusH 
d(S8*) = AneCpdin 7 hence 


This expression is rearranged for dA;,sH to obtain the first expression: 


AtrsH 
dAtsH = AnsCpdT + a ae 


The variation of vapour pressure with applied pressure is given by [4B.2-130], 
p= pre’4?/RT Th this case the change in pressure (due to the depth) is AP = 
pgd. Since p = M/Vm, equation [4B.2-130] becomes 


Vin(M/Vm)gd/RT _ .* .Mgd/RT 


p=pe =pre 


At a depth of 10 m the effect on the vapour pressure is 


18.0158 x 1072 kg mol ') x (9.81 ms~!) x (10m 
g 
(8.3145J K7! mol’) x ([25 + 273.15] K) 


p/p* = ep = 1.00071 


The fractional increase in vapour pressure is therefore |0.00071| or [0.071 %|. 


109 


110 


P4B.16 


The first derivative of chemical potential with respect to temperature is given 
by equation [4B.la—128], (Ou /0T) ) = —Sm. The second derivative is therefore 


Pu) (Ae) 
oT?}, \oT)> 
Entropy is defined by dS = ddyey/T ([3A.1a—80]) and, from section Section 3B.3 


on page 90, at constant pressure dq;ey = dH = C,dT. Therefore 


<n) _ Spm 
oT), T 


Cat 
dSm = — 


and hence ( 


Consequently the curvature of the chemical potential with temperature is 


(8 4/AT*)p = ~Com/T 


Heat capacity is invariably positive, so this expression implies a negative cur- 
vature (since T cannot be negative). 


For water, the curvatures of the liquid and gas lines at the normal boiling point 
(373.15 K) are: 


-0.202J K~? mol! 


2 -Com(l)  -75.3)K7! mol” 
quid tne: (=H) oa) 2 mel 


oT? T 373.15K 


~0.0900J K~* mol! 


asline: (2 #68)) _ ~Co.m(s) _ -33.6JK7! mol! _ 
ed ce F 373.15K 


The magnitude of the curvature is therefore greater for the liquid. 


Solutions to integrated activities 


14.2 


(a) The expressions are plotted on the graph shown in Fig. 4.3. Note that the 
liquid-vapour line is only plotted for T; < T < T- because the liquid phase 
does not exist below the triple point and there is no distinction between 
liquid and vapour above the critical point. The solid-liquid line is plotted 
for T > T3. 


(b) The standard melting point is the temperature corresponding to a pres- 
sure of 1 bar on the solid-liquid boundary. Setting p = 1 bar in the equa- 
tion for the solid-liquid boundary and substituting in the value of p; 
gives: 

1 = 0.4362 x 10° + 1000(5.60 + 11.727x)x 


This equation is rearranged to the standard quadratic form 


11727x” + 5600x — 0.9999995638 = 0 


which on solving for x gives x = 1.78... x 10-4 or x = -0.477.... Then, 
since x = T/T; — 1 where T3 = 178.15K, it follows that 


T = 178.15(1.78... x 10-4 + 1) = 178.18K 
or T = 178.15(-0.477...+ 1) = 93.11K 


50 
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20 | 


p/bar 


10; 
Vapour 4 
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Figure 4.3 


(c 


(d 


Ne 


~ 


The 93.11 K solution is rejected since it lies below T3 where the liquid, and 
therefore the solid-liquid boundary, does not exist. The standard melting 
point is therefore estimated to be |178.18 K}. 


The standard boiling point is the temperature at the point on the liquid- 
vapour phase boundary corresponding to p = 1bar. Substituting this 
value of p into the equation for the liquid-vapour boundary and noting 
that In 1 = 0 gives 


0 = -10.418/y+21.157-15.996 y+14.015y*—5.0120y° +4.7334(1-y)**7° 


Solving numerically gives 


y=0.645... andso T=yx T, = 0.645... x 593.95 = [383.54 K 


Use the Clapeyron equation for the liquid-vapour boundary [4B.8-133]: 
d AvapH d 
ra - TAyoV which rearranges to AyapH = TAyapV x nA 


To find dp/dT, use dlnx = dx/x so that dp/dT = p x dlnp/dT. The 
expression for In p is inserted and differentiated, and then evaluated at 
the standard boiling point found above. For the evaluation of dIn p/dT it 
does not matter that the expression has p in bar not Pa because the slope 
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of In p is independent of the units of p due to the logarithm. 


dln p “ioe dln p . dy 


dp _ 
dr * aT dy dT 
d/ 10.418 ‘ 4 
=px 5 + 21.157 — 15.996y + 14.015y” — 5.0120y 
d(T 
+4,7334(1— y)'7°| x —| — 
ary Tt 
p _ (10.418 7 
=. x — 15.996 + 28.030y — 15.0360 
T- y? 
— 8.04678(1 — yr) 
_ 10°Pa ( 10.418 
593.95 K\ (0.645...) 
— 15.996 + 28.030(0.645...) — 15.0360(0.645...)* 
— 8.04678(1 - 0.645...°”) = 2.84... x 10° PaK™! 
Then 


dp 


AvapH = TAvapV x 3 
= (383.54K) x ([30.3 — 0.12] x 107? m? mol ') x (2.84... x 10° PaK7') 


33.0kJ mol! 


14.4 (a) The data are plotted in Fig. 4.4. 
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Figure 4.4 
These data fit well to the cubic 
p/MPa = (4.989x 107° K-*) T?-(1.452x 107° K-) T?+ (0.1461 K~') T-5.058 


This equation is used to plot the line on the graph. 


(b) The standard boiling point corresponds to the temperature at which p = 
1 bar or 0.1 MPa. This value is substituted into the fitted function to give 


0.1 = (4.989x10-° K-*) T?-(1.452x 107? K-*) T?+(0.1461 K-') T-5.058 


which, on solving numerically using mathematical software, yields 


T=1.11...x 107K =(N2K 


(c) The Clapeyron equation for the liquid-vapour boundary is [4B.8-133]: 
AvapH 
4 = : hence AyapH = TAyapV x <2 
dT TAyapV dT 


The value of dp/dT is obtained by differentiating the fitted function and 
substituting in the value of T found above. 


d(p/MP.: 
eos) = (14.967 x 107° K~*) T? — (2.904 x 10°? K-’) T + (0.1461 K™’) 
= (14.967 x 107° K™*) x (1.11... x 10? K)? 
— (2.904 x 10°? K~*) x (1.11... x 10° K) + (0.1461 K7') 
=$§57..%10 °K 
so that 


=f = 8.57... x 10 °>MPaK7! = 8.57... x 10° PaK™! 


Therefore 


dp 

AvapH = TAyap V X — 
p prs dT 
107-7 m? 


= (1.11... x 10 K) x ([8.89 — 3.80 x 10-7] dm? mol") x ; 


1ldm 


x (8.57 x 10° PaK™!) = |8.49kJ mol | 


Simple mixtures 


5A The thermodynamic description of mixtures 


Answers to discussion questions 


D5A.2 


D5A.4 


The change in Gibbs energy at constant temperature is equal to the maximum 
additional (non-expansion) work that the system can do dG = dWadd,max, [3D.8- 
100}. Changing the composition of a mixture gives rise to a change in Gibbs 
energy, given by [5A.7-145], dG = wadna + vpdng.... It therefore follows that 


dWadd,max a Hadna + Lpdnp Sea 


and so non-expansion work can arise from the changing composition of a sys- 
tem. 


This is discussed in Section 5A.3 on page 150. The chemical potential of a 
perfect gas depends on its partial pressure pa via va = UR +RT In pa. Consider 
first the pure liquid, which has chemical potential 4 (1) and vapour pressure 
px. When the liquid and gas are in equilibrium, their chemical potentials are 
equal 

Ha(]) = wa(g) + RT In pa 


If A is now one component of a mixture, the chemical potentials of A in the 
liquid and in the gas are still equal 


Ha(1) = wa(g) + RT In pa 


Note that the * is not present as A is not pure. The first equation is taken away 
from the second to give an expression for the chemical potential of A in the 
liquid in terms of its partial pressure in the vapour 


Pa 


A 


Ha(l) = va(l) +RTIn (5.1) 


Raoult’s law gives the partial pressure of A is terms of the mole fraction in the 
liquid: p4 = xa ps, so it follows that pa/p% = xa and hence 


Ha(l) = wal) + RT Inxa 


This equation relates the chemical potential of a component in a mixture to its 
mole fraction. 
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If Henry’s law applies, pa = Kax,, eqn 5.1 becomes 


Kaxa 


na(l) = Wh () +RTIn A = wi (l) + RT In Ra 
A 


* 
A 
Ne 


+RT Inxa 


The term indicated by the brace is defined as a new standard chemcial potential 
Uy to give 
Hal) = Ua + RT lInx, 


This expression also relates the chemical potential of a component in a mixture 
to its mole fraction. 


Solutions to exercises 


E5A.1(b) 


E5A.2(b) 


The partial molar volume of B is defined from [5A.1-143] as 


oV 
Ong p.T,n' 


The polynomial given relates v to x, and so from this it is possible to compute 
the derivative du/dx. This required derivative is dV/dng (where the partials 
are dropped for simplicity), which is related to du/dx in the following way 


(is) = (ae) (Ge) (a) 


Because x = ng/mol, dx/dng = mol’, and because v = V/cm?, du/dV = 
cm”? and so dV/dv = cm’. Hence 


(a) (eo) ala) ae ee 


The required derivative is 


d 
(<<) = —22.5749 + 1.137 84x + 0.03069 x7 + 0.009 36.x° 
x 


hence 


Vp = (-22.5749 + 1.137 84x + 0.03069 x” + 0.009 36 x*) cm? mol"! 


The partial molar volume of solute B (here MgSO,) is defined from [5A.1-143] 


as 3 
V 
(38 
Ong pin’ 


The total volume is given as a function of the molality, but this volume is de- 
scribed as that arising from adding the solute to 1 kg of solvent. The molality of 


a solute is defined as (amount in moles of solute)/(mass of solvent in kg), there- 
fore because in this case the mass of solvent is 1 kg, the molality is numerically 
equal to the amount in moles, ng. 


The polynomial given relates v to x, and so from this it is possible to compute 
the derivative du/dx. This required derivative is dV/dng (where the partials 
are dropped for simplicity), which is related to du/dx in the following way 


(“)-(S)(F)( dx ) 
dng dv /\dx/\dnpz 
The quantity x is defined as b/b°, but it has already been argued that the molal- 


ity can be expressed as ng/(1kg), hence x = ng/(mol) and therefore dx/dng = 
mol '. Because v = V/cm?, du/dV = cm™? and so dV/dv = cm’. Hence 


GG) ae 


The required derivative is 


(<<) = 69.38(x — 0.070) 
dx} , 


Hence the expression for the partial molar volume of B (NaCl) is 
Vz = [69.38(x —0.070)] cm?* mol”! 
The partial molar volume when b/b® = 0.050 is given by 


Vp = 69.38(x — 0.070) cm? mol”! = 69.38(0.050 — 0.070) cm? mol”! 


= —1.38...cm? mol! =/-1.39 cm? mol”! 


The total volume is calculated from the partial molar volumes of the two com- 
ponents, [5A.3-144], V = na Va + ngV3. In this case V and Vz are known, 
so Va, the partial molar volume of the solvent water can be found from Va = 
(V = np Vp) /Na. 


The total volume when b/b® = 0.050 is given by 
V = 1001.21 + 34.69 x (0.050 — 0.070)? = 1001.2... cm? 


The amount in moles of 1 kg of water is (1000 g) /[(16.00+21.0079) gmol'] = 
55.5... mol, hence 


_ V-npVp _ (1001.2... cm*) — (0.05 mol) x (1.38... cm? mol") 
na 55.5... mol 


Va 


18.0 cm? mol! 


where, as before, for this solution a molality of 0.05 mol kg! corresponds to 
ng = 0.05 mol. 


117 


118 


E5A.3(b) 


E5A.4(b) 


E5A.5(b) 


Fora binary mixture the Gibbs-Duhem equation, [5A.12b-146], relates changes 
in the chemical potentials of A and B 


nadua + npdup =0 
If it is assumed that the differential can be replaced by the small change 


(0.22 ng) x (-15J mol ') + ngdpp = 0 
_ (0.22 np) 
n 


hence 6dpp = (-15 J mol') =/+3.3J mol! 


Because the gases are assumed to be perfect and are at the same temperature 
and pressure when they are separated, the pressure and temperature will not 
change upon mixing. Therefore [5A.18-149], AmixS = —nR(xa Inx4+xp In xp), 
applies. The amount in moles is computed from the total volume, pressure 
and temperature using the perfect gas equation: n = pV/RT. Because the 
separate volumes are equal, and at the same pressure and temperature, each 
compartment contains the same amount of gas, so the mole fractions of each 
gas in the mixture are equal at 0.5. 


AmixS = —AR(xqInx, + xg ln xg) = -(pV/T) (x, Inx, + xp ln xp) 
(100 x 10° Pa) x (250 x 10° m 
273.15 K 


3 
) (0.51n0.5 + 0.51n0.5) 


=|+0.0634J K7 


Note that the pressure in expressed in Pa and the volume in m?; the units of the 
result are therefore (N m~”) x (m?) x (K-') =NmK!=JKl. 


Under these conditions the Gibbs energy of mixing is given by [5A.17-148], 
AmixG = nRT(x,alnx, + xg ln xg); as before n = pV/RT. 

AmixG = nRT(xalnx, + xp ln xg) = (pV) (xa Inx, + xp ln xg) 
[(100 x 10° Pa) x (250 x 107° m*) ](0.51n0.5 + 0.51n0.5) 
=|-17.3J 


The units of the result are (N m™~*) x (m*) = Nm = J. As expected, the entropy 
of mixing is positive and the Gibbs energy of mixing is negative. 


The partial pressure of gas A, pa above a liquid mixture is given by Raoult’s 
Law, [5A.22-151], pa = Xap, Where x, is the mole fraction of A in the liquid 
and p% is the vapour pressure over pure A. The total pressure over a mixture 
of A and B is pa + pp. 


In this case the mixture is equimolar, so x4 = xp = i. If A is 1,2-dimethylbenzene 
and B is 1,3-dimethylbenzene the total pressure is 


p= Xap + Xppp = (20 kPa) + $(18 kPa) = [19 kPa 


E5A.6(b) 


The composition of the vapour -— that is the mole fractions of A and B in the 
vapour — is calculated from their partial pressures according to [1A.6-9], pa = 
yap, where y, is the mole fraction of A in the vapour and p is the total pressure. 
The partial pressure of A is also given by pa = xap4. These two expressions for 
Pa is equated to give 


* x 
yap=Xapa hence ya = APA 
The composition of the vapour is therefore 
* 3x (20 kPa 
y= ZARA _ 2x COMPA) _ oss 
P 19 kPa 
* 1x (18kPa 
jg = SEB 2 ( ) aa 
p 19 kPa 


The total volume is calculated from the partial molar volumes of the two com- 
ponents using [5A.3-144], V = na Va + np V3. The task is therefore to find the 
amount in moles, na and ng, of A and B in a given mass m of solution. If the 
molar masses of A and B are M, and Mg then it follows that 


m=nyM,a+npMp 


The mole fraction of A is defined as x, = na/(na + ng), hence na = xa(na + 
ng) and likewise for B. With these substitutions for m4 and ng the previous 
equation becomes 
Ma(na + npg) +xpMp(nq + np) hence (nq + np) é 
m=xX natn x natn ence (na + np) = ————_— 
AMa(na + ng BMp(na + NB At ng ra ers 
This latter expression for the total amount in moles, (m4 + ng), is used with 
na = xXa(Na + Ng) to give 


MXA 


na = xa(Ma + np) = 
xaMa + xpMp 


and likewise 
MXB 
ng = ——————_ 
x AM A+XB M B 
With these expressions for n4 and ng the total volume is computed from the 


partial molar volumes 


mxa Va mXxp Vp 
xxaMa +xpMp xaMa + xpMp 


V= nNaVa + np Vz = 


7 [xa Va + xBVa] 
= —_——_—_ [x x 
xaMa + xpMp a eS 


m 
7 xaMat+ (1 —x,)Mp, 


[xa Va + el - xa) Vp | 


where on the last line xp = (1 - x4) is used. 
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This expression for the volume of 1.000 kg evaluates as 
1000 g 
0.3713 x (241.1 gmol ') + (1 — 0.3713) x (198.2 gmol *) 
x [0.3713 x (188.2 em? mol") + (1 = 0.3713) x (176.14 cm* mol) | 


= (843.5 cm? 


E5A.7(b) Consider a solution of A and B in which the fraction (by mass) of A is a. 
The total volume of a solution of A and B is calculated from the partial molar 
volumes of the two components using [5A.3-144], V = na Va + ng Vp. In this 
exercise V and V, are known, so the task is therefore to find the amount in 
moles, na and ng, of A and B in the solution of known mass density p. 


The mass of a volume V of the solution is pV, so the mass of A is apV. If 
the molar mass of A is Ma, then the amount in moles of A isna = apV/Ma. 
Similarly, ng = (1- «)pV/Msg. The volume is expressed using these quantities 
as 


apVVa , (1 - a) pV Vp 


V =naVa t+ np Vp = 
AVA BYB Ma Mp 


The term V cancels between the first and third terms to give 


apVa 7 (1- a)pVz 
Ma Mpg 


l= 


This equation is rearranged to give an expression for Va 


ee. (: Cav 
ap Ms 


In this exercise let A be H,O and B be ethanol, and as the mixture is 20% ethanol 
and 80% H2O by mass, a = 0.8. The molar mass of A (H2O) is Ma = 16.00 + 
2 x 1.0079 = 18.0158 gmol ' and the molar mass of B (ethanol) is Mg = 2 x 
12.01 + 16.00 + 6 x 1.0079 = 46.0674 gmol ’. The above expression for Va 
evaluates as 


Ma (,_ G=4)Vap\ _ (18.0158 gmol ') 
Mg 0.8 x (0.9687 gcm-3) 
{1 20.8) x (52.2 cm? mol ') x (0.9687 gem7) 
46.0674 g mol | 


=|18.1cm? mol 


In evaluating this expression the density has been converted to units of gcm™?: 


968.7 kg m~* = 968.7 x 10° x 107° gcm™? = 0.9687 gcm™*. 


E5A.8(b) 


E5A.9(b) 
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Figure 5.1 


Henry's law gives the partial vapour pressure of a solute B as pgp = Kpxg, 
[5A.24-152]. A test of this law is to make a plot of pg against xg which is 
expected to be a straight line with slope Kg; such a plot is shown in Fig. 5.1 


The data fall on quite a good straight line, the equation of which is 
Puci/(kPa) = 8.41 x 10° x (xg) — 2.784 


If Henry’s law is obeyed the pressure should go to zero as xg goes to zero, and 
the graph shows that this is not quite achieved. Overall the conclusion is that 
these data obey Henry’s law reasonably well. The Henry’s law constant Kg is 


computed from the slope as |8.4 x 10° kPal. 


In Section 5A.3(b) on page 152 it is explained that for practical applications 
Henry’s law is often expressed as pg = Kgbgx, where bg is the molality of the 
solute, usually expressed in mol kg~’. The molality is therefore calculated from 
the partial pressure as bg = pp/Kz. 


Molality is the amount of solute per kg of solvent. The mass m of a volume V 
of solvent is given by m = pV, where p is the mass density of the solvent. If the 
amount of solute in volume V is ng, the molar concentration cg is related to 
the molality by 


bs 
—— 
és ng ng ng ; 
eV om/ p ee a 
Using Henry’s law the concentration is therefore given by 
bp 
——s 
PB. P&XsP 
cp = pbz = = 
B= pP¥R=P Kp Kp 


where the partial pressure px is expressed in terms of the mole fraction and the 
total pressure p, pp = Xpp. 
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The Henry’s law constant for CH, in benzene is 44.4 x 10° kPa kg mol“! and 


the density of benzene is 0.879 gcm™?. 


ppn, — (0.879 x 10° kgm’*) x (100 kPa) 
Ky, 44.4 x 103 kPakg mol ' 


3 


CN, = 1.97... mol m™ 


The molar concentration is therefore |2.0 x 107? moldm°|. 


E5A.10(b) In Section 5A.3(b) on page 152 it is explained that for practical applications 
Henry’s law is often expressed as pg = Kpbp, where bg is the molality of the 
solute, usually expressed in mol kg~’. The molality is therefore calculated from 
the partial pressure as bg = pp/Kg, and the partial pressure is expressed as 
Pp = Xpp; where p is the total pressure The Henry’s law constant for N> in water 
is 1.56 x 10° kPa kg mol’, and for O» the constant is 7.92 x 10* kPa kg mol! 


The total pressure is assumed to be 1 atm (101.325 kPa) 


by, = EP _ 0.78 x (101.325 kPa) 
* Ky, — 1.56 x 105 kPa kg mol! 


=|5.1x 10-4 mol kg’ 


bo, = XP _ 0.21% (101.325 kPa) 


5 — =|2.7 x 10-* mol kg! 
Ko, 7.92 x 104 kPa kg mol 


E5A.11(b) As explained in Exercise E5A.9(b) the concentration of a solute is estimated 
as Cp = ppp/Kg where p is the mass density of the solvent. The Henry’s law 
constant for CO in water is 3.01 x 10° kPa kg mol’ and the density of water 


is 0.997 gcm™> or 997 kgm *. 


_ pPco, _ (997 kgm™*) x (2.0 atm) x (101.325 kPa/1 atm) 


Kco, 3.01 x 103 kPakg mol! 
3 


CcO 


2 


= 67.1... mol m™ 


The molar concentration is therefore |0.067 mol dm _°|. 


Solutions to problems 


P5A.2 The Gibbs-Duhem equation [5A.12b-146], expressed in terms of partial molar 
volumes is n4dV, + ngd Vz = 0. This rearranges to 


ive= "Adv 
ng 


Division of both the top of bottom of the fraction on the right by (m4 + ng) 
allows this equation to be rewritten in terms of the mole fractions 


nal(na + ms) ay, PAA = XA 


dV; - dV, 
: ng/(na + np) XB (1 - xa) ze 


The partial molar volumes are functions of the composition of the mixture 
which is specified by x4 and xg. Both sides are integrated between the limits 
(xq = 0, xg = 1), that is pure B, and an arbitrary composition (x4, xg) to give 


(xa.Xp) (xa,xp) 
[ dVp = - ‘| gaa 
(x,=0,xp=1) (x,=0,xp=1) el - Xa) 
The left-hand side evaluates to Vg — Vz’, where Vg is the molar volume of pure 
B, and Vx is the partial molar volume at the specified composition. It follows 
that ( 
XA XB XA 
Ve=vi- ff zl ay (5.2) 
B (xa=0,xp=1) el - Xa) . 
If the variation of Va with x, is known, then the integral on the right can be 
evaluated and hence a value found for Vg. 
Let component A be trichloromethane and component B be propanone. The 


task is first to use the given data of V,, as afunction of x, to find Va asa function 
of xq. The definition of Va is 


which is interpreted as the slope of a plot of V against 4, at constant ng. The 
data provided is of the molar volume, defined as Vn = V/(ma + np), as a 
function of x,, so the next step is to use these data to find V as a function 
of nq at fixed ng. Arbitrarily, set ng = 1 mol so that 


V =[na+(1 mol)] Vin 
The mole fraction x, is given by x, = na/ [na + (1 mol) ] which rearranges to 


_ (1 mol) x xa 


5.3 
= (5.3) 
It follows that 
1 mol 1 mol 
72 otinet ie) 2 ee | 
1-XxX, 1-XxX, 


These expressions are used to draw up the following table and plot the graph in 
Fig. 5.2. 


XA Vn /(cm? mol ) V/(cm?) na/(mol) 

0 73.99 73.99 0 
0.194 75.29 93.41 0.241 
0.385 76.50 124.39 0.626 
0.559 77.55 175.85 1.268 
0.788 79.08 373.02 3.717 


0.889 79.82 719.10 8.009 
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na/(mol) 
Figure 5.2 


The data fall on a good straight line which implies that the partial molar vol- 
ume (the slope) is nearly constant with composition. However, for there to be 
anything to do in the rest of the problem it is necessary to have some variation 
in Va, so the data are fitted to a quadratic to give 


V/(cm?) = 0.02524 (na/mol)* + 80.34 (na/mol) + 74.03 


From this an expression for Va is found by differentiation (recall that ng has 
been held constant) 
3... a=! OV 
Va/(cm’ mol ) ={——J] = 0.05048 (na/mol) + 80.34 
Ona np 

Now that an expression for Va is available the integral in eqn 5.2 can be evalu- 
ated. The upper limit of the integral is (x4 = 0.5, xp = 0.5) because the partial 
molar volume at x, = 0.5 is required. The integral will be the area under a plot 
of x4/(1 — x4) against Va over this range from x4 = 0 to x4 = 0.5. 


Equation 5.3 gives na as a function of x4, so the partial molar volume can be 
expressed as 


XA 


Va/(cm? mol _) = 0.05048 (; + 80.34 


—Xa 


This expression is used to draw up a table of values of V4 in the required range 
and then to make the plot of x4/(1- x) against V4, shown in Fig. 5.3. 


Va/(cm? mol ) XA xa/(1- xa) 
80.3406 0.000 0.000 
80.3462 0.100 0.111 
80.3533 0.200 0.250 
80.3623 0.300 0.429 
80.3743 0.400 0.667 


80.3911 0.500 1.000 


P5A.4 
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Figure 5.3 


The data fall on a good straight line and therefore the required integral is simply 
the area of the triangle (shown shaded) bounded by x4/(1-x,4) = Oand x4/(1- 
xa) = 1; the corresponding values of Va/(cm? mol ) are 80.3406 and 80.3911. 
The area is 5 x base x height 


area = +(80.3911 — 80.3406) x (1 — 0) = 0.02525 cm?* mol 


The partial molar volume of B is therefore 


Vp = Vif — area = 73.99 — 0.02525 = |73.96 cm3 mol 


The partial pressure of component A in the vapour is given by pa = yap, 
where p is the total pressure and y, the mole fraction in the vapour. The mole 
fractions of the two components are related by xg = 1 — x4. Using these rela- 
tionships the following table is drawn up, and the data are plotted in Fig. 5.4. 


XA ya p/(kPa)  pa/(kPa) xp ys __pp/(kPa) 

0 0 36.066 0 1 1 36.066 
0.0898 0.0410 34.121 1.399 0.9102 0.9590 32.722 
0.2476 0.1154 30.900 3.566 0.7524 0.8846 27.334 
0.3577 0.1762 28.626 5.044 0.6423 0.8238 23.582 
0.5194 0.2772 25.239 6.996 0.4806 0.7228 18.243 
0.6036 0.3393 23.402 7.940 0.3964 0.6607 15.462 
0.7188 0.4450 20.698 9.211 0.2812 0.5550 11.488 
0.8019 0.5435 18.592 10.105 0.1981 0.4565 8.487 
0.9105 0.7284 15.496 11.287 0.0895 0.2716 4.209 

1 1 12.295 12.295 0 0 0 
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P5A.6 
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Figure 5.4 


Henry’s law [5A.24-152], applies to the solute at low concentrations py = Kyxy. 
The constant is estimated from the partial pressure at the smallest mole frac- 
tion; these data are selected from the table. 


1.399 kP 4.209 kP 
ce * 2 66kPal Keee = — 
xX, 0.0898 xp 0.0895 


Ka = 


47.0 kPa 


The mass of haemoglobin in 100 cm? of blood is [(100 cm*)/(1000 cm?)] x 
(150 gcm™*) = 15g. In the lungs the haemoglobin is 97% saturated and so this 
mass binds a volume 0.97 x (15 g) x (1.34 cm? g™') of Op. In the capillaries 
the saturation drops to 75%, so the volume of QO) released is 


(0.97 — 0.75) x (15g) x (1.34 cm? g"') =|4.4 cm? 


5B. The properties of solutions 


Answers to discussion question 


D5B.2 


The excess volume is defined as VE = AmixV — Amix videal The volume of 
mixing of an ideal solution is zero, which can be understood at a molecular level 
as a result of the A and B molecules fitting together in just the same way that A 
or B molecules fit with one another. A thermodynamic explanation is that for 
an ideal system the partial molar volume is not a function of composition. It 
follows that the excess volume is equal to the volume of mixing VE = Anix V3 
it is also useful to recall that Amix V = Vinixed — Veeparated: 


Melons are large relative to oranges. When melons pack together it is conceiv- 
able that oranges could fit into the interstices between the melons. If this were 
the case there would initially be no increase in volume as oranges are added to 
melons — meaning that the volume of the mixed oranges and melons is smaller 


D5B.4 


D5B.6 


than when the two are separate. As a result, Amix V will be negative and so will 
the excess volume. 


As the number of oranges is increased, the interstices would eventually all be 
filled, presumably when the ratio of oranges to melons is around 1:1. After 
this point, adding oranges will result in an increase in the volume and it is 
conceivable that poor packing of objects of different sizes could result in the 
volume of the mixture being greater than that of the separated species. In this 
case the excess volume will be positive. 


When a melons are added to oranges the volume will always increase because 
there are no spaces for the melons to occupy. If just a few melons are added 
then these will not disrupt the packing of most of the oranges, so the excess 
volume will be zero. However, as more are added the inefficiency of packing 
will result in a positive excess volume. 


The boiling-point constant is given by [5B.9b-160], K = RT**/ AvapH, where 
T* is the boiling point of the pure liquid and A,,pH is its enthalpy of vapori- 
sation. However, by Trouton’s rule (Section 3B.2 on page 89), AyapH/T™ is ap- 
proximately constant, so the boiling-point constant is simply « T”. Differences 
in boiling-point constants are therefore identified as being due to differences in 
the boiling points of the pure liquids. Water and benzene have different boiling 
points and so have different boiling-point constants. 


The typical experimental arrangement for observing osmosis involves a pure 
solvent being separated from a solution by a semipermeable membrane through 
which only the solvent can pass. The chemical potential of the solvent in the 
solution is lower than that of the pure solvent, therefore there is a tendency for 
the solvent to pass through the membrane from the side on which it is pure 
into the solution because this results in a reduction in Gibbs energy. 


At a molecular level the process involves an increase in ‘randomness’ as in- 
creasing the amount of solvent in the solution increases the number of possible 
arrangements of solvent and solute molecules. 


Solutions to exercises 


E5B.1(b) 


In Exercise E5A.8(b) it is found that the vapour pressure obeys 
px/(kPa) = 8.41 x 10° x (xg) — 2.784 (5.4) 


The task is to work out the mole fraction that corresponds to the given molality. 
The molality of B is defined as bg = ng/ma, where ng is the amount in moles 
of B and mg is the mass of solvent A. The mole fraction of B is ng/(na + ng), 
where n, is the amount in moles of A. This amount is ng = ma/Ma,, where 
Mz, is the molar mass of A. These relationships allow the mole fraction to be 


rewritten as follows 
nB nB 


XBR = = 
na +npz ma/Ma + np 
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E5B.2(b) 


E5B.3(b) 


The amount in moles of B is written is mp = bgma; using this the above expres- 
sion for the mole fraction becomes 
ng bz Ma bz 


xp = = = 
. ma/Ma+npg ma/Ma, + bam, 1/M, + bg 


The molar mass of A is 74.1 g mol ', therefore the mole fraction corresponding 
to bg = 0.25 mol kg * is 
bp (0.25 mol kg‘) 


z . a —~ = 0.0181... 
1/Ma+bp_ 1/(74.1 x 10-3 kg mol’) + (0.25 mol kg ') 


XA 


The pressure is found by inserting this value into eqn 5.4 


pa/(kPa) = 8.41 x 10° x (0.0181...) — 2.784 = 1.50... x 10? 


The vapour pressure of B is therefore |1.5 x 10* kPa. 


Raoult’s law, [5A.22-151], pa = xap% relates the vapour pressure to the mole 
fraction of A, therefore from the given data is it possible to compute x,. The 
task is to relate the mole fraction of A to the masses of A (the solvent) and B 
(the solute), and to do this the molar masses M, and Mg are introduced. With 
these na = ma/Ma, where mz, is the mass of A, and similarly for ng. It follows 


that 
nA ma/Ma _ Mpma 


xXxA= 
na +ng ms/Ma + mp/Mp Mpma +Mampz 


The final form of this expression for x, is rearranged to given an expression for 
Mg, which is the desired quantity; then x, is replaced by pa/p% 

xaMamg _ (pa/px)Mamp 
ma(1-xa) mall -(pa/pi)] 


B 


The molar mass of the solvent 2-propanol C3Hg0, A, is 60.0932 gmol ’, hence 


_ (Palpa)Mame 
ma{1— (pa/p)] 
[ (49.62 kPa) /(50.00 kPa) ] x (60.0932 g mol’) x (8.69 g) 
(250 g) x [1 - (49.62 kPa) /(50.00 kPa) ] 


=|273 gmol | 


The freezing point depression AT; is related to the molality of the solute B, bp, 
by [5B.12-161], AT; = Krbg, where Kg is the freezing-point constant. From the 
data and the known value of K¢ it is possible to calculate bg. The task is then to 
relate this to the given masses and the desired molar mass of the solute, Mz. 


The molality of B is defined as bg = ng/ma, where mz is the mass of the solvent 
A in kg. It follows that 

np _ mp/Mp 

Ma Ma 


E5B.4(b) 


E5B.5(b) 


where mg is the mass of solute B. From the freezing point data bg = AT;/Kg, 


therefore se i e 
Bat mp/Mz hence Mg, = ia 
Ke MA maAT; 


With the data given and the value of the freezing-point constant from the Re- 
source section 


_ (5.00 g) x (6.94 K kg mol") _ 
(0.250 kg) x (0.780 K) 


178 gmol * 


B 


Note that because molality is defined as (amount in moles)/(mass of solvent in 
kg), the mass of solvent ma is used as 0.250 kg. 


The freezing point depression AT; is related to the molality of the solute B, 
bg, by [5B.12-161], AT; = Kebp, where K¢ is the freezing-point constant. The 
molality of the solute B is defined as bg = ng/ma, where ng is the amount in 
moles of B and ma is the mass in kg of solvent A. The amount is related to the 
mass of B, mg, using the molar mass My: ng = mp/Msg. It therefore follows 


that 
Kympg 


AT; = Keb = 
BMA 
The molar mass of NaCl is 58.44 g mol’. A volume 200 cm? of water has mass 
200 g to a good approximation. Using these values with the data given and the 
value of the freezing-point constant from the Resource section gives the freezing 
point depression as 


Kemp _ (1.86 K kg mol") x (2.5 g) 7 


AT; = 5 
Mgma (58.44 gmol ) x (0.200 kg) 


0.397... K 


Note that because molality is defined as (amount in moles)/(mass of solvent 
in kg), the mass of solvent ma is used as 0.200 kg. The new freezing point is 
therefore 273.15 K — 0.397... K =|272.75 K 


The osmotic pressure I is related to the molar concentration of solute B, [B], 
by [5B.16-163], IT = [B]RT. The freezing point depression AT; is related to the 
molality of B, bg, by [5B.12-161], AT; = Krbg, where Kg is the freezing-point 
constant. The task is to relate [B] to bg so that these two relationships can be 
used together. 


The molar concentration [B] is given by [B] = np/V, where ng is the amount 
in moles of B and V is the volume of the solvent A. This volume is related to 
the mass of A, ma, using the mass density p: V = ma/p. It therefore follows 


that 
bg 
—_ 
nB nB nB 


[B] 


With this the osmotic pressure is related to the molality 


p = bsp 


Voemaslp ma 


IT IT IT 
[B] =— hence bgp =— andso bz = — 
RT RT pRT 
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E5B.6(b) 


E5B.7(b) 


The freezing point depression for a solution exerting this osmotic pressure is 


therefore ea 
AT; = Keby = —— 
pRT 


Note that because molality is defined as (amount in moles)/(mass of solvent in 
kg), the mass of solvent m, must be in kg and therefore the mass density must 


be used in kg volume™!. 


With the data given, the value of the freezing-point constant from the Resource 
section, and taking the mass density of water as 1 gcm™* = 1000 kgm © gives 


the freezing point depression as 


ar. = Kell - (1.86 K kg mol) x (99.0 x 10° Pa) 
"" pRT (1000 kgm *) x (8.3145 K! mol) x (288 K) 
= 0.0768... K 


In this expression all of the quantities are in SI units therefore the temperature 
is expected to be in K, which is verified as follows 


(K kg mol ') x (Pa) 7 Pa 
(kgm~*) x (JK! mol’) x (K) J x m3 x Ko! 
kgm‘! s~? 


: (kgm? s~?) x m-3 x K-1 


The freezing point is therefore 273.15 K — 0.0768... K = [273.07 K 


The Gibbs energy of mixing is given by [5B.3-155], AmixG = nRT(xalnx,q + 
xp In xg), the entropy of mixing by [5B.4-155], AmixS = —nR(xq In xa+xp In xp). 
AmixH for an ideal solution is [zero]. 


The total amount in moles is 1.00 mol+ 1.00 mol = 2.00 mol. As equal amounts 
in moles of the two components are mixed, the mole fractions of each are oe 


AmixG = nRT(x,alnx, + xp ln xp) 
= (2.00 mol) x (8.3145JK7! mol *) x (298 K) x 2 x (4 1n 4) =|-3.44 x 10°J 
AmixS = —NR(xa Inx, + xg ln xg) 


= —(2.50 mol) x (8.3145J K™' mol") x 2 x (41n 4) =[+11.5JK7 


The entropy of mixing is given by [5B.3-155], AmixS = —nR(xa In x4+xp In xp), 
and is a maximum when xq = xp = 3. This is evident from Fig. 5B.2 on page 
156. 


The task is to relate the mole fraction of A (ethylbenzene) to the masses of A 
and B (benzene), and to do this the molar masses My are introduced. With 
these ny = my/Mjy, where my is the mass of J. It follows that 


na | ma/Ma : Mpma 


XA = 
na +ng ms/Ma + mp/Mp3 Mpma + Mame 


E5B.8(b) 


E5B.9(b) 
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= i) = a hence —— = —— 
Mpm,a +Mamg Mz + Ma(mp/ma) Ma Ma 


This is rearranged to give an expression for mp/ma 
mMpB Ms, 1 
XA 


The molar mass of A (ethylbenzene, CgHjo) is 106.159 gmol ', and that of B 

(benzene) is 78.1074 gmol '. With these values and x4 = ; 
map _ Mz 1 : 78.1074 gmol' ( 1 ; 
ma Ma \xa 106.159 gmol* \1/2 


0.7358 


More simply, if equal amounts in moles of A and B are required, the ratio of 
the corresponding masses of A and B must be equal to the ratio of their molar 
masses: mp/ma = Mp/Ma. 


The ideal solubility of solute B at temperature T is given by [5B.14-162], In xp = 
(AfusH/R)(1/T¢ - 1/T), where AgusH is the enthalpy of fusion of the solute, 
and Tr is the freezing point of the pure solute. 


R 


5.2 x 10° Jmol! 1 1 
= —— = —0.0885... 
8.3145JK~! mol! \ (327 + 273.15) K (280 + 273.15) K 


hence xz = 0.915... 


The mole fraction is expressed in terms of the molality, bg = ng/ma, where ma 
is the mass of the solvent in kg, in the following way 


bes NBR ng _ npg/ma _ by 
: na +ng ma/Ma+npg 1/Ma + np/ma 1/Ma + bp 
XB 
hence bz = —————— 
(1 - xp)Ma 


where M, is the molar mass of A, expressed in kg mol!. The molar mass of 
solvent bismuth is 208.98 gmol | or 208.98 x 107? kg mol !, therefore 
XB 0.915... 


bp = = = 
(1-xp)Ma (1 -0.915...) x (208.98 x 10-3 kg mol’) 


= 51.6... mol ko 


The molality of the solution is therefore 52 mol kg~'|, The molar mass of solute 
Pb is 207.2 gmol ', so the mass of Pb which is dissolved per kg is (51.6... mol kg!) 
x(1kg) x (207.2 gmol”’) = {11 kg]. With so much more solute Pb than solvent 
Bi, the solution cannot really be described as Pb dissolved in Bi. 


The vapour pressure of the solute in an ideal dilute solution obeys Henry’s law, 
[5A.24-152], pp = Kpxp, and the vapour pressure of the solvent obeys Raoult’s 
law, [5A.22-151], pa = Pax. 

Pp = Kgxg = (73 kPa) x 0.066 = 4.81... kPa 

Pa = p,Xxa = (23 kPa) x (1 — 0.066) = 21.4... kPa 

Ptot = Pa + Pa = (4.81... kPa) + (21.4... kPa) = 26.3... kPa 
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E5B.10(b) 


E5B.11(b) 


Therefore the pressure are | pp = 4.8 kPa} |pa = 21 kPa} and | prot = 26 kPal. 


The partial pressure of the gas is given by pa = yaPtot» Where ya is the mole 
fraction in the vapour 


_ pa _ 21.4... kPa 
Ptot 26.3... kPa 
pp 4.81... kPa 

~ Pot 26.3... KPa 


YA 


= |0.18 


YB 


Let 1,2-dimethylbenzene be A and 1,3-dimethylbenzene be B. If the solution 
is ideal the vapour pressure obeys Raoult'’s law, [5A.22-151], py = pj x;. The 
mixture will boil when the sum of the partial vapour pressures of A and B equal 
the external pressure, here 19 kPa. 


* 


Pext = Pat Pp =XaPa + XBPp = XaPat (1— Xa) Pp 

hence x, = —— and by analogy xg = eT 
Pa7 Pp Pp Pa 

_ (19 kPa) — (18 kPa) 
(20 kPa) — (18 kPa) 


_ (19 kPa) — (20 kPa) 
(18 kPa) - (20 kPa) 


oO 


a, 


= 
wn 


XA XB 


The partial pressure of the gas is given by py = yyPexts where yy is the mole 
fraction in the gas, and py is given by py = pj xy, hence yy = xypj /Pext 


xapx (0.50) x (20 kPa) 
A= 7 = |0.53 
Pext (19 kPa) 
_ np _ (0.50...) x (18kPa) _ 
Pext (19 kPa) 


The vapour pressure of component J in the solution obeys Raoult’s law, [5A.22- 
151], py = pj; xj, where x; is the mole fraction in the solution. Is the gas the 
partial pressure is py = yy Ptor, where y; is the mole fraction in the vapour. 


These relationships give rise to four equations 


PA=Paxa Pa=Pp(1-xXa) Pa= Ptot¥a PB = Ptor(1— ya) 


where x, + Xp = 1 is used and likewise for the gas. In these equations x4 and 
Ptot are the unknowns to be found. The expressions for p 4 are set equal, as are 
those for pp, to give 


* x 
PAXA = Protya hence Prot = Paxa 
p3(1- xa) 


pp(1— xa) = ptor(1- ya) hence prot = 
1- YA 


E5B.12(b) 
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These two expressions for Pot are set equal and the resulting equation rear- 
ranged to find x, 


Para _ PpU-%a) |g oe PRYA 
ya 1- ya Pa(l— ya) + Paya 
With the data given 
ans Paya 7 (82.1 kPa) x (0.612) 
epee —ya)+pRya (68.8 kPa)*(1— 0.612) + (82.1 kPa) x (0.612) 
= 0.653... and xp = 1- 0.653... = 0.346... 


The composition of the liquid is therefore |x, = 0.653|and|xg = 0.347}, 


The total pressure is computed from pa = Ptorya and pa = pxXa to give Ptot = 
xapalVa 


Xap% 0.653... 68.8 kP: 
Ptot = APA = ( )x¢ a) =|73.4 kPa 
Ya 0.612 


If the solution is ideal, the vapour pressure of component J in the solution 
obeys Raoult’s law, [5A.22-151], py = pj xj, where x; is the mole fraction in 
the solution. In the gas the partial pressure is py = yjPtor, where yy is the mole 
fraction in the vapour. 


Assuming ideality, the total pressure is computed as 
Prot = Pa + Pp = PaXa + Pp(1— xa) 
= (110.1 kPa) x (0.4217) + (76.5 kPa) x (1 — 0.4217) = 90.7 kPa 
The normal boiling point is when the total pressure is 1 atm, but the pressure 


predicted by Raoult’s law is significantly different from this. Raoult’s law there- 
fore does not apply and the solution is |not ideal]. 


It is not possible to find y,, the composition of the vapour, from pa = Ptot Va 
because p, cannot be computed from the data given. 


Solutions to problems 


P5B.2 


The freezing point depression AT; is related to the molality of the solute B, 
bg, by [5B.12-161], AT; = Kebg, where K¢ is the freezing-point constant. The 
molality corresponding to the given freezing-point depression is therefore 
AT; __-0.0703K 
Ks 1.86 Kkg mol 


bg,app = = 0.0377... mol kg? 


The stated molality of the solution is 0.0096 mol kg ', so it is evident that there 
are more species in the solution than the number of molecules of Th(NO3)4 
added. The ratio of bg,app to bg gives an indication of the number of species 
present per molecule dissolved 


bg.app _ 0.0377...mol kg) _ 
bg (0.0096 mol kg" 


3.93... 
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P5B.4 


Therefore, each molecule of Th(NO3)4 appears to dissociate into about |4| species 
in solution. 


The ideal solubility of solute B at temperature T is given by [5B.14-162], In xg = 
(AftusH/R)(1/T - 1/T), where AfusH is the enthalpy of fusion of the solute, 
and Tr is the freezing point of the pure solute. 


The first task is to relate the quoted solubility to the mole fraction of the solute. 
The data gives the solubility in g of solute per 100 g of solvent: let this quantity 
be S and, for convenience, let the mass of solvent be ma. The amount in moles 
of solute is ng = S/Mg, where Mg is the molar mass of the solute in gmol'. 
Likewise, the amount in moles of solvent is na = ma/Ma, where My is the 
molar mass of the solvent in gmol '. For the data given it is invariably the case 
that 14 >> np, so the mole fraction of B is well-approximated as xp = np/na = 
SM A / m aM B 


With this the relationship for the ideal solubility is developed as 


(same) (ok) (77) 
maMg) \ R Tr T 
In In( Ma )+Sae AfusH 1 
RT¢ R T 


ma Mp, 


The proposed relationship for the solubility, S = Soe", becomes, on taking 


logarithms, InS = In So + t/T. This is compared with the last line to identify 
the terms as 


M AftusH AfusH 
In So = In( = : : 


maMpz RT¢ R 


To test how the data fit to the proposed relationship a plot of In S against 1/T 
is made; such a plots is shown in Fig. 5.5. 


A/°C_ S/(g(100gsolv)"') T/K (10°/T)/(K"') Ins 


0 36.4 273 3.66 3.59 
20 34.9 293 3.41 3.55 
40 33.7 313 3.19 3.52 
60 32.7 333 3.00 3.49 
80 31.7 353 2.83 3.46 


The data fit to quite a good straight line, the equation of which is 
In S/(g (100 g solv)~') = 0.165 x (10°/T)/(K~') + 2.99 


The immediate problem is that the parameter Tt is expected to be negative (be- 
cause T = —AgysH/R, and Ag,;H is positive), but the graph has a positive slope. 
The data do not, even at the simplest level, conform to the predictions of the 
ideal solubility equation. 


P5B.6 
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3.60 


3.55 


3.50 


In S/(g (100 g solv)“!) 


2.8 3.0 3.2 3.4 3.6 


(10°/T)/(K"") 


Figure 5.5 


The definition of the chemical potential of component A, sq, is 


2 (=) 
a Ona ngs p»T 


To use this definition an expression for G as a function of the ny is required. 


The excess Gibbs energy G® is defined in [5B.5-156], GP = AmixG — AmixGi4*"!, 
therefore AmixG = G® + AmixG'***!. The Gibbs energy of mixing is also ex- 
pressed as AmixG = G — Gunmixed» Where G is the Gibbs energy of the mixture 
and Gunmixed is the Gibbs energy of the unmixed components. It follows that 
G = AmixG + Gunmixea and because AmixG = G? + AmixGite™! 


AmixG 


E ideal 
G=G"+ AmixG +Gunmixed 


These quantities are all molar, so the Gibbs energy of a mixture of na moles of 
A and ng moles of B is 


* 


E ideal * 
G = (na +ng)G + (na + np) AmixG +naGi a+ neGn ep 


where G;, , is the molar Gibbs energy of pure A. 
The ideal Gibbs energy of mixing (per mole) is given by [5B.3-155], AnwicG™ = 


RT (xa In x, + xg In xg), and the expression for G* is given in the problem; this 
latter is rewritten gRTx,qxp using xp = (1 — xq). The final expression for G is 


G = (na+ng) gRTxaxpt+(natng)RT (xa lnxq+xplnxg)+naGy at+npGn pg 
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The mole fractions are rewritten in terms of n, and ng to give 


G = (ma + ma) gRT( us )( i 


na +ng nat+ng 


+ (ng 4m) RT| ( ms )in( we )+( - )in( i )| 
nat+ng nat+ng nat+ng na+ng 


+ naGr a + npGnp 


Na ng 
+ RT| ng In ) + mpin( [+ maGi.. + mei. 
na+npg na+np . J 


+ RT [nalnng — naln(na + ng) + ng lnng — ngln(na + np) ] 


gRTnang 
na +npg 
gRTnang 
na + np 
+ naGn a + npGmnp 


The algebra used in going to the last line is used to make it easier to compute the 
derivative. In finding the derivative recall that terms such as na Inna require 
the application of the product rule. 


( 0G _ gRTng gRTnang 
Ona) n, Natnp (Nat np)? 

na ng 
(na+npg) (na+np) 
=gRT (xp — Xaxp) + RT(1+ In xq -— x4 -— x8) + Gia 
=gRTxp(1- x4) +RTInxa+Gha 


* 
mA 


+ RT in +1 -In(n, + np) 
=gRTx,+RTInxa +Gig 
On the second line the mole fractions are re-introduced, and in the subsequent 


manipulations the relationship x, + xg = 1 is used. G3, 4 is identified as the 
chemical potential of pure A, 13, giving the result 


Ma = Wi + GRT xR + RT Inxa 


This function is plotted in Fig. 5.6. 


As g increases the deviation from ideal behaviour (the solid line) increases, 
with the effect being larger at small x4, corresponding to larger xg. 


P5B.8 (a) The van ’t Hoff equation is [5B.16-163], IT = [B]RT. If the ‘pressure’ P 
is expressed as (mass/area), then to transform it to (force/area) requires 
multiplication by the acceleration of free fall, g, because force = mass x 
acceleration: II = gP. 
If the ‘concentration’ c is expressed as (mass/volume), then to transform 
it to (moles/volume) requires the use of the molar mass, M: [B] = c/M. 
With these substitutions the van ’t Hoff equation becomes 


gee hence p-(<) —|T hence p=(<)x'r 
M M)\¢ M 


Figure 5.6 


(b) 


where R’ = R/g. The final equation is of the form of the van ’t Hoff equa- 
tion, but with a modified measure of concentration, c/M, and a modified 
gas constant, R’. 


This equation is rearranged to give an expression for R’, and the units 
of this quantity are then found by inserting the units of the quantities 
involved 


_ PM __(gem™”) x (gmol') | 


= cT (gcm-3) x (K) 


gcm K! mol! 


The numerical value of R’ is found from its definition 


R__ 8.3145JK7' mol * 


R'= 
g 9.8067 ms~? 


= 0.84784 kg m K™' mol”! 


The units of R’ are found by using 1 J = 1 kgm’s~?. The final step is to 


convert the numerical value of R’ from (kg m K~' mol’) to the required 
(gcm K™! mol!) 


1000g_ 100cm 
. - 


0.84784 ke m K7! mol! 
( gm ee lkg lm 


84784 gcm K™! mol! 


From now on the van ’t Hoff equation is written IT = (c/M)RT where the 
units of IT and care as described in (a), and R is 84784 g cm K™! mol”!. As 
described in Section 5B.2(e) on page 162, if it is assumed that the osmotic 
pressure is given by a virial-type equation [5B.18-163] where just the first 
two terms are retained, a plot of IT/c against c should give a straight line 
with intercept RT/M. The data are plotted in Fig. 5.7. 
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(10°7II/c) -3, (10°717/c) 3 

(gem /gem) M8") [(gem/gem) Bom) 
2.6 0.005 0 19.0 0.145 
2.9 0.010 31.0 0.195 
3.6 0.020 38.0 0.245 
4.3 0.033 52 0.27 
6.0 0.057 63 0.29 
12.0 0.100 

= 60} 4 

Bf + 

e 

40 /- | 

g +e 

on ks + <I 

= 

2 204 i | 

cS 

. | ' | 

= iat = | ! ! ! 
0 1 | 1 | 
0.00 0.05 0.10 0.15 0.20 0.25 0.30 

c/(gcm™*) 


Figure 5.7 


It is evident from the graph that the data do not conform to this expecta- 
tion. One approach is to select only the data at the lowest concentrations 
because in this limit the expectation is that the two-term virial equation 
will be sufficient to describe the data. Such a plot is shown in Fig. 5.8. 


(10°*1T/c)/(g em™*/g cm™*) 


2.0 
0.00 0.01 0.01 0.02 0.02 0.03 0.03 0.04 


c/(gcm™) 
Figure 5.8 


The data fit reasonably well to a straight line with intercept 2.307. From 
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this the molar mass is calculated 


_ (84784 g cm K™! mol) x (298.15 K) 


intercept=RT/M hence M 
/ 10? x 2.307 g cm~?/g cm=3 


which gives |M = 1.1 x 10° gmol *), 


(c) Over the full range of concentrations the plot of IT/c against c is non- 
linear, so the solvent is characterised a ‘good. This may be attributed to 
both solvent and polymer being non-polar. 

(d) The virial-style equation with three coefficients is 

II RT ‘ 
t=—Rr 1+Bo+c(<) hence = 1+B=4c(<) 
M M M c M M M 
It is convenient to take the factor of M into the virial coefficients to give 
IIT RT 
— = — (1+ B'c+C'c’) 
c M 
where B’ = B/M and likewise for C’. Using this, the data IT/c are fitted 
to a quadratic in c. 
If the fitted function is required to have the same intercept at c = 0 as in 
part (a), the fitted function to the first 8 data points (chosen as these gave 
the best fit) is 
(I1/c)/(gem™*/g cm™) = 55563(c/(g cm *))?+3784.2(c/(g cm™*))+230.7 
It follows that 
Re U al 4 
— B = 3784.2 g cm 
M 
From part (a) RT/M = 230.7 g cm -*/g cm~’, therefore 
B’ = (3784.2 g' cm*)/(230.7 g cm */g cm’) =|16.4g°! cm? 
Bya similar line of argument, |C’ = 241 g~* cm®| 
(e) The proposed virial equation with g = ; is developed into a straight-line 
plot as follows 
MRT 1 pi2.2 
Soap eee Cc ) 
RT Lpr.\2 
= ava (1 + 3B c) 
m\2 ¢rry'2 
hence {—] =({— 1+5B'c 5.5 
(Z) =Gr) 0438) 9 


A plot of (II/c)!” against c should be a straight line; such a plot is shown 
in Fig, 5.9. 
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80 av 


60 |- 


40 


20 = 


(11/c)'? /((g em™/g cm™)"/”) 


| | | 
0.00 0.05 0.10 0.15 
c/(gcm™) 


| i 
0.20 0.25 0.30 


Figure 5.9 


The data fit to a modest straight line with equation 
(1/c)!/?/((g em™?/g em) /?) = 212.75(c/(g cm™>)) + 13.902 


From eqn 5.5 it follows that (slope)/(intercept)= $B’ 


15 212.75 _ 
13.902 _ 


30.6 g' cm? 


The third virial coefficient is 4B’ which gives |C’ = 234g? cm®|, The 
agreement with the results from part (d) is modest. 


P5B.10 The ideal Gibbs energy of mixing (per mole) is given by [5B.3-155], AmixGit®*! = 
RT (xa nx, + xp 1n xg). The relationship is plotted for several temperatures in 


Fig. 5.10. 
0 
v% —100 
~ 
a4 
ta 
5 
2 -200 
hep 
-300 


Figure 5.10 


P5B.12 


The dependence of A,,ixG on temperature is evidently greatest at x, = 3. 
This is rationalised by noting that (OAmixG/OT)p = —AmixS and that AmixS 
is a maximum at xq = 5. The composition with the greatest temperature 
dependence thus coincides with composition at which the entropy change is 


greatest, which is x, = 5. 


The ideal solubility is given by [5B.14-162] 


AfusH ( 1 1 AtusH —AfusH 
In xg = —-.—] hence xp = exp exp 
R Te CE RT¢ RT 


The first exponential is independent of T and the derivative of the second term 
is computed using the chain rule. 


dxz ( =u) AfusH ( a) 
= ex x 
dT . RT; RT? r RT 


Changing T; simple scales the derivative but does not otherwise affect the tem- 
perature dependence. For the plots shown in Fig. 5.11 a typical fusion temper- 
ature of 300 K is used, and typical Af,sH values of +10 kJ mol ', +20 kj mol, 
and +30 kJ mol’ are considered. 


0.20 : 

| | — Ag .H = 10 kJ mol! z 4 
0.15} |--- AgasH =20kJmol! | ¢ | 
L, 4] tess AgasE = 30 kJ mol! Fi 4 


(dxp/dT)/(K~') 


.00 — 
200 25 300 350 400 
T/K 
Figure 5.11 
The temperature dependence of the solubility is stronger the greater AHfy;, and 


for these sets of parameters the solubility increases with T. The plot shows a 
maximum at much higher (and rather unrealistic) temperatures. 


5C_ Phase diagrams of binary systems: liquids 


Answers to discussion questions 


D5C.2 


A low-boiling azeotrope has a boiling temperature lower than that of either 
component, so it is easier for the molecules to move into the vapour phase 
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than in a ‘normal’ (non-azeotropic) mixture. Therefore, the liquid phase has 
less favorable intermolecular interactions than in a ‘normal’ mixture, a sign 
that the components are less attracted to each other in the liquid phase than to 
molecules of their own kind. These intermolecular interactions are determined 
by factors such as dipole moment (polarity) and hydrogen bonding. 


Conversely, a high-boiling azeotrope has a boiling temperature higher than that 
of either component, so it is more difficult for the molecules to move into the 
vapour phase. This reflects the relatively unusual situation of components that 
have more favorable intermolecular interactions with each other in the liquid 
phase than with molecules of their own kind. 


Solutions to exercises 


E5C.1(b) ‘The temperature-composition phase diagram is a plot of the boiling point against 
(1) composition of the liquid, x4 and (2) composition of the vapour, y4. The 
horizontal axis is labelled z4, which is interpreted as x, or ya according to 
which set of data are being plotted. In addition to the data in the table, the 
boiling points of the pure liquids are added. The plot is shown in Fig.5.12; the 
lines are best-fit polynomials of order 3. 


O/°C xa ya O/°C xa Ya 
124 1 1 140 0.30 0.61 
125 0.91 0.99 145 0.18 0.45 
130 0.65 0.91 150 0.098 0.25 
135 0.45 0.77 155 0 0 


. e liquid 
150 ~>0 o vapour 
O 
x 140 
S 
ererererere) a 
130 Ree 
<= 
EN 
0.0 0.2 0.4 0.6 0.8 1.0 
ZA 
Figure 5.12 


(i) The vapour composition corresponding to a liquid composition of x, = 
0.50 is found by taking the vertical line at this composition up to the 
intersection with the liquid curve, and then moving across horizontally to 


E5C.2(b) 


E5C.3(b) 


E5C.4(b) 


the intersection with the vapour curve; this occurs at |y4 = 0.81], which 
gives the composition of the vapour. The exact points of intersection can 
be found either from the graph or by using the fitted functions. 


(ii) A composition xg = 0.33 corresponds to x, = 0.67; from the graph this 
corresponds to a vapour composition | ya = 0.90}. 


At the lowest temperature shown in the diagram the mixture is in the two-phase 
region, and the two phases have composition of approximately xg = 0.88 and 
xg = 0.05. The level rule shows that there is about 2.3 times more of the B-poor 
than of the B-rich phase. As the temperature is raised the B-rich phase becomes 
slightly less rich in B, and the other phase becomes richer in B. The lever rule 
implies that the proportion of the B-poor phase increases as the temperature 
rises. 


At temperature T> the vertical line intersects the phase boundary. At this point 
the B-rich phase disappears and only one phase, with xg = 0.3, is present. 


The molar masses of aniline and hexane are 93.1253 g mol ' and 86.1706g mol ', 
respectively. The mole fraction of aniline (A) is 


: (42.8 g)/(93.1253 gmol ') 
“(42.8 g)/(93.1253 gmol') + (75.2 g)/(86.1706 g mol!) 


= 0.344... 


Hence x, = |0.345). Let the two phases be a (x, = 0.308) and B (xq = 0.618). 
The proportions of these two phases, ng/n,q is given by the level rule, [5C.6-170] 


np Iq _ 0.344... — 0.308 
Na Ip 0.618 - 0.344... 


0.135 


The aniline-poor phase is more abundant by a factor of about 7. 


An approximate phase diagram is shown in Fig. 5.13; the given data points are 
shown with dots and these are simply joined with straight lines as a guide to 
the eye. The shape conforms to the expected phase diagram for such a system. 


(i) At 48 °C the possibility of phase separation exists; as the amount of B 
added to A increases, the mole fraction of A decreases and the phase 
diagram is traversed along the dashed line from right to left. When the 
mole fraction of A is high a single phase forms, but as the mole fraction 
goes below about 0.5 phase separation occurs. Initially, according to the 
lever rule, the proportion of the B-rich phase is very small, but as more 
and more B is added the proportion of this phase increases. When the 
Xa is just over 0.35, there is very little of the A-rich phase present and as 
the mole fraction decreases further a one-phase zone is reached in which 
there is complete miscibility. 


(ii) A temperature of 52.4 °C is equal to the upper critical temperature, and 
therefore the expectation is that A and B will mix in all proportions to 
give a single phase. 
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Figure 5.13 


Solutions to problems 


P5C.2 If it is assumed that Raoult’s law applies, [5A.22-151], the partial vapour pres- 
sures of DE and DP are 
Por =XpvePpe —- Pop = XpPPpp 


where x; are the mole fractions and pj are the vapour pressures over the pure 
liquids. The total pressure is taken to be Ptot = Por + Ppp. 


(a) The total pressure is given by 


* * 
Ptot = PoE + Ppp = XDEPpg + XDPPpp 


= 0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) = [20.6 kPa 


(b) The mole fraction in the vapour, yy, is related to the total pressure by py = 
YyPtot» SO it follows that 


Py _ XIPH 
)/ ae 
Prtot Ptot 
Therefore 
XDEPDE 0.60 x (22.9 kPa) 
DE = = = [0.67 
Ptot (0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) 
xpppip 0.40 x (17.1 kPa) 
Yop = = = [0.33 
Prot (0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) 
P5C.4 (a) The temperature-composition phase diagram is a plot of the boiling point 


against (1) composition of the liquid, xg, the mole fraction of butan-1-ol 
and (2) composition of the vapour, yg. The horizontal axis is labelled 
Zp, which is interpreted as xg or yg according to which set of data are 
being plotted. In addition to the data in the table, the boiling point of 
pure chlorobenzene is added. The resulting phase diagram is shown in 
Fig. 5.14; the data points are just connected by best-fit polynomials. 


T/K xB YB T/K xB YB 
404.86 0 0 390.15 0.3687 0.5138 
396.57 0.1065 0.2859 389.03 0.5017 0.5840 
393.94 0.1700 0.3691 388.66 0.6091 0.6409 
391.60 0.2646 0.4505 388.57 0.7171 0.7070 
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Figure 5.14 


(b) At acomposition xg = 0.3, indicated by the dotted line, the boiling point 
is when this line intersects the liquid line, which is at a temperature of 
391K}. 


(c) At 393.94 K the compositions are given by the points at which the hori- 

zontal dashed line cuts the liquid and vapour curves (which in this case 
also coincide with the given data points). The compositions are therefore 
xp = 0.17/and | yg = 0.37]. 
The relative proportions of the two phases are given by the lever rule, the 
mid point of the lever being x = 0.3; the distances / and v are marked on 
the diagram 


ny v0.37 —0.30 
ny 1 0.30-0.17— 
Therefore the vapour is about twice as abundant as the liquid phase. 


0.54 


P5C.6 Let phase a have xq = 0.2 and phase B have x, = 0.6. By the lever rule, [5C.6- 
170], the ratio of abundances of the two phases is 
Na |p 
neg ly 
where /, is the ‘distance’ between the overall composition (here 0.4) and the 
composition of phase a (here 0.2),and likewise for B 
na 'p 0.4-0.2 | 
ng 1, 0.6-0.4 
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P5C.8 


P5C.10 


The abundance of the two phases is therefore equal. 


The relationship between the total pressure p and ya is given in [5C.5-167] 


PaPp 
Pat (PR- PAYA 


p= 


Division by pi, and then division of the numerator and denominator of the 
fraction on the right by pz gives the required form 


Pp. Pp _ 1 
PR Pat (pp-Pa)ya § (pa/P3) + (1 - pa/ PB) ya 


The plot is shown in Fig. 5.15. 


—— (pa/Ps) =2 
--- (pi/p5) =4 
an (PA/Pp) = 30 


p/p 


Figure 5.15 


The values of x4 at which A,,ixG is a minimum are found by solving [5C.7-174] 


XA 
] 1-2 =0 5.6 
Domes + &(1-2xa) (5.6) 


This equation is rearranged to give an expression for &, which is plotted in 
Fig. 5.16 


¢ In(x4/[1- xa]) 
~  Oxa-l 

The way to interpret this graph is to choose a value for and then read across to 
locate the minima. If € < 2 there are no values of x4 which solve the equation, 
and hence no minima. For € > 2 there are two values of x4 at which the plotted 
function intersects a horizontal line at a given value of &. The larger € becomes 
the close one intersection (position of a minimum) moves towards x, = 0 and 
the other towards x, = 1. 


XA 
Figure 5.16 


— Inxa/(1- xa) 

— §(2x,-1) f=1 
ve E(2xq-1) €=2.5 
~=+ Eax,-1) E=4 


Figure 5.17 


An alternative way to explore the solutions to eqn 5.6 is to plot Inx,4/(1- x4) 
against x,, and on the same graph to plot (2x, —1) also against x,. The values 
of x, at which the two curves intersect gives the position of the minima. Such 
a plot is shown in Fig. 5.17 


The plot illustrates that there are no intersections when & < 2, and that, as 
before, the intersections that occur when & > 2 (highlighted as ©) move to the 
edges of the plot as € increases. There is always an intersection at x4 = 0, and as 
is seen from Fig. 5B.5 this corresponds to a minimum for € < 2,anda maximum 
for € > 2. 


Mathematical software can also be used to solve eqn 5.6 numerically for given 
values of €. For example, for € = 2.5 the solutions are x, = 0.855 and xq = 
0.145. 
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5D Phase diagrams of binary systems: solids 


Answers to discussion questions 


D5D.2 The schematic phase diagram is shown in Fig. 5.18. Incongruent melting means 
that the compound AB, does not occur in the liquid phase. 


t liquid 
A(s) + Bil) 
+A) AB,(s),B(|) 

eo | ‘All 

=) 

aE 

(0) 

a 

€ 

fot A(s) + AB,(s) 
[ l 
0 0.2 0.4 0.6 0.8 1 

Figure 5.18 Mole fraction of B, x, AB, 


Solutions to exercises 


E5D.1(b) ‘The schematic phase diagram is shown in Fig 5.19. The solid points are the 
data given in the Exercise, and lines are simply plausible connections between 
these points. The small area to the left of xn,H, = 0.07, enclosed by the phase 
boundary and the line at —80 °C, corresponds to NH, (1)+NH3(1)+NH;(s). 


0 | = 
~20|- liquid | 
Y -40+ 4 
S 
J N2Ha(s)+N2Ha(1)+NH3(1) 4 
—60 = _| 
80 N2Ha(s)+NH3(s) 
0.0 0.2 0.4 0.6 0.8 1.0 
XNyHy 
Figure 5.19 


E5D.2(b) ‘The schematic phase diagram is shown in Fig 5.20. The solid points are the data 
given in the Exercise, and lines are simply plausible connections between these 
points. (The dash-dotted lines are referred in to Exercise E5D.3(b).) 


E5D.3(b) 


E5D.4(b) 


E5D.5(b) 


The stated mixture has xp,y, = 4/(1 + 4) = 0.8 and is indicated by the vertical 
dashed line. The mixture cools until about 116 K at which point solid first 
forms. The solid which forms is the 1:1 compound and as this happens the 
liquid becomes richer in B2H¢. Cooling continues with more and more of the 
1:1 compound being formed until 104 K, the second eutectic, at which point 
the system completely solidifies to a two-phase material consisting of the 1:1 
compound and solid B2H.. 


130 


M 120 
= 
110 
0.0 
Figure 5.20 


The compositions at which the cooling curves are plotted are indicated by the 
vertical dash-dotted lines on the phase diagram for Exercise E5D.2(b), Fig. 5.20. 
The cooling curves are shown in Fig 5.21. The break points, where solid phases 
start to form are shown by the short horizontal lines, and the dotted lines in- 
dicate the temperatures of the two eutectics (123 K and 104 K). The horizontal 
segments correspond to solidification of a eutectic. Cooling curve (c) corre- 
sponds to direct solidification of the 1:1 complex. 


The feature that indicates incongruent melting is the intersection of the two 
liquid curves at around xg * 0.37. The incongruent melting point is marked Tj. 
The composition of the eutectic is |xg ~ 0.58] and its melting point is labelled 
To. 


The cooling curves are shown in Fig 5.22; the break points are shown by the 
short horizontal lines, and the temperatures T; and T> are indicated. For iso- 
pleth a the first break point is where the isopleth crosses the liquid curve be- 
tween temperatures T, and T); this is followed by a eutectic halt at T>. For 
isopleth b the first break point is somewhat above T, where the isopleth crosses 
the liquid curve, there is a second break point where the isopleth crosses the 
boundary at T;, and then a eutectic halt at T). 
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E5D.6(b) 
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Figure 5.21 
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Figure 5.22 


Figure 5.23 shows the phase diagram to which dotted horizontal lines have 
added at the relevant temperatures. 


(i) At 500 °C the phase diagram shows a single liquid phase at all composi- 
tions, so /B is soluble in A in all proportions}. 


(ii) At 390 °C solid B exists in equilibrium with a liquid whose composition is 
circled and labelled x, in the figure. That composition is xg = x; =[0.63}. 


(iii) At 300 °C the solubility of AB» in B is indicated by the point x2. At this 
point two phases coexist: solid AB2 and a liquid mixture of A and B with 
mole fraction xg = x2 = 0.41. Although the liquid does not contain any 
AB, units, the liquid can be thought of as a mixture of dissociated AB 
in A. Let the amount in moles of the compound be n, and that of free 
A be n,. Thus, the amount of A (regardless of whether free or in the 
compound) is na = ma +n, and the amount of B is ng = 2n,. The mole 
fraction of B is 


ng 2ne. 2n, 
xp =X2= 7 = 
natnp (Matne)+2ng Nat 3ne 
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Figure 5.23 Mole fraction of B, x, 


fo) 


This relationship is rearranged and terms in n, are collected on one side 
and those in nq on the other to give nax2 = n-(2 - 3x2). The mole ratio 
of compound to free A is given by 


Ne Xa 0.41 : 
Ny 2-3x, 2-3x041 


0.53 


Solutions to problems 


P5D.2 


The mole fraction of sulfur, xs, corresponding to compound P,,S,, is computed 
from the molar masses of sulfur and phosphorus, Ms and Mp, as 


mMs m x (32.06 gmol ') 
Bois 2 
‘" mMs+nMp mx (32.06 gmol') +n x (30.97 gmol ') 


Using this expression, mole fractions corresponding to the three compounds 
are: (1) P,S3, 0.44; (2) P4S7, 0.64; (3) P4Sjo, 0.72. 


The phase diagram is a variation of that shown in Fig. 5D.4 on page 178 except 
that instead of one compound being formed there are three. The diagram there- 
fore separates into four sections, as shown schematically in Fig. 5.24. Note that 
no information is given on the temperature or composition of the eutectics, so 
these have simply been selected arbitrarily. 


The diagram has four eutectics labelled e1, e2, e3, and e4; eight two-phase 
liquid-solid regions, t; through tg; and four two-phase solid regions, $1, S2, 
S3, and S4. The composition and physical state of the regions are as follows: 


I: liquid S and P 

S,: solid P and solid P4S3 S,: solid P4S3 and solid P4S7 

S3: solid P4S7 and solid P4Sj9 Sa: solid P4Sj9 and solid S 

t;: liquid P and S and solid P to: liquid P and S and solid P4S3 
t3: liquid P and S and solid P4S3 _t4: liquid P and S and solid P4S,7 
ts: liquid P and S and solid P4S7 —_ tg: liquid P and S and solid P4Sj9 
t7: liquid P and S and solid P4Sj9 tg: liquid P and S and solid S$ 
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P5D.4 


The cooling curve is shown to the right of the phase diagram in Fig. 5.24. A 
break in the curve occurs at point bj » 125 °C as a result of solid P4S3 forming; 
a eutectic halt occurs at point e; + 20 °C. 
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The information is used to construct the phase diagram shown in Fig 5.25; the 
solid dots correspond to the data and the lines are simply plausible connections 
between these points. 
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In Mg,,Cu,, the mass percentage of Mg is computed from the molar masses of 
Mg and Cu, Mug and Mcu, as 


nM 
100 x oe Se =. 
nMmg +mMcu 


P5D.6 


For MgCu, the percentage is 


1 x (24.31 g mol *) 


x = =~ = 16 
1 x (24.31 gmol ") +2 x (63.55 gmol ) 


For Mg>Cu the percentage by mass of Mg is 43. 


For the isopleth at 25% Mg at high temperatures the initially system corre- 
sponds to a single-phase liquid system. At a; (at about 730 °C) MgCuyz begins 
to come out of solution and the liquid becomes richer in Mg, moving toward 
€2. At a2 there is solid MgCuy + liquid of composition e, (33 per cent by mass of 
Mg). This solution freezes without further change. The cooling curve is shown 
next to the phase diagram. 


The schematic phase diagram is shown in Fig 5.26. The solid points are the 
data given in the Exercise, and the lines are simply plausible connections be- 
tween these points; the open circle is the incongruent melting of K,FeCl,. An 
expanded section of the phase diagram is shown as this includes the part of 
interest. 
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Figure 5.26 


The compounds KFeCl; and K,FeCl, correspond to xpeci, = } and xpecl, = 4 
respectively; these compositions are shown on the diagram. 


When a melt of composition xpec1, = 0.36 is cooled (the dotted line), solid is 
first deposited when the temperature falls to around 360 °C. The solid consists 
of K,FeCl,, and as the temperature falls further the liquid grows progressively 
richer in FeCl). This process continues until the temperature falls to 350 °C, at 
which point the liquid has the same composition as the eutectic and the whole 
sample solidifies to a mixture of K, FeCl, and KFeCl;. 
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5E_ Phase diagrams of ternary systems 


Answers to discussion questions 


DS5E.2 The lever rule, [5C.6-170], applies in a ternary system, but with an important 
caveat. For binary systems the tie lines to which the rule appplies are always 
horizontal and so can be added to the phase diagram at will. In contrast, for 
a ternary system the tie lines have no such simple orientation and have to be 
determined experimentally. Thus the lever rule applies, but in order to use 
it additional information is needed about the tie lines at the composition of 
interest. 


D5E.4 The composition represented by point c is approximately xyj = 0.73, xpe = 0.20, 
Xcr = 0.07. This is a three-phase region, with Fe, Ni and yFeNi present. 


Solutions to exercises 


E5E.1(b) ‘The ternary phase diagram is shown in Fig 5.27. 


‘Al 


Figure 5.27 


E5E.2(b) ‘The composition by mass needs to be converted to mole fractions, which re- 
quires the molar masses: Myac) = 58.44 gmol', Mu,o = 18.016 gmol ', and 
Mnays0,4-10H,0 = 322.20¢ mol’. Imagine that the solution contains 33 g NaCl, 
33 g Na2SO4-10 H2O and hence (100 - 33 - 33) = 34 g H2O. The mole fraction 
of NaCl is 

myaci/Mnaci 

myaci/Mnaci + MNa:S0,-10H20/MNa,s0,-10H0 + MH,0/Mu,0 

- (33 g)/(58.44 g mol *) 

(33 g)/(58.44 gmol ') + (33 g)/(322.20 gmol ') + (34 g)/(18.016 gmol *) 

= 0.22 


XNaCl = 


E5E.3(b) 


Likewise, xna,so,-10H,o = 0.040 and xy, = 0.74; this point is plotted in the 
ternary phase diagram shown in Fig 5.28. 

The line with varying amounts of water but the same relative amounts of the 
two salts (in this case, equal by mass), passes through this point and the vertex 
corresponding to xy,0 = 1. This line intersects the NaCl axis at a mole fraction 
corresponding to a 50:50 mixture (by mass) of the two salts 


(50 g)/(58.44 gmol *) 


XNaCl = =a =x = 0.85 
(50 g)/(58.44 gmol ") + (50 g)/(322.20 gmol ~ ) 
The line is shown on the diagram. 
H20 Na2SO4 


0.0 O02 O04 06 0.8 1.0 
XNa,SO,4-10HO 
Figure 5.28 


The composition by mass needs to be converted to mole fractions, which re- 
quires the molar masses: Mcuci, = 119.37 gmol ', My,0 = 18.016 gmol ', 
and Mcu,coon = 60.052 gmol'. The mole fraction of CHC]; is 


mcucl,/Mcuci, 


XCHC1; = 
mcua,;/Mcua, + Mcu,coon/Mcu,coon + ™1n,0/Mu,o 


(8.8 g)/(119.37 gmol ') 


~ (8.8 g)/(119.37 gmol ') + (3.7 g)/(60.052 g mol ') + (55.0 g)/(18.016 gmol ') 


= 0.023 


Likewise, xcH,cooH = 0.019 and xy,9 = 0.958. This point in marked with 
the open circle on the phase diagram shown in Fig. 5.29; it falls clearly in the 
one-phase region. 


(i) When water is added to the mixture the composition moves the distance 
to the lower-left corner. The system remains in the one-phase region 
throughout. 
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(ii) When ethanoic acid is added to the mixture the composition moves along 
the dashed line to the vertex. The system remains in the one-phase region 
throughout. 


CH3COOH 


0.0 


1.0 


CHCl; 


0.0 02 04 06 0.8 1.0 


Figure 5.29 


E5E.4(b) ‘The points corresponding to the given compositions are marked with letters on 
the phase diagram shown in Fig. 5.30. Composition (i) is in a two-phase region, 
(ii) is in a three-phase region, (iii) is in a two-phase region, and (iv) appears to 
lie on the line separating different phases. 


Figure 5.30 


E5E.5(b) (i) Saturated solutions of NH4Cl in H2O in the presence of solid NH,Cl 
appear as points on the left-hand edge of the phase diagram. Three rep- 
resentative compositions are shown in Fig. 5.30: S; corresponds to the 
point at which the solution becomes a single phase, and is therefore the 
highest concentration that can be achieved; S, has a higher mole fraction 


(ii) 


of NH,Cl than S, so it corresponds to a saturated solution in the presence 
of solid NH, Cl; $3 corresponds to yet more solid being present. 

Adding (NH,)2SO, to each of these solutions corresponds to travers- 
ing the dashed lines from S; to the lower right-hand vertex which cor- 
responds to pure (NH4)2SO4. Starting from S; the system first traverses 
a one-phase region, meaning that both salts are entirely dissolved, before 
moving into a two phase region which implies that one of the salts will 
precipitate out. The tie lines are not given, but presumably as the amount 
of (NH4)2SO4 increases the composition of the aqueous solution moves 
along the curve to the point where the four lines meet. At this point the 
last drop of solution vanishes. 

Starting from S, the system first traverses a two-phase region, meaning 
that the (NH4)2SO, is going into solution. Eventually the system moves 
into a one-phase region, which implies that addition of (NH4)2SO, has 
caused the excess solid NH4Cl to dissolve. As with the path starting from 
S;, this path eventually crosses into a two-phase region where the be- 
haviour is as has already been described. 

Starting from S; the system first traverses a two-phase region but in con- 
trast to S; and S» it never enters a one-phase region. 


It is first necessary to convert the given masses to mole fractions, using 
Myu,c) = 53.49 gmol | and Mvnu,)80, = 132.14 gmol '. The mole 
fraction of NH4Cl is 


(25 g)/(53.49 gmol *) 


= 0.45 
(25 g)/(53.49 gmol ') + (75 g)/(132.14 gmol ') 


XNH,Cl = 


and hence x(yH,),80, = 1 — Xn, cl = 9.55; this point is shown in Fig. 5.30 
as S4. Adding water to such a mixture involves traversing the dotted line 
from S,4 to the apex of the diagram, which corresponds to pure H20. 

To start with the system is entirely solid, but when the line between the 
three-phase to two-phase region is crossed the two phases in question 
are some kind of solid and an aqueous solution, which appears for the 
first time. As the two-phase region is traversed the composition of this 
aqueous solution traverses the gray line until point S; where it meets the 
dotted line. After this, the system moves into a one-phase region: all the 
solids are dissolved. 


Solutions to problems 


P5E.2 


(a) 


(b) 


The given points are shown by filled dots in the phase diagram shown 
in Fig. 5.31. The fact that CO, and nitroethane have a two-phase region 
between Xnitroethane = 0.08 and 0.84, and that there is a plait point at 
Xco, = 0.18, Xnitroethane = 0.53 establishes some limits on the two-phase 
region, the outline of which is indicated by a plausible line. Similarly, the 
CO 2/DEC two-phase region is established by the given data. 


Mixtures with nitroethane and CO) in a fixed ratio, but with increasing 
amounts of DEC, fall ona straight line from some point on the right-hand 
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edge to the lower-left apex (pure DEC). The two dashed lines shown just 
touch the two-phase regions, so all compositions between these lines lie 
in the one-phase region; this is the region where addition of DEC never 
causes phase separation. 


pec 14 0 nitroethane 
0 0.2 0.4 0.6 0.8 1 


Figure 5.31 


5F Activities 


Answers to discussion questions 


D5F.2 


D5F.4 


Raoult’s law, py = xjpy, [5A.22-151], expresses the partial pressure of J in the 
gas phase in terms of its mole fraction in the liquid phase, xj, and the vapour 
pressure over the pure liquid, pj. This law only applies to ideal solutions, and 
indeed is taken as a defining property of such solutions. 


For non-ideal solutions Raoult’s law is modified to py; = ajp;, where ay is 
the activity. However, this relationship is best viewed as the definition of the 
activity in terms of two measurable quantities, the pressures: ay = py/pj. In 
the limit xj > 1 the activity becomes equal to the mole fraction, so the general 
equation involving the activity moves smoothly over to the relationship which 
applies to ideal solutions. It is convenient to retain such similar relationships 
for the ideal and non-ideal cases. 


The coulombic (electrostatic) interactions of the ions in solution with each 
other are responsible for the deviation of their activity coefficients from the 
ideal value of 1. As a result of these interactions there is a build up of charge of 
opposite sign around any given ion, called the ionic atmosphere, in the overall 
electrically neutral solution. The energy, and hence the chemical potential, of 
any given ion is lowered as a result of the existence of this ionic atmosphere. 
The lowering of the chemical potential below its ideal value is identified with a 
negative value of RT In ys and hence a value of y, less than unity. 


D5F.6 


The term B in the extended Debye-Hiickel law, [5F.30a-189], and the Davies 
equation, [5F.30b-189], can be interpreted as an indicator of the distance of 
closest approach of the ions. However, both B and the parameter C in the latter 
equation are best thought of as empirical parameters to be obtained by fitting 
experimental data. 


Solutions to exercises 


E5E.1(b) 


E5F.2(b) 


E5F.3(b) 


The activity in terms of the vapour pressure p is given by [5E.2-183], a = p/p”, 
where p* is the vapour pressure of the pure solvent. The vapour pressure of 
pure water at 100 °C, the normal boiling point, is 1 atm. Therefore a = p/p* = 
(90.00 kPa) /[(1 atm) x (101.325 kPa)/(1 atm) ] = [0.8882]. 


On the basis of Raoult’s law, the activity in terms of the vapour pressure p, is 
given by [5F.2-183], aa = pa/p3, where p% is the vapour pressure of the pure 
solvent. With the data given a, = pa/p = (0.02239 atm)/(0.02308 atm) = 
0.9701... = |0.9701|. 


The activity coefficient is defined through [5F.4-183], a, = yax,. The mole 
fraction of solvent water (A) is computed as 


na 
natny 


XA = 


7 (0.920 x 10° g)/(18.0158 gmol ') 
0.920 x 103 18.0158 gmol') + (0.122 x 103 241 gmol! 
g g g g 
= 0.990... 


Hence ya = da/xa = (0.9701...)/(0.990...) =[0.980). 


On the basis of Raoult’s law, the activity in terms of the vapour pressure py is 
given by [52-183], ay = py/pj, where pj is the vapour pressure of the pure 
solvent. The partial vapour pressure of component J in the gas is given by py = 
Yj Ptot- In this case 


Pa _ Yaptot _ 0.314 x (1.00 atm) x [(101.325 kPa)/(1 atm)] 


= 0.435... 
Pr Pa 73.0 kPa 


ag = 


The activity of A is therefore a, = |0.436|. The activity coefficient is defined 
through [5F.4-183], ay = y;xy, therefore y4 = a4/x, = 0.435.../0.220 = [1.98]. 


For the other component the mole fractions are yg = 1 — ya = 0.686 and xg = 
1—x, = 0.780. The rest of the calculation follows as before 


Pp YsPtot 0.686 x (1.00 atm) x [(101.325kPa)/(1 atm) ] 
“f 92.1 kPa 


ag = 0.754... 


The activity of B is therefore ap = |0.755] and its activity coefficient is given by 
yp = ap/xXp = 0.754.../0.780 = [0.968] 
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E5E.4(b) 


E5E.5(b) 


E5E.6(b) 


p/kPa 


Figure 5.32 


For this model of non-ideal solutions the vapour pressures are given by [5F.18- 
186], pa = pxxa exp([1—x,]*) and likewise for py; the total pressure is given 
by Ptot = Pa + pg. The vapour pressures are plotted in Fig. 5.32. 


Ionic strength is defined in [5F.28-188] 
i=4 > zi (bi/b*) 


where the sum runs over all the ions in the solution, z; is the charge number on 
ion i, and J; is its molality. It is convenient to draw up a table of the contribu- 
tion to the ionic strength from each ion, where the contribution is defined as 
z}(b;/b°). For K3[Fe(CN)¢] note that the molality of the K* produced when it 
dissolves is three times the molality of the solute. 


solute (molality/molkg~') ion b;/b° z; contribution 
K3[Fe(CN)¢] (0.040) Kk’ 0.120 +1 0.120 
[Fe(CN).]?~ 0.040 -3 0.360 
KCl (0.030) Kt 0.030 +1 0.030 
Cl” 0.030 -1 0.030 
NaBr (0.050) Na* 0.050 +1 0.050 
Cl” 0.050 -1 0.050 


The total of the contributions in the right-most column is 0.640, therefore the 
ionic strength is I = } x 0.640 = [0.320]. 


Ionic strength is defined in [528-188] 


T= 15523(bi/b°) 
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where the sum runs over all the ions in the solution, z; is the charge number 
on ion i, and }; is its molality. 


(a) The aim here is to increase the ionic strength by 1.00 — 0.110 = 0.890; the 
task is therefore to compute the mass m of KNO3 which, when added to 
amass my, of water, gives this increase in the ionic strength. 

A solution of KNO; of molality b contributes K* at molality b and NO3~ 
at molality b. The contribution to the ionic strength is therefore }[(+1)x 
b+(-1)? x b]/b° = b/b°. 

The molality arising from dissolving mass m of KNO3 in a mass my, of 
solvent is (m/M)/m,,, where M is the molar mass. It therefore follows 
that to achieve the desired increase in ionic strength 


m 1 . 
x — =0.890 hence m=0.890 x Mmyb 
Mm,  b® 


The molar mass of KNO; is 101.11 g mol‘; using this, and recalling that 
the molality is expressed in mol kg, gives 


m = 0.890 x (101.11 x 107° kg mol") x (0.500 kg) x (1 molkg *) 
= 44.9...x 10° kg 


Hence the |45.0 g| of KNO; needs to be added to achieve the desired ionic 
strength. 


(i) The argument is as in (a) except that the added solute Ba(NO3). makes 
a different contribution to the ionic strength. A solution of Ba(NO3), 
of molality b contributes Ba** at molality b and NO3;~ at molality 2b. 
The contribution to the ionic strength is therefore $[(+2)” x b + (-1)? x 
2b|/b° = 3b/b*. It therefore follows that to achieve the desired increase 
in ionic strength 


m 
Mmy 


3x 


1 
x — 0.890 hence m= ; x 0.890 x Mmyb* 
The molar mass of Ba(NO3)z is 261.35 gmol '; using this, and recalling 
A . s -1 . 
that the molality is expressed in molkg “, gives 


m = + x 0.890 x (261.35 x 107° kg mol") x (0.500 kg) x (1 mol kg’) 
= 38.7... 107° ke 


Hence the |38.8 g| of Ba(NO3)2 needs to be added to achieve the desired 
ionic strength. 


E5E.7(b) ‘The Debye-Hiickel limiting law, [5F.27-188], is used to estimate the mean ac- 
tivity coefficient, y,, at 25 °C in water 


logy. = -0.509|z,.z_|r/? T= 1 <}(bi/b°) 
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E5E.8(b) 


where z, are the charge numbers on the ions from the salt of interest and I is 
the ionic strength, defined in [5F.28-188]. In the definition of I the sum runs 
over all the ions in the solution, z; is the charge number on ion i, and ); is its 
molality. 

A solution of Ca(NO3), of molality b contributes Ca”* at molality b and NO; 
at molality 2b. The contribution to the ionic strength is therefore $[(+2)? x 
b +(-1)? x 2b]/b° = 3b/b°. A solution of NaCl of molality b’ contributes Na* 
at molality b’ and Cl” at molality b’. The contribution to the ionic strength 
is therefore 5[(+1)? x b’ + (-1)? x b’]/b® = b’/b®. The ionic strength of the 
solution is therefore 


(3b+b')/b° = [3x(0.035 molkg ')+1x(0.020 mol kg *)]/(1 mol kg *) = 0.125 
For solute Ca(NO3). z, = +2 and z_ = —1 so the limiting law evaluates as 


log yz = -0.509 |z,z_|I'/? = -0.509 |(+2) x (-1)| (0.125) /? = -0.359... 


The mean activity coefficient is therefore y, = 10~°*°?' = 0.436... = [0.44]. 


The Davies equation is given in [5E30b-189] 


-Alz,z_| 1? 


1+ Br/2 oe 


log ys = 
Because the electrolyte is 1:1 with univalent ions, the ionic strength is simply 
I = bxq/b*. There is no obvious straight-line plot using which the data can 
be tested against the Davies equation, therefore a non-linear fit is made using 
mathematical software and assuming that A = 0.509; recall that the molali- 
ties must be expressed in mol kg’. The best-fit values are [B = 1.53] and C = 
—0.0686. With these values the predicted activity coefficients are 0.927, 0.902 
and 0.816, which is very good agreement. 


Solutions to problems 


P5R.2 


P5R4 


The Margules equations predict a vapour pressure given by [5F.18-186], pa = 
pxa exp([1-x, ]*); for small x, the vapour pressure is given by [5F.19-186], 
Pa = p,xa exp(€). Plots showing how the vapour pressures varies with x, for 
the two cases are shown in Fig. 5.33; an expansion for small x, is also shown. 
A deviation of 10% between the two expressions occurs by about xq = 0.02. 


The Debye-Hiickel limiting law, [5E 27-188], and the Davies equation, [5F.30b- 
189], are, respectively, 


-0.509 |z,z_| 11/2 


1+ Br/2 ae 


logy, = -0.509|z,z_|I'/? log yz = 


Figure 5.34 shows a graphical comparison of the predictions of these two equa- 
tions for the case ofa 1:1 univalent electrolyte in aqueous solution at 25 °C, with 
B = 1.50 and C = 0; for such an electrolyte I = b/b*®. The two predictions for 
ys differ by about 10% when I = 0.18 (I'/? = 0.42). 


— full equation 
: --- approximate form |, 
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Answers to integrated activities 


15.2 


On the basis of Raoult’s law, the activity in terms of the vapour pressure py 
is given by [5F2-183], ay = p;/p;, where pj is the vapour pressure of the 
pure solvent. The activity coefficient is defined through [5F.4-183], ay = yyxy, 
therefore yy = py/pj xy. 


The data as given do not include values for the vapour pressure over the pure 
liquids, so the first task is to plot p; against x and extrapolate to x; = 1 to 
find p;. The vapour pressures are plotted in this way Fig. 5.35, and the lin- 
ear extrapolations to find the vapour pressures of the pure substances are also 
shown. These give the values pz = 7.45 kPa and pz = 35.41 kPa; using these 
values the activity coefficients are computed as shown in the table. 
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XE pr/kPa xB ps/kPa yz yp -Ye(Henry) G¥/kJ mol! 


0.0160 0.484 0.9840 35.05 4.06 1.01 1.70 0.08 
0.0439 0.967 0.9561 34.29 2.96 1.01 1.24 0.16 
0.0835 1.535 0.9165 33.28 2.47 1.03 1.03 0.26 
0.1138 1.89 0.8862 32.64 2.23 1.04 0.93 0.34 
0.1714 2.45 0.8286 30.90 1.92 1.05 0.80 0.42 
0.2973 3.31 0.7027 28.16 1.49 1.13 0.63 0.55 
0.3696 3.83 0.6304 26.08 1.39 1.17 0.58 0.59 
0.5834 4.84 0.4166 20.42 1.11 1.38 0.47 0.53 
0.6604 5.36 0.3396 18.01 1.09 1.50 0.46 0.52 
0.8437 6.76 0.1563 10.00 1.07 1.81 0.45 0.41 
0.993 1 7.29 0.0069 0.47 0.98 1.92 0.41 —0.03 


On the basis of Henry’s law, the activity in terms of the vapour pressure py is 
given by [5E10-184], a; = p;/Ky, where Kj is the Henry’s law constant for J as 
a solute. The activity coefficient is defined as before, ay = yjxy, and therefore 
yy = Py/Kyx5. 

To find the Henry’s law constant for E, the limiting slope of a plot of pz against 
xg is taken. The three data points given at the lowest values of xg do not ex- 
trapolate back to the origin, which is not in accord with Henry's law. Arguably 
there are several equally valid ways of proceeding here, but one is to force the 
best-fit line to pass through the origin and then use the first three data points; 
this leads to the slope is shown by the dashed line in Fig. 5.35. The limiting 
slope, taken in this way is 17.77 and so Kg = 17.77 kPa. This value is used to 
compute the activity coefficients for E based on Henry’s law, and the results are 
shown in column headed yg(Henry) in the table above. The outcome is not 
satisfactory because the expecting limiting behaviour yg > 1 as xg > 0 is not 
evidenced. 


15.4 
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The excess Gibbs energy is define in [5B.5-156] as GP = AnixG - er Ca 
As explained in Section 5F.3 on page 185, the Gibbs energy of mixing is given 
in terms of the activities as AmixG = nRT (x, lna, + xplnag), whereas the 
ideal Gibbs energy of mixing is AmixG'**! = nRT (xalnxq + xplnxg). The 
activities are written as aq = yaxa and hence 


G = AmixG ~ hag 
= nRT (xalnaa, + xplnag) — nRT (xa lnx, + xp ln xg) 
= nRT (xa lnyaxa + Xp ln ygxg) — NRT (x, Inx, + xg ln xg) 


=nRT (xalnya + xplnyp) 


Using the final expression G'/n is computed from the given data and using 
the activity coefficients (based on Raoult’s law) already derived. The computed 
values are given in the table. 


On the basis of Raoult’s law, the activity in terms of the vapour pressure py is 
given by [52-183], aj = pj/pj, where pj is the vapour pressure of the pure 
substance. The activity coefficient is defined through [5E4-183], ay = yjx;, 
therefore yj = py/p;x;. The partial pressure in the gas phase is determined 
from the mole fraction in the gas phase, yj, py = yjPtot, So the final calculation 


: * 

is yy = YyProt/ Pj X- 

The total pressure is given in kPa, whereas the vapour pressure over pure oxy- 
gen is given in Torr. The conversion is 


(101.325 kPa)/(1 atm) 
(760 Torr) /(1 atm) 


(p kPa) = (p’ Torr) x 


The temperature-composition phase diagram is shown in Fig. 5.36 and the 
computed values of the activity coefficient are given in the table below. The 
fact that the activity coefficient is close to 1 indicates near-ideal behaviour. 
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T/K Xo, Yo. Po,/Torr yo, 

77.3 0 0 154 
78 0.10 0.02 171 0.88 
80 =0.34 «~0.11 225 1.08 
82 0.54 0.22 294 1.04 
84 0.70 0.35 377 0.99 
86 0.82 0.52 479 0.99 
88 0.92 0.73 601 0.99 

90.2 1.00 1.00 760 0.99 


15.6 (a) To develop the expression for K into the form requested it is useful to 
rewrite [MA] and [M]free in terms of the total concentration of macro- 
molecule, [M]. The total amount of A in the dialysis bag is [A]in = [A] free+ 
[A ]bouna> but the amount of A bound is equal to the amount of the macro- 
molecule ligand complex, MA: [A ]bouna = [MA], therefore 


[A]in = [A]free +[MA] hence [MA] = [A]in - [A] free 


Recall that [A ]free = [A Jour and that, by definition v = ([A]in—[A]out)/[M], 
it therefore follows that 


[MA] = [A]in - [AJout = v[M] 


Now consider the macromolecule, the total concentration of which is 
[M]. It follows that [M] = [MA] + [M]free. The expression just derived 
for [MA], [MA] = v[M] is substituted in to give [M] = v[M] + [M] frees 
from which it follows that [M]free = [M](1-v) 
With these expressions for [M]free and [MA], the expression for K is 
developed into the requested form 

[MA ]|c® v[M]c® ve? 


-_ [M] freA ]free 7 [M](1 = v)[A J out 7 et = v) [A Jout 


where [A] free = [A] out is also used. 


(b 


~ 


The equilibrium constant K’ describes the equilibrium between a maco- 
molecule with a single binding site, S, and the bound complex, SA 


,_ _ [SA]c® 
[S] free [A] free 


In part (a) vis defined as the average number of bound ligands per macro- 
molecule, and is therefore given by v = [A]bouna/[M]. Whereas M has N 
binding sites, S only has one site, so the average number of ligands bound 
per S is v/N. This number is also expressed (by analogy with the earlier 
discussion) as [A ]bouna/[S], so it follows that v/N = [A ]bouna/[S]. The 
final step is to realise that the concentration of bound ligand is equal to 


(c 


Ne 


the concentration of the S-A complex, so [A]pouna = [SA]. It therefore 
follows that v/N = [SA]/[S]. This is rearranged to [SA] = [S]v/N, which 
is one of the terms needed in the expression for K’. 

The other term is [S] free which is related to [S] as follows. The total con- 
centration of S is given by [S] = [S]fee + [SA], hence [S]free = [S] — [SA]. 
Substituting [SA] = [S]v/N gives [S]fee = [S] - [S]v/N = (1 - v/N)[S]. 
The expression for the equilibrium constant is now developed as 

; [SA]c® ([S]v/N)c® ve° 


[S]free [A ]free 7 (1 _ v/N) [S] [A ]free [A ]free(N = v) 


where to go to the final expression the numerator and demoninator are 
multiplied by N and [S] is cancelled. The Scatchard equation follows by 
taking the factor (N — v) to the left 


The straight line plot is v/[A]free against v. The task is therefore to deter- 
mine v from the data. Note that the data given are the total concentrations 
of EB in and outside the bag. It therefore follows that 


[EB] total,in = [EB ]bouna + [EB liree = [EB ]bouna 7 [EB] out 


It follows that [EB]pouna = [EB ]total,in — [EB]out- Recall that v is defined 
as v = [EB |bouna/[M], therefore 


[EB ]total,in = [EB ]out 
[M] 


y= 


The given data and the derived values of v are shown in the following table 
(1 uM = 1 pmol dm~°), and plotted in Fig. 5.37. 


[EB Jout/UM [EB ]in/uM v (v/ [EB] out) /(uM~') 


0.042 0.292 0.250 5.95 
0.092 0.590 0.50 5.41 
0.204 1.204 1.00 4.90 
0.526 2.531 2.01 3.81 
1.150 4.150 3.00 2.61 


The data fit to quite a good straight line, the equation of which is 


(v/[EB]out)/(uM7") = -1.17 x v + 6.12 


The slope is —K’/c® where c® is the standard concentration, 1 moldm*, 


but because [EB]out is used in uM, c* = 10° uM. It follows that the 
(dimensionless) equilibrium constant is |K’ = 1.17 x 10°}. The intercept 
gives K'N/c°, hence |N = 5.23): this is the average number of binding 
sites per DNA molecule. The graph is a good straight line, indicating that 
the data fit the model quite well. 
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15.8 


(v/[EB]out)/(uM™~") 


Figure 5.37 


The dissolution of the protein according to the given equilibrium is described 
by a solubility constant K, 


PX,(s) == P’* (aq) + vX (aq) K, = apax 


where the solubility constant is written in terms of the activities. Introducing 
the activity coefficients and molalities, b, gives 


K; = | vila bpbx 


At low to moderate ionic strengths the Debye-Hiickel limiting law, [5F.27-188], 
logys = -Alz_z,|I '/2, is a reasonable approximation for the activity coefhi- 
cients. 


Addition of a salt, such as (NH4)2SOu4, causes I to increase, logy, to become 
more negative, and hence y, to decrease. However, K, is an equilibrium con- 
stant and remains unchanged. Therefore, the molality of P’* increases and the 
protein solubility increases proportionately. 


This effect is also explicable in terms of Le Chatelier’s principle. As the ionic 
strength increases by the addition of an inert electrolyte such as (NH4)2SO4, 
the ions of the protein that are in solution attract one another less strongly, so 
that the equilibrium is shifted in the direction of increased solubility. 


The explanation of the salting out effect is somewhat more complicated and 

can be related to the failure the Debye-Hiickel limiting law at higher ionic 

strengths. At high ionic strengths the Davies equation, [5F.30b-189], is a better 

approximation 

-Alz,z_|P/? 
12 Bri? 


At low concentrations of inert salt, I'/? > I, the first term dominates, y,, de- 
creases with increasing I, and salting in occurs; however, at high concentra- 
tions, I > I'/2, the second term dominates, yz increases with increasing J, and 
salting out occurs. The Le Chatelier’s principle explanation is that the water 
molecules are tied up by ion-dipole interactions and become unavailable for 
solvating the protein, thereby leading to decreased solubility. 


log ys = +ClI 
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15.10 In Section 5B.2(e) on page 162 the derivation of the expression for the osmostic 
pressure starts by equating the chemical potential of A as a pure liquid subject 
to pressure p with that of A in a solution of mole fraction x, containing solute B 
and subject to pressure p+IT: ux (p) = Ua(Xa, pt). The chemical potential of 
A in the solution is then expressed as wa(xa, p+ II) = wy(pt+)+RTInxa, 
which assumes ideality. If the solution is not ideal, then the mole fraction is 
replaced by the activity a, to give 


HA(p) = HA(p t+ HD) + RT In ag 


The derivation then proceeds as before yielding the intermediate result —RT In a, = 
Vimll for the non-ideal solution. 


The osmotic coefficient ¢ is defined as ¢ = —(xa/xg)Inaa, hence Ina, = 
-—$xp/x,. This expression for In aa is substituted into -RTIna, = VmlII to 
give RT ¢xg/xa = Vmll. The final steps assume that the solution is dilute so 
that x, » 1 and xg = np/(na + ng) © ng/ns 


RT$—= = Veall 
XA 

hence RT¢— = Vall 
Na 


NB 


RT¢ =] 


na Vm 
RT@[B] = 


To go to the last line V = na Vm and [B] = np/V are used. 


€ Chemical equilibrium 


6A The equilibrium constant 


Answers to discussion questions 


D6A.2 


The terms appearing in the equilibrium constant are the activities of the species 
involved in the equilibrium, and these terms arise because the chemical po- 
tential of each species depends on its activity. If a pure liquid or pure solid 
is part of the equilibrium, its chemical potential contributes to the value of 
A,G®°. However, as the substance is in its pure form there is no composition 
dependence of its chemical potential and hence no term in the equilibrium 
constant. Put another way, such species have unit activity. 


Solutions to exercises 


E6A.1(b) 


E6A.2(b) 


E6A.3(b) 


E6A.4(b) 


In general if the extent of a reaction changes by an amount Aé then the amount 
of a component J changes by vjAé where vy is the stoichiometric number for 
species J (positive for products, negative for reactants). In this case va = —2 
and vg = +1. 

Na =Nagt+ Ang = Nao + vaA€ = (1.75 mol) + (-2) x (0.30 mol) =|1.15 mol 
np = Npo + Ang = Npo + VgAE = (0.12 mol) + 1 x (0.30 mol) = [0.42 mol 


The reaction Gibbs energy A,;G is defined by [6A.1-204], A,G = (0G/0€)>,r. 
Approximating the derivative by finite changes gives 

<<) AG -2Al kJ 
dé), AE  +0.051 mol 


=|-47kJ mol 


s.c=( 


A reaction is exergonic if A,G < 0 and endergonic if A,G > 0. From the 
Resource section the standard Gibbs energy change for the formation of liq- 
uid benzene from its elements in their reference states at 298 K is AsG® = 
+124.3 kJ mol *. This is positive so the reaction is endergonic\. 


The reaction quotient is defined by [6A.10-207], Q = Ty ay ’. For the reaction 
2A +B —> 2C+D, va = -2, vg = -1, vc = +2, and vp = +1. The reaction 
quotient is then 
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“1: . : _ vy 
E6A.5(b) ‘The equilibrium constant is defined by [6A.14-207], K = (Ty ay \eciitind 
The ‘equilibrium’ subscript indicates that the activities are those at equilibrium 
rather than at an arbitrary stage in the reaction; however this subscript is not 
usually written explicitly. In this case 


3 
4cHCl;(1) 7HCl(g) 
a 


k= 4 Hg) FClo(g) ICHCI;(1) FHCI(g) = * 
CHa(g)~ Clo(g) 


The activity of CHCl;(1) is 1 because it is a pure liquid. Furthermore if the 
gases are treated as perfect then their activities are replaced by ay = py;/p*®. The 
equilibrium constant becomes 


7 (puai/p*)° _ PcP® 
(pcu./p?)(Pcn/p?)? ~— Pou, Pea, 


E6A.6(b) ‘The standard reaction Gibbs energy is given by [6A.13a—207] 


A,G° = x. vA¢G° > » vAr¢G° 


Products Reactants 


The relationship between A,G® and K, [6A.15-208], A,G® = —RT In K, is then 
used to calculate the equilibrium constant. 


(i) For the reaction of mercury with chlorine 


A,G® = A¢G® (HgCl,s) — {A¢G* (Hg, 1) + ApG® (Cl, g) } 
= A¢G* (HgCh, s) = -178.6 kJ mol! 


Then 


. ~178.6 x 10? it 
K =e SORT - exp ee = (2.02 x 10" 
(8.3145J K~! mol!) x (298 K) 


(ii) For the reduction of copper ions by zinc 
A,G® = AgG° (Zn**,aq) + AgG® (Cu, s) 
— {AgG° (Zn, s) + AgG® (Cu’*,aq)} 
= AgG® (Zn**,aq) — AG (Cu’*, aq) 
= (-147.06 kJ mol ') — (+65.49 kJ mol™') = —2.12... x 10° Jmol”? 


Then 


- 5 1 
Ka ecb URT _ = 2.12... X ee {180 x 1027 
(8.3145J K~' mol’) x (298 kK) 


Neither reaction has K < 1 at 298 K. 


E6A.7(b) 


E6A.8(b) 


The relationship between A,G® and the equilibrium constant is given by [6A.15- 
208], ArG® = —RTI1nK. The ratio of the equilibrium constants for the two 
reactions is 


K, e ArG?/RT ae ( A,Gy ms =ct) 


K ~ g-ArG3/RT — RT 
: (—200 x 10? Jmol") — (+30 x 10° a) 
= ex 
e (8.3145 J K~! mol‘) x (300 K) 


=/1.1 x 10%° 


The reaction Gibbs energy at an arbitrary stage is given by [6A.11-207], A,G = 
A,G° + RTInQ. In this case A,G° = —4.73 kJ mol'. The values of A,G for 
each value of Q are: 


(i) At Q=0.10 
A.G = (—4.73 x 10° Jmol‘) + (8.3145J K7! mol ') x (298 K) x1n(0.10) 


= -1.04... x 10* Jmol”! =|-10 kJ mol! 


(ii) At Q = 1.0 
A,G = (-4.73 x 10° Jmol ') + (8.3145J K7! mol) x (298 K) xIn(1.0) 


= -4.73...x 10° Jmol! =|-4.7kJmol"'| (= A,G*) 


(iii) At Q = 10 
A,G = (-4.73 x 10° Jmol ') + (8.3145J K~! mol *) x (298 K) xIn(10) 


= +9.75... x 107 Jmol! =|+0.98 kJ mol! 


(iv) At Q = 100 
A,G = (-4.73 x 10° Jmol _') + (8.3145J K~! mol") x (298 K) xIn(100) 


= +6.68... x 10° Jmol! =|+6.7 kJ mol! 


The equilibrium constant K is the value of Q for which A,G = 0. From the 
above values, K will therefore be somewhere between 1.0 and 10. To find 
exactly where by linear interpolation, note that according to A,G = A,G® + 
RT In Q, a plot of A,G against In Q should be a straight line. Consider the two 
points on either side of zero, that is, (ii) and (iii). The point A,G = 0 occurs a 
fraction (4.73...)/(0.975... + 4.73...) = 0.829... of the way between points (ii) 
and (iii), so is at 


InK = In1 + (0.822...) x (In 10 -In1) = 1.90... 


Hence K =e! = [6.75 
The value is calculated directly by setting A,G = 0 and Q = Kin A,G = A,G* + 
RT In Q and rearranging for K 


3 -1 
K =e SORT = oxy -4.73 x 10 as - 
(8.3145J K"' mol") x (298 K) 


6.75 


which is the same result as obtained from the linear interpolation. 
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E6A.9(b) 


E6A.10(b) 


E6A.11(b) 


For the reaction N,O4(g) = 2NO,(g) the following table is drawn up by 
supposing that there are n moles of N2O, initially and that at equilibrium a 
fraction « has dissociated. 


Initial amount n 0 
Change to reach equilibrium -an +2an 
Amount at equilibrium (1-a)n 2an 
|= 2 
Mole fraction, x; : 2 
1l+a l+a 
l-a 2a 
Partial pressure, py aad) 4 =e 
1l+a 1l+a 


The total amount in moles is myo = (1-a)n+2an = (1+a@)n. This value is used 
to find the mole fractions. In the last line, py = xjp has been used. Treating all 
species as perfect gases so that a; = (py/p®), the equilibrium constant is 


Pe 
K= ANo, _ (pwo,/p?)* _ PNo, 7 (2) - 40? p 
AN204 (pn,o,/p*) PN20.P° (G2?) pe (1-a)(1+a) p° 


1 


In this case w = 0.201 and p = 1.00 bar; recall that p® = 1 bar. 


4 x 0.2017 1.00 bar 
2 ‘ = 
(1 - 0.201) x (1 + 0.201) 1 bar 


0.168 


The relationship between K and K; is [6A.18b-209], K = K. x (c°RT/p°)””. 
For the reaction 3N2(g) + H2(g) = 2HN3(g) 


Av = VHN, — YN, — VH, =2-3-1=-2 hence K=K.x(c°RT/p®)” 


p°/c°R evaluates to 12.03 K so the relationship can alternatively be written as 
K = K, x [(12.03)/(T/K)]?. 


The following table is drawn up: 


A + B _ C + 2D 


Initial amount, nj,9/mol 2.00 1.00 0 3.00 
Change, Any/mol -0.79 -0.79 +0.79 +1.58 
SUB anORNS 1.21 0.21 0.79 4.58 

ny/mol 
Mole fraction, x, 0.178... 0.0309... 0.116... 0.674... 


Partial pressure, py (0.178...)p (0.0309...)p (0.116...)p (0.674...) p 
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To go to the second line, the fact that 0.79 mol of C has been produced is 
used to deduce the changes in the other species given the stoichiometry of the 
reaction. For example, 1 mol of A is consumed for every 1 mol of C formed, so 
Ava = —Avc = —-0.79 mol. The total amount in moles is nto = (1.21 mol) + 
(0.21 mol) + (0.79 mol) + (4.58 mol) = 6.79 mol. This value is used to find the 
mole fractions. In the last line, py = x;p has been used. 


(i) The mole fractions are given in the above table. 
(ii) Treating all species as perfect gases so that ay = py/p° the equilibrium 


constant is 


_ 445 _ (pc/p?)(pv/p*)” _ _ PcPb_ _ XcxD P 
a,a3 (pa/p°)(ps/p?) Ppapsp® xaxe p® 
2 
here ees) 1.00 bar _ 
(qollez): Bat 


(iii) The relationship between A,G® and K [6A.15-208], A,G® = -RT In K, is 
used to calculate A,G®*: 


60... = |9.6 


A,G® = —(8.3145JK~! mol”') x ([25 + 273.15] K) x In 9.60... 


=|-5.6 kJ mol! 


E6A.12(b) The reaction for which A,G® corresponds to the standard Gibbs energy of 
formation of UH3(s) is 


U(s) + $H2(g) = UH3(s) 


that is, the formation of one mole of UH; from the elements in their reference 
states. The equilibrium partial pressure of hydrogen is used to calculate the 
equilibrium constant K, which is then used with A,G® = —RT In K [6A.15-208] 
to find A,G*. 


Treating hydrogen as a perfect gas, so that ay, = pu,/p*, and recalling that 
ay = 1 for a pure solid gives 


a fists) 1 _ ( p° i 7 (is mye 
AU (s) x oe 1x (pu,/p?)3? PH, 139 Pa 
= 1.92... x 104 


Hence 


A,G° =-RTInK 


= ~(8.3145JK7! mol”) x (500 K) x In(1.92... x 10*) =|-41.0 kJ mol”! 
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E6A.13(b) ‘The reaction corresponding to the standard Gibbs energy change of formation 

of PH; is 
qPa(s) + H2(g) = PHa(g) 

This is the reaction in question. The reaction Gibbs energy for an arbitrary 
reaction quotient is given by [6A.11-207], A-G = A,G* + RTInQ. White 
phosphorus (P4, the reference state of phosphorus) is a solid and so has a = 1; 
the other species are treated as perfect gases so that ay = py;/p*. Therefore the 
reaction quotient Q is 


apH; _ (peu, /p* ) = PPH; *X a _ (0.6 bar) x (1 bar) !/ 


Q= 
ata? (pulpy? pe Soa. 


= 0.60 


Hence 
A,G =A,G° + RTInQ 
(+13.4 x 10° Jmol’) + (8.3145JK~! mol ') x (298 K) x In(0.60) 


=/+12 kJ mol! 


Because A,G > 0 the spontaneous direction of the reaction under these condi- 
tions is from right to left. 


E6A.14(b) The standard Gibbs energy change for the reaction is given in terms of the 
standard Gibbs energies of formation by [6A.13a—207]: 
A,G® = A¢G® (Pbl,, aq) — AgG® (PbI, s) 


This is rearranged for A¢G® (PblI2, aq) and A,G® is replaced by —RT In K [6A.15- 
208] to give 


A¢G® (PbIn, aq) = AyG° + AgG® (Pb, s) = —-RTInK + Ar¢G* (Pbly, s) 
= —(8.3145JK~! mol!) x (298.15 K) x In(1.4 x 1078) 


+ (-173.64 x 10° Jmol") =|-1.3 x 10? kJ mol! 


Solutions to problems 


P6A.2 The required reaction can be generated from the following sum: 
CO(g) + H2(g) = H2CO(l) =A, G°(1) = +28.95 kJ mol! 
H,CO(1) = H,CO(g) A,rG* (2) 
CO(g) + H2(g) = H2zCO(g) A,G*°(3) = ArG°(1) + A,G*(2) 


If H,CO(g) is treated as a perfect gas, so that ay,co(g) = PH,co/p®, then 
noting that ay = 1 for a pure liquid, the equilibrium constant for the second 
reaction is 

41,c0(g) _ (pu,co/p*) _ pu,co _ 1500 Torr | latm : 1.01325 bar 
4H,CO(1) 1 p? 1 bar 760 Torr 1 atm 


= 1.99... 


K2 = 


Using [6A.15-208], A,G° = —RTInK, the equilibrium constant for the re- 
quired reaction is 


ee eo 4rG°(3)/RT 


- ex ea O)) exp earn) 


RT RT 
ae) {1/65,9x6 ( 28.95 x 10° Jmol’ 
— OS 5 sae x 
RT (8.3145J K"! mol ')x (298 K) 


= K, exp (- 


=/1.69 x 1075 


P6A.4 The reaction Gibbs energy for an arbitrary reaction quotient is given by [6A.l1- 
207], A,G = A,G* + RTInQ. Q is given by [6A.10-207], Q = []j a,'. In each 
case ay = 1 for pure solids and ay = p;/p* for gases, assuming perfect behaviour. 
Reaction (i): H,O(g) = H,0(s) 


e 


_ 411, 0(s) = 1 = P 
4,0(g) (PHo0/P*) Px,o0 


A.G = A,G° «Tn e 


PH,0 
= (-23.6 x 10° Jmol‘) + (8.3145J K! mol ') x (190 K) 


«In( poe =/4+1.5kJmol! 


0.13 x 10-® bar 


Reaction (ii): H,O(g) + HNO3(g) = HNO3.H,O(s) 


AHNO3.H20(s) lL p> 


441,0(g)9HNO;(g)  (PH,0/P°)(PuNo,/P°) — PH,OPHNO; 


e2 
A.G = A,G° + xrin(—-_) 


PH,OPHNO; 
= (-57.2 x 10° Jmol‘) + (8.3145JK~! mol‘) x (190 K) 
(1 bar)? Fj 
1 =|+2.0 kJ mol 
— ( (0.13 x 10-® bar) x (0.41 x 10-? bar) * ye 


Reaction (iii): 2H,O(g) + HNO3(g) = HNO3.2H,O(s) 


3 
AHNO3.2H20(s) i Pp 


Bis,0(g) 4HNOs(g)  (Pu.0/P°)?(PuNo,/P°) — Pii,oP HNO, 


Q= 


e3 
AG = AgG? xrn( >] 
Pu,0PHNO; 


= (-85.6 x 10° Jmol ') + (8.3145J K~! mol’) x (190 K) 


(1 bar)? Fj 
l =|-14k 
_ ( (0.13 x 10-® bar)? x (0.41 x 10-9 bar) be 
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P6A.6 


Reaction (iv): 3H,O(g) + HNO3(g) = HNO3.3H,0(s) 


Q = AHNO3.3H20(s) _ 1 _ p? 
5,0 (g) FHNOa(s) (Pu,0/p°)?(Puno,/P*) — Pix,0PHNO; 
o4 
ArG = A,G? + erin( P| 
PH,oPHNO; 
= (-112.8 x 10° Jmol ') + (8.3145JK7! mol’) x (190 K) 
(1 bar)* = 
l =|-3.5 kJ mol 
7 nor x 10-¢ bar)? x (0.41 x 10-° bar) = 


The results show that A,G < 0 for reactions (iii) and (iv), so HNO3.2H,O 
and HNO3.3H20O can form spontaneously under the prevailing conditions. 
To identify which of these solids is most stable, consider the conversion of 
HNO3.2H20 into HNO3.3H20. The required reaction is constructed by adding 
reaction (iv) to the reverse of reaction (iii): 

A,G/(kJ mol *) 


HNO;3.2H20(s) + H,O(g) = HNO3.3H20(s) —2.2 


Since A,G < 0 for this conversion, it follows that |HNO3.3H O]is the thermo- 
dynamically most stable solid (at least out of the four considered) under the 
prevailing conditions. 


The standard reaction enthalpy and entropy are calculated using standard en- 
thalpies of formation and standard molar entropies respectively ([2C.5a—55] 
and [3C.3a-94]) 
A,H® = 2AsH® (NO, g) — A¢H® (N2Og, g) 

= 2x (+33.18 kJ mol!) — (+9.16 kJ mol™') = +57.20 kJ mol”! 
A,S° = 2S", (NO2,g) = S* (N20, g) 


= 2x (+240.06 J K7! mol”) — (+304.29 JK“! mol!) = +175.83 JK™' mol! 


The relationship between the equilibrium constant and A,G® is [6A.15-208], 
A,G* = -RTInK, and A,G* is related to A,H® and A,S® according to [3D.9- 
100], A-G® = A,H® — TA,S°. Therefore 


Kae brG°/RT _ g~(ArH®-TA,S*)/RT _ 4-ArH®/RT QArS°/R 


e 


r( +57.20 x 10° Jmol! F (== JK! mol! 


(8.3145J K~! mol!) x (298 K) 8.3145JK | mol! 
ll SES 
enthalpy contribution to K entropy contribution to K 


ap eget (GOAL. a0) (1.52.2, % 107) = 044 
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The calculation shows that A,H® and A,S° make contributions to K in opposite 
directions: A,H® acts to make K very small while A,S° acts to make K very 
large and the overall result is that K is close to 1. The negative value of A,H® 
can be interpreted in terms of the forward reaction involving the breaking of 
the N-N bond in N2O,, while the positive value of A,S° can be attributed to 
the reaction forming two moles of gas from one mole. At 298 K the calculation 
shows that the A, H® contribution is slightly larger than the A,S° contribution 
which is reflected in K being less than 1. 


6B Theresponse of equilibria to the conditions 


Answer to discussion question 


D6B.2 


This is discussed in Section 6B.1 on page 212 and in Section 6B.2 on page 213. 


Solutions to exercises 


E6B.1(b) 


For the reaction Br2(g) = 2Br(g) the following table is drawn up by supposing 
that there are n moles of Bry initially and that at equilibrium a fraction a has 
dissociated. 


Initial amount n 0 
Change to reach equilibrium —an +2an 
Amount at equilibrium (l-a)n 2an 
: l-a 2a 
Mole fraction, x, 
l+a l+a 
l-a 2a 
Partial pressure, py (l-a)p lad 
l+a l+a 


The total amount in moles is (1-a)n+2an = (1+a@)n. This value is used to find 
the mole fractions. In the last line, py = x;p [1A.6-9] has been used. Treating 
all species as perfect gases, so that ay = (py/p*), the equilibrium constant is 


2 e)\2 2 2ap 2 2 
_ ai _ (par/p?)? ph == ie) p 
apr, (ppr,/p?) PBr, p* (GPP) pe (1-a)(1+a) p° 


1+ 


In this case a = 0.24 and p = 1.00 bar; recall that p® = 1 bar. 
4 x 0.24? 1.00 bar 


= 0.244... =|0.24 


The temperature dependence of K is given by [6B.4-215], 


ie 2 
KA T 


In Kz In Ky 
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E6B.2(b) 


E6B.3(b) 


assuming that A,H® is constant over the temperature range of interest. 


In K> = In(0.244...) 


112 x 10° Jmol 1 


= 0.275... 
8.3145JK~! mol! \2000K 1600 z) 


That is, Ky = (1.3), a larger value than at 1600 K, as expected for this endothermic 
reaction. 


The data in the Resource section is used to calculate A,G® and A,H® at 298 K 


A,G® = AgG® (CHCIs,1) + 3A¢G° (HCL, g) — A¢G® (CHy, g) 
= (-73.7 kJ mol *) +3 x (95.30 kJ mol _') - (—50.72 kJ mol *) 
= -3.08... x 10? kJ mol” 
A,-H® = A¢H® (CHCI3,1) + 3A¢H® (HCL, g) — ApH® (CHy, g) 
= (-134.1 kJ mol *) + 3(—92.31 kJ mol *) — (-74.81 kJ mol‘) 
= ~3,36... x 10? kJ mol” 


The equilibrium constant at 25 °C (= 298.15 K) is calculated from A,G* using 
[6A.15-208], A,G® = -RTInK 

A,G® —3.08... x 10° Jmol! iv 
RT (8.3145J K~! mol ') x (298.15 K) 

hence K = 1.29... x 10°4 =|1.3 x 10°4 


4... x 10? 


InK= 


Assuming that A,H® is constant over the temperature range of interest, the 
temperature dependence of K is given by [6B.4-215], 


A,H* {1 1 
In Ka In Ky ( ) 
ei 


This is used to calculate the equilibrium constant at 50 °C (= 323.15 K) 


36-210 Jmol ( 1 1 


In Ky = In(1.29... x 10°*) = 
8.3145] K! mol 323.15K 298.15K 


= 1.14... x 10° 


That is, Ky = [3.6 x 10*?| a smaller value than at 25 °C, as expected for this 
exothermic reaction. 


Assuming that A,H® is constant over the temperature range of interest, the 
temperature dependence of K is given by [6B.4-215], 


In K Ink, 


ae :) 
RNG. Fi 


E6B.4(b) 


Using A,G® = —RT In K to substitute for K, and setting In K, = In1 = 0 (the 
crossover point) gives 


A,G°(T;)  A,H® ( 1 1 ) 
RT, 7 R To Ty 


Rearranging for T> gives 


T,A,H® _ (1120 K) x (+125 kJ mol”) 
ArH® -A,G°(T,) (+125 kJ mol!) - (+22 kJ mol!) 


T= =|14x10°K 


The van ’t Hoff equation [6B.2-214], dIn K/dT = A,H°/RT’, is rearranged to 
obtain an expression for A, H® 


A.H® _ ppdink 
dT 
d BC B 3C 3C 
= 2 2 oe eae 
on wl4tet a) Rr ( P =) R(B+ 5) 
2.1 x 107 K3 
2a(s aise met js | (ime ee 
(450 K)? 


= 7.19... x 10? Jmol! =/7.2 kJ mol”! 


The standard reaction entropy is obtained by first finding an expression for 
A,G® using [6A.15-208] 


B 
A,G° =—-RTInK = -RT (A+ —+ =) =-R (ar+B+ =) 
T T T2 


The equation A,G° = A,H® — TA,S® [3D.9-100] is then rearranged to find 
A,S° 


A,H® -A,G® 1 3C C 
A,S®° = R(Ba )+r(ar+p+ =) 
T T T? T? 
ee 
A,H* —A,G* 
2C = 2x (2.1 x 107 K? 
= R(A-—) = (8.3145) K™! mol *) x | -2.04 ( ) 
T3 (450 K)3 


=|-21JK"! mol! 


An alternative approach to finding A,S® is to use the variation of G with T 
which is given by [3E.8-107], (0G/0T), = —S. This implies that dA,G°/dT = 
—A,S° where the derivative is complete (not partial) because A,G® is indepen- 
dent of pressure. Using the expression for A,G® from above it follows that 


dA.Ge od C 2C 
e r eae Sel ae 
me dT aT R(ar nap =) ( =) 


En EEEEEN 
A,G* 


which is the same expression obtained above. 
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E6B.5(b) 


E6B.6(b) 


Treating all species as perfect gases so that a, = py/p°, the equilibrium constant 
for the reaction CH;OH(g) + NOCI(g) = HCl(g) + CH3NO2(g) is 


4cH;No,4ucl _ (Pcusno,/P°)(Puci/P*) _ PcHsno.Pucl 
4cH,0H4nocl (Pcx,on/p®)(PnNoa/p?)  PcH,oHPNoci 
_ (xcH,NO,P)(Xucip) _ XCH3NO2*HCI -K 
(xcn,0nP)(xnocip) XCH;0H*XNOCI * 


K= 


where K, is the part of the equilibrium constant expression that contains the 
equilibrium mole fractions of reactants and products. Because K is indepen- 
dent of pressure, and K = K, in this case, it follows that K, does not change 
when the pressure is changed. Hence the percentage change in K, is [zero]. 


The following table is drawn up for the N2(g) + O2(g) = 2NO(g) reaction, 
supposing that in order to reach equilibrium the reaction proceeds to the right 
by an amount z moles. 


N>2 at Oz = 2NO 

Initial amount NN,,0 NO,,0 0 
Change to reach equilibrium -Z -Z +2z 

Amount at equilibrium MN,,0 — Z No,,0 —Z 2z 

. MN,,0 — Z No,,0 —Z 2Z 

Mole fraction, x; 

Ntot Ntot Ntot 

. nNN,,0 — Z NO,,0 — Z 2z 
Partial pressure, py (1y,.0 = 2)P (no,.0=2)P P 
Ntot Ntot Ntot 


The total amount in moles is mot = MN,,0 +M0,,0 at all times. Treating all species 
as perfect gases so that ay = py/p®* the equilibrium constant is 


_ 90 ____(Pyo/p’)? —_ No 
an, 40, (pn,/P*)(Po./p*) PN2Poz 
(2zp/n)* 4z? 


[(nn2,0 -2)p/ntot] [(no.,0- 2) p/Mtor] — (™Na,0 - Z)(N0,,0 - Z) 
Rearranging gives 
K(nn,,0 _- Z)(No,,0 = Z) = 42” 
Hence (4- K)z? + K(ny,,0 + 10,,0)Z — MN;,0N0,,0K = 0 


The initial amounts are calculated as 


_ 5.0 g 
28.02 gmol 


2.0 g 
= 0.178... mol No,,0 = ———>- — = 0.0625... mol 


n = 
a 32.00 g mol 


E6B.7(b) 


E6B.8(b) 
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Substituting the values for n; and K into the above equation, dividing through 
by mol’ and writing x = z/mol yields the quadratic 


(3.99...)x” + (4.07... x 107*) x — 1.88... x 107° = 0 


which has solutions x = 2.12... x 10°? and x = —2.22... x 107° implying z = 
(2.12... x 107? mol) or z = (2.22... x 1073 mol). The negative value of z is 
rejected because that would imply a negative amount of NO. The mole fraction 
of NO present at equilibrium is therefore 


22 2x (2.12..x 107? mol) | 
Ny,,0 +NO,,0 (0.178... mol) + (0.0625... mol) 


0.018 


XNO = 


The temperature dependence of K is given by [6B.4-215] 
R In(K, /K, ) 
(1/T2) - (/T:) 


(i) If the equilibrium constant is doubled then K2/K, = 2 


In Kz In Kk, 


A,H*® ( 1 1 


hence A,H® 
RVG 


(8.3145JK7! mol!) x In2 _ 
[1/(325 K)] - (1/[310 K]) 


A,H° +38.7 kJ mol”! 


(ii) If the equilibrium constant is halved then K,/K, = 1/2 


(8.3145J K~! mol ') x In(1/2) 
[1/(325 K)] — (1/[310 K]) 


38.7 kJmol : 


A,H® = 


The relationship between A,G® and K is given by [(6A.15-208], A-G° = —RT In K. 
Hence if K = 1, A-G*® = —RT1n1 = 0. Furthermore A,G* is related to A,H® 
and A,S®° by [3D.9-100], A,G® = A,H® — TA,S®, so if K = 1 

A,H® 

A,S® 

Values of A,H® and A,S® at 298 K are calculated using data from the Resource 
section. 


A,H® — TA,S* =0 hence T= 


A-H® = A¢H® (CuSOu,,s) + 5A¢H° (H20, g) — AgH® (CuSO4.5H20, s) 
= (-771.36 kJ mol!) +5 x (—241.82 kJ mol’) — (-2279.7 kJ mol ') 
= +299.24 kJ mol”! 
A,S® = S* (CuSOg,s) + 58° (H20, g) - S%,(CuSO4.5H20, s) 
= (109 JK7! mol’) +5 x (188.83 JK~! mol") — (300.4 J K™! mol’) 
= 752.75JK ! mol! 
Substituting these values into the equation found above, assuming that A,H® 
and A,S® do not vary significantly with temperature over the range of interest, 
gives: 
_ ArH? _ 299.24x 10? Jmol? | 
A,S* 752.75 JK! mol 


T 398 K 
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E6B.9(b) (i) 


(ii) 


(iii) 


(iv) 


Treating the vapour as a perfect gas so that ay = p,/p°, and noting that 
pure solids have ay = 1, the equilibrium constant for the dissociation 


QNH;,g4HCLg _ (PNu/P°)(Pua/p’) _ prusPucl 


K= ; fF 
ANH, Cl,s P 


Furthermore, because NH3 and HCl are formed ina 1 : 1 ratio, they each 
have a mole fraction of 1/2 and the partial pressure of each is half the total 
pressure: pa, = pp = ; p. The equilibrium constant at 427 °C is therefore 


ly) 2 é 
Z GP)GP) Sos (O05 KPA)". 2954. Sigaa 
p° 4p°? 4x (100 kPa)? 


K 


The standard reaction Gibbs energy at 427 °C is obtained using A,G® = 
—RTInK [6A.15-208] 


A,G® = —(8.3145J K7! mol’) x ([427 + 273.15] K) x In(9.24...) 


= -1.29... x 104 Jmol™! =|-12.9 kJ mol! 


The variation of K with temperature, assuming that A,H® does not vary 
with T over the temperature range of interest, is given by [6B.4-215] 
A,H® 


1 1 
In K2-In K, ( hence A,H*® 
R T, TT; 


Rin(K3/K,) 
(1/T2) - /Ti) 


Noting that the above equilibrium constant expression K = p”/ 4p?” im- 
plies that In(K2/K,) = In(p3/p7), ArH?® is calculated as 


(8.3145J K7! mol *) x In((1115 kPa)?/(608 kPa)?) 
[1/(459 + 273.15) K] - [1/(427 + 273.15) K] 


= +1.61... x 10° Jmol”! =|+162 kJ mol’ 


A,H 


The standard reaction entropy is obtained from A,G* and A,H® by rear- 
ranging A,G® = A,H® — TA,S®* [3D.9-100]: 


Age = ArH? = ArG? _ (1.61... x 10° J mol *) — (-1.29... x 104 Jmol *) 


LT 700.15 K 
=|+249JK-! mol’ 


Solutions to problems 


P6B.2 (a) 


The reaction CH4(g) = C(s, graphite) + 2H) is the reverse of the forma- 
tion reaction of methane, so 


A,H® = —A¢H®° (CHg, g) = —(—74.85 kJ mol”) = +74.85 kJ mol! 
A,S° = —AgS° (CHg, g) = —(-80.67 JK! mol’) = +80.67 JK7! mol ' 


The equilibrium constant K is calculated using A,G° = —RT In K [6A.15- 
208], with A,G* being obtained from A,G® = A,H® — TA,S®* [3D.9-100] 


Kn ec bG*/RT exp A, H? - ms) 


RT 
ae ( (74.85 x 10° Jmol ') — (298 K) x (80.67 JK! mol’) 
e (8.3145J K~! mol ') x (298 K) 


=|{1.24 x 107? 


(b) The temperature dependence of K is given by [6B.4-215] 


In K = InK, 


A,H® ( 1 1 
RA\h T 
assuming that A,H® is constant over the temperature range of interest. 
The value of K at 50 °C is therefore 
In Kp = In(1.24... x 107°) 


74.85 x 10° Jmol! 1 1 
8.3145JK-! mol! \ (50+ 273.15) K 298K 


=-18.1... hence K, =|1.30x 107° 


(c) The following table is drawn up, assuming that the initial amount of methane 


is n and that at equilibrium a fraction a has dissociated. Graphite is a solid 
so is not included in the calculations. 


CHi(g) = 2Ha(g) + C(s) 


Initial amount n 0 — 
Change to reach equilibrium —an +2an — 
Amount at equilibrium (l-a)n 2an — 
. l-a 2a 
Mole fraction, x; — 
1l+a l+a 
l-a 2a 
Partial pressure, py ( p P — 
l+a l+a 


The total amount in moles is mor = (1 — a)n + 2an = (1+ a)n. This 
value is used to find the mole fractions. Treating CH, and H, as perfect 
gases, so that ay = p,/p°, and recalling that pure solids have a, = 1, the 
equilibrium constant is 


a 2 
ante _ (Pu/p? x1 _ Pin _ 
acu, (Pcu./P?) — Pew P® (G2) pe 
4a? p _ 40° p 


~ (l-a)(1+a) pp? 1a? pe 


185 


186 


P6B.4 


Rearranging for a gives 


L 


1 

P K 2 1.24... x 107° 2 
~\4(p/p?)+K} ~~ \4x (0.010 bar) /(1 bar) + 1.24... x 10-9 

=o x10 * 


(d) If the pressure is increased, K will not change, because the equilibrium 

constant is independent of pressure. However, the above expression for 
the degree of dissociation, a = [K/(4p/p° + K)]'/, indicates that a will 
decrease as p increases due to the denominator becoming larger. This is 
in accord with Le Chatelier’s principle, which predicts that an increase in 
pressure will cause the reaction to adjust so as to minimise the pressure 
increase. This it can do by reducing the number of particles in the gas 
phase, which implies a shift CH4(g) < 2H,(g) + C(s), corresponding to 
a lower degree of dissociation. 
If the temperature is increased, then the van ’t Hoff equation [6B.2-214], 
dln K/dT = A,H°/RT? predicts that K will increase because A,H® is 
positive for this reaction, so that dln K/dT and therefore also dK/dT is 
positive. The expression for the degree of dissociation, a = [K/(4p/p° + 
K)]'/?, shows that this increase in K will result in an increase in a. This 
is most clearly seen by noting that because a « (p/p*) the expression 
for « may be approximated as [K/(4p/p®)]'/? which will increase as K 
increases. The result that a increases with T is again in accord with Le 
Chatelier’s principle, which predicts that for this endothermic reaction 
the equilibrium will shift towards the products if the temperature rises. 


The van ’t Hoff equation [6B.2-214] is 


dlnK A,H°® . ; diInK A,H® 
= which can also be written = 
dT RT? d(1/T) R 


The second form implies that a graph of - In K against 1/T should bea straight 
line of slope A,H*/R; such a plot is shown in Fig. 6.1. 


T/K K u(T/K) =k 
300 4.0x 103! 0.00333 -72.8 
500 4.0x10!8 0.00200 -42.8 
1000 5.1x10® 0.00100 —-20.0 


The data fall on a good straight line, the equation of which is 
In K = (-2.259 x 10*) x 1/(T/K) + 2.463 
A,H°/R is determined from the slope 


A,H® = R x (slope x K) = (8.3145JK_! mol’) x (—2.259 x 10* K) 


=|-1.9x 10? kJmol | 
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Figure 6.1 


Treating NH; as an ideal gas (so that ay = py;/p°) and noting that pure solids 
have ay = 1, the equilibrium constant for the decomposition CaCl,.NH3(s) = 
CaCl,(s) + NH;(g) is 
ACaCh,s4NHs,g _ 1x (pwu/P*) _ PNH; 

ACaCl,.NH3,s 1 p° 
At 400 K, the value of K is therefore (1.71 kPa) /(100 kPa) = 0.0171. 


The starting point for finding the temperature dependence of A,G® is the tem- 
perature dependence of K, which is given by [6B.4-215] 


AH? (1 1 
In K =In Ky, ( 
R Tr Ty 


Using A,G® = -RTInK [6A.15-208] to replace In Ky by -A,G°/RT), and 
setting T, = T where T is any temperature between 350 K and 470 K, gives 


Ks 


A,G* A,H® (1 1 
=lIn Ky ( 
RT R T Ti 
This expression is rearranged for A,G® 
1 1 A,H® 
A,G° =—-RTInK, + TA," ( =) = A,H® —| RInK, + T 
T Ti T) 


Setting T; = 400 K and K, = 0.0171 as calculated above gives 


A,G® = +78 x 10° Jmol’ - (rors mol) x In(0.0171) 


400 K 
= (+78 x 10° Jmol’) — (1.6 x 10? JK7! mol") T 


78 x 103 er) 


or, dividing through by kJ mol ':|A,G°/kJ mol! = 78 — 0.16(T/K) 
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The following table is drawn up for the I,(g) = 21(g) equilibrium: 


I, = 2I 
Initial amount Nn, 0 
Change to reach equilibrium —ant, +2ant, 
Amount at equilibrium (1 - a) ny, 2any, 
. l-a 2a 
Mole fraction, xy 
l+a l+a 
l-a 2a 
Partial pressure, py ()=a)P P 
l+a l+a 


The total amount in moles is mo¢ = (1 — w) my, + 2an;, = (1+ a) ny,. This value 
is used to find the mole fractions. Treating all species as perfect gases, so that 
ay = py/p®, the equilibrium constant is: 


2 e\2 2 2ap 7 2 
_at (p/p? pt GE) p 
a, (p/p?) Pup? (Hee) ps (1-a)(1 +a) p® 


The total amount in moles is found from the pressure using the perfect gas law 
[1A.4-8], pV = not RT. With this, a can then be determined. 


pv 


PV = MorRT =(1+a)n,,RT hence a= 
ny,RT 


These expressions are used to calculate a and hence K from the given data; the 
results are shown in the table below. The standard enthalpy of dissociation is 
then found using the van ’t Hoff equation [6B.2-214]: 


aaa hich can also be written on awl 
= l 1 = 
dT RD ™ - d(/T)  R 


The second form implies that a graph of - In K against 1/T should bea straight 
line of slope A,H*/R; the plot is shown in Fig. 6.2. 


T/K 100p/atm 104n;,/mol a K 10*/(T/K) -InK 
973 6.244 2.4709 0.0846 1.824 x 10-3 10.277 6.307 
1073 7.500 2.4555 0.1888 1.123 x 10°? 9.320 4.489 
1173 9.181 2.4366 0.3415 4.91110? 8.525 3.014 


The data fall on a good straight line, the equation of which is 
In K = 1.880 x 10*/(T/K) — 13.02 
A,-H°/R is determined from the slope 


A,H® = R x (slope x K) = (8.3145J K' mol") x (1.880 x 10* K) 


=|+156 kJ mol! 
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Figure 6.2 


The equilibrium for which A,H”® is the enthalpy change of solution is A(g) = 
A(solv) where A is H2 or CO. Replacing activities of solutes by molar concen- 
trations and activities of gases by partial pressures, the equilibrium constant for 
this reaction is: 


K = GAssolv _ ([A]/e?) sa =f = s,/moldm™ bar™ 


AA,g palp? —c*/p® (1 moldm*)/(1 bar) 


where sa = [A]/pa is the solubility. The standard enthalpy of solution is ob- 
tained using the van ’t Hoff equation [6B.2-214], dInK/dT = A,H°/RT”. 
Replacing A,H® by A,.1H® and noting from inside the front cover that In x = 
In 10 x log x gives 


dln K 


AcolH® = RT? dlogK 
SO. dT 


= RT" 1In10x 


d 
= RT’ In 10x i log(s/molcm™ bar‘) 


where the expression for K from above has been used. It does not matter 
whether s is in mol dm~* bar” or molcm™? bar’ because the only difference 
is a constant factor which vanishes on differentiating the logarithm. The en- 
thalpies of solvation for H2 and CO are therefore 


768 K 
T2 


d 
H>: A,jH® = RT*1n10 x 5.39 RT? In 10 x 
dT T/K 


= Rin 10 x (768 K) = (8.3145JK | mol ') x In 10 x (768 K) 


=|+14.7kJ mol” 
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980 
T/K 
= RIn 10 x (980 K) = (8.3145JK~! mol’) x In 10 x (980 K) 


980 K 


CO: A, iH® = RT*1n 10 x _ ( 5.98 RT’ In 10 x 


=|+18.8 kJ mol! 


The relationship between K and K, is given by [6A.18b-209] 


c°RT 

p° 
This expression for K is substituted into the van ’t Hoff equation [6B.2-214], 
dln K/dT = A,H°/RT? 


d coRT\”’| A, H? 
— In| K, x = 
dT p° RT? 


The left hand side of this expression is evaluated to give 


Av 
K=K,x ( where Av = v(products) — v(reactants) 


e Av oe 
Zn K, x ee ae InK, + Avin Ex + AviInT 
dT p° dT p° 
_ dink, ne Av 
~ aT i 
so that 
dinK, Av A,H® dlnK, A,H® Av 
+ = hence = 
dT T RT? dT RT? T 


If A,H® is assumed not to vary with temperature between T) and T), this ex- 
pression may be integrated between T; and T): 


ie (AH? A 
f[ ane a “\ ar 
Ty Ty RT2 T 


to give 


In K.(T) -InK.(T;) aa (7 7) avin (>) 


6C_ Electrochemical cells 


Answers to discussion questions 


D6C.2 


A galvanic cell is an electrochemical cell that produces electricity as a result 
of the spontaneous reaction occuring inside it. An electrolytic cell is an elec- 
trochemical cell in which a non-spontaneous reaction is driven by an external 
source of current. 


D6C.4 The relationship between the cell potential and the Gibbs energy change of the 
cell reaction, A,G = —vFE,e only applies under reversible conditions. This is 
achieved by balancing the cell with an equal and opposite externally applied 
potential. Under these circumstances, no current flows. 


Solutions to exercises 


E6C.1(b) (i) 


(ii) 


(iii) 


The reduction half-reactions, together with their standard electrode po- 
tentials from the Resource section, are 


R: Ag»CrO,4(s) + 2e” > 2Ag(s) +CrOZ (aq) E°(R)=+0.45V 
L: Ch(g) +2e7 > 2Cl (aq) E°(L) = +1.36 V 


The cell reaction is obtained by subtracting the left-hand reduction half- 
reaction from the right-hand reduction half reaction 


Ag,CrO,(s) + 2Cl (aq) > 2Ag(s) + Cl,(g) + CrOZ (aq) 


The standard cell potential is calculated as the difference of the two stan- 
dard electrode potentials [6D.3-224], E°,, = E°(R) - E°(L) 


Ee, = (+0.45 V) - (41.36 V) =[-0.91V 


The reduction half-reactions and their standard electrode potentials are 


R: Sn**(aq) + 2e° > Sn’*(aq) E°(R) =+0.15 V 

L: Fe**(aq)+e > Fe*(aq) -E°(L) = +0.77V 
The cell reaction is obtained by subtracting the left-hand reduction half- 
reaction from the right-hand reduction half-reaction, after first multiply- 
ing the left- hand half-reaction by two so that the numbers of electrons in 
both half-reactions are the same. 


Sn** (aq) + 2Fe** (aq) > Sn?* (aq) + 2Fe** (aq) 


The standard cell potential is 


Ee, = (40.15 V) — (40.77 V) =|-0.26 V 


The reduction half-reactions and their standard electrode potentials are 


R: MnO (s) + 4H*(aq) + 2e° > Mn?*(aq) + 2H20(1) 
L: Cu’*(aq) + 2e7 > Cu(s) 


with E®(R) = +1.23 V and E*(L) = +0.34 V. The cell reaction (R - L) is 
therefore 


MnO,(s) + 4H*(aq) + Cu(s) > Mn?* (aq) + 2H,O(1) + Cu’* (aq) 


and the standard cell potential is 


Ee) = (41.23 V) — (40.34 V) =[+0.89 V 
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E6C.2(b) (i) 


(ii) 


(iii) 


The required reduction half-reactions are 


R: 2H2O(l) + 2e7 > H2(g) +2OH™ (aq) E*°(R) = -0.83V 
L: 2Na*(aq) + 2e7 > 2Na(s) E*®(L) = -2.71 V 


The cell reaction (R — L) generated from these reduction half-reactions is 
2H,O(1) +2Na(s) > H2(g)+2OH™ (aq) +2Na* (aq) which is equivalent 
to the required reaction. The cell required is 


Na(s)|NaOH (aq )|H2(g)|Pt(s) 


The platinum electrode is an ‘inert metal’ that acts as a source or sink 
of electrons. Note that there is no interface between the half cells because 
they have a common electrolyte (NaOH(aq)). The standard cell potential 
is 


He = F(R) =F) = (083 V) = C71 V) < aa 


The required reduction half-reactions are 


R: In(g)+2e > 21 (aq) E°(R) =+0.54V 
L: 2H*(aq) + 2e° > H2(g) E*°(L) =0 (by definition) 


The cell reaction (R — L) generated from these reduction half-reactions is 
In(g) + H2(g) > 21 (aq) + 2H* (aq) which is equivalent to the required 
reaction. The cell required is 


Pt(s)|H2(g)/HI(aq)|I2(g)|Pt(s) 


and the standard cell potential is 


E®y, = E°(R) - E°(L) =[40.54V 


One possible pair of reduction half-equations is 
R: 2H*(aq) + 2e7 > H2(g) E*(R) = 0 (by definition) 
L: 2H,O(l) +2e7 > H2(g) +2OH™ (aq) E°(L) = -0.83 V 


The cell reaction (R — L) generated from these reduction half-reactions 
is 2H* (aq) + 20H (aq) > 2H2O(1) which is equivalent to (twice) the 
required reaction. The required cell is 


Pt(s)|H2(g)/NaOH (aq )|[HCI(aq)|H2(g)|Pt(s) 


and the standard cell potential is 


E®., = E°(R) — E°(L) = -(-0.83 V) = [+0.83 V 


An alternative pair of reduction half-equations is 


R: Oo(g)+4H*(aq)+4e > 2H2,O(1) = E®(R) = +1.23 V 
L: Oo(g)+2H2O(1) + 4e7 > 40H" (aq) E*°(L) = +0.40 V 


E6C.3(b) 


(i) 


(ii) 


(iii) 


for which the required cell is 
Pt(s)|O2(g)|[NaOH(aq)||[HCI(aq)|O2(g)|Pt(s) 


The cell reaction is the same as before and the standard cell potential is 
therefore also the same: E°,, = (+1.23 V) — (+0.40 V) = +0.83 V. 


The reduction half-reactions for the cell in question are: 

R: 2AgCl(s) + 2e7 > 2Ag(s) + 2Cl (aq) 

L: 2H*(aq)+2e > H2(g) 
which reveal that v = 2 for the given cell reaction. The Nernst equation 
[6C.4-22]] is Ee = E®,, — (RT/vF)InQ. Noting that a; = 1 for pure 
solids the Nernst equation in this case is 


>. BY... [aeae: 
E cell Eel OF n( — 
2 


Note that HCl(aq) must be treated as separate H* and Cl” ions since it is 
a strong acid and therefore fully dissociated in water. If the H2 is treated as 
a perfect gas then ay, = pu,/p°, which gives ay, = 1 in this case because 
the hydrogen is at the standard pressure. This gives 


_ RT 
Eel = Ere = - In (ay ac) 


As discussed in Section 5F.4 on page 187 the activities of the H* and Cl" 
are given by a = y..(b/b*) where y,. is the mean activity coefficient of the 
electrolyte which in this case is common to both electrodes. Making this 
substitution and denoting the molality of the common HCI solution by b 


gives 
RT yb? 
Ecey = Eo In| = 
ll cell F ( bez 


The relationship between the cell potential and A,G is given by [6C.2- 
217], ArG = —VvF Ege: 


A,.G = —2 x (96485 C mol’) x (0.4658 V) = |-89.9 kJ mol! 


where 1 C V = 1 J has been used. 

The Debye-Hiickel limiting law [5F.27-188] is log y,, = —A|z,z_|I'/?. In 
this equation A = 0.509 for an aqueous solution at 25 °C, z, and z_ are the 
charges on the ions, and J is the ionic strength which for a solution con- 
taining two types of ion is given by [5F.29-188], I = +(b.z7 + b_z2)/b°. 
For an HCl solution of molality b, z, = 1 (for H*), z_ = -1 (for Cl”) and 
b, = b_ = b. Therefore 


1 2 2 e fa 
logy, =-A z,2_|(4(b.z% +b_z_)/b ) 


1/2 1/2 
= -Ax|(+1) x (-1)] x (4(0 x 1? +b x (-1)°)/b°) - -a(;~) 
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The Nernst equation from part (i) is rearranged for E*,,, and the expres- 
sion for y, is substituted in, noting from inside the front cover that In x = 
In 10 x log x. 


RT oo 2RT 
Eon = E+ F In ( ma = Ege + 7 in( =) +1n10 x log y.| 


- 5g,+ ®Tlin(#)—tnt0xa(4)” 
cell F be be 


2 x (8.3145) K~! mol *) x (298.15 K) 
96485 Cmol 


0.01 mol kg”! ie 
x in COL met) in 10 (0.508) x (SOL MAE} 
1 molkg 1 molkg 


= (+0.4658 V) + 


+0.223 V 


Finally, note that E®,, = E°(R)-E®°(L) = E° (AgCl/Ag, Cl" )-E* (H*/H2). 
Because E® (H*/H2) = 0 (by definition), it follows that E* (AgCl/Ag, Cl) = 
E®,, = [40.223 V 


E6C.4(b) The reduction half-reactions for the cell in question are 


R: 2NO;(aq) + 4H* (aq) + 2e > 2NO>(g) + 2H,O(1) 
L: Zn**(aq) +2e7 > Zn(s) 


which reveal that v = 2 for the given cell reaction. As explained in Section 6C.3(a) 
on page 219 the maximum non-expansion (electrical) work that a reaction when 
it advances by an infinitesimal amount dé at some composition is given by 
dw. = A,Gdé. The reaction Gibbs energy A,G therefore represents the work 
done per mole of reaction, that is, when the reaction advances by Ag = 1 mol at 
constant composition. The reaction Gibbs energy is related to the cell potential 
according to [6C.2-217], A,G = —vFE ce, so assuming that the cell is operating 
under standard conditions the electrical work that can be done (per mole of 
reaction) is 


dw,./dé = A,G° = -2FE®,, = -2 x (96485 C mol’) x (-0.040 V) 


=|+7.7 kJ mol! 


The positive value indicates that work has been done on the system by the 
surroundings. 


E6C.5(b) The Nernst equation [6C.4-22]] is Ecen = E2,, — (RT/vF)InQ. If Q changes 
from Q; to Q, then the change in cell potential is given by 


RT =. RE RT (Q 
Ecell,1 Eceti,2 [Boa oF In Q,| [Boa ve In a, | ie on In( >) 


195 


For v = 3 and Q,/Q, =5 the change in cell potential is 


m=] -] 
(8.3145JK* mol) es K) tae 
3 x (96485 C mol ') 


=|-0.014 V 


Feel, Ecell,2 


where 1JC’' = 1 Vis used. 


Solutions to problems 


P6C.2 The reduction half-reactions for the specified cell are 


R: 4$02(g) + 2H*(aq) + 2e7 > H2O(1) 
L: 2H*(aq)+2e” > H2(g) 


for which v = 2. The cell reaction (R - L) is $O2(g) + H2(g) > H20(1), 
which corresponds to the formation reaction for H,O(1) from its elements. 
The standard Gibbs energy of formation of H2O(1) is therefore equal to A,G*® 
for this reaction; in turn this is given by [6C.2-217], A,G® = -vFE®. 


cell’ 


A¢G° (HO, 1) = —vFE®,, = —2x (96485 C mol ')x(+1.23 V) = |-237 kJ mol! 


P6C.4 (a) The reduction half-reactions for the cell are: 


R: Agt(aq,mp) +e > Ag(s) 
L: Ag*(aq,m,) +e” > Ag(s) 


for which v = 1. The overall cell reaction is 
Ag*(aq,mr) > Ag” (aq,mz) 


If my, is increased, then there is an increased tendency for the cell reaction 
to shift in the direction Ag*(aq,mp) < Ag*(aq,m 1). Therefore A,G for 
the cell reaction will increase, and so E,¢ will |decrease| because A,G = 
—vFE 1. This is confirmed by the Nerst equation for this cell 


RT A vot 
Bat Res la ( Ag om) 
F a 
Agt (aq,mr) 


If my is increased then a Agt(aq.mt) will increase and consequently E¢eu 
will decrease. 


(b) The reduction half-reactions for the cell are 


R: 2H*(aq) + 2e7 > H2(g,pr) 
L: 2H*(aq) + 2e” > H2(g,p1) 


~e 


for which v = 2. The overall cell reaction is 


Ha(g,p.) > Ha(g,pr) 


If py is increased then there is an increased tendency for the cell reaction 
as written to move in the forwards direction. Therefore A,G for the cell 
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(c 


Ne 


(d) 


(e) 


will decrease and so E,. will [increase|. This is confirmed by the Nernst 
equation. Treating the hydrogen as a perfect gas so that ay, = pu,/p°; 
the Nernst equation for this cell is 


. RT 
E cell = Een oF In (2) 


If py is increased then Ey will increase. 
The reduction half-reactions for the cell are 


R: MnO (s) + 4H*(aq) + 2e° > Mn**(aq) + 2H2O(1) 
L: [Fe(CN).]* (aq) +e” > [Fe(CN)¢]* (aq) 


The overall cell reaction, after multiplying the left-hand reduction half- 
reaction by 2 so that both half-reactions have v = 2, is 


MnO,(s) + 4H* (aq) + 2[Fe(CN)«]* (aq) 
+ Mn’* (aq) + 2H2O(1) + 2[Fe(CN)«]*” (aq) 


If the pH in the right-hand compartment is decreased, corresponding 
to an increase in the H* concentration, then there will be an increased 
tendency for the cell reaction as written to move in the forward direction. 
Therefore A,G for the cell will decrease and so E,,y will [increase]. This 
is confirmed by the Nernst equation. Noting that pure solids and liquids 
have ay = 1, the Nernst equation for this cell is 


2 
e AT 4yin2+ 4 Re(CN)6]3- 
Eel = Ean 1 ( n [ e( Je] 


n 
472 

2F Ft FT Ee(CN) 6] 

If the pH is decreased then ay+ will increase and therefore E.. will in- 

crease. 


The reduction half-reactions for the cell are 


R:  Br2(1) + 2e7 > 2Br7 
L: Clh(g)+2e7 > 2Cl 


The overall cell reaction is 
Br2(1) + 2Cl (aq) > 2Br (aq) + Cla(g) 


If the concentration of HCl in the left-hand compartment is increased, 
then there will be an increased tendency for the overall cell reaction as 
written to shift in the forward direction. Therefore A,G for the cell will 
decrease and so E,.y will |increase|. This is confirmed by the Nernst equa- 
tion. Noting that pure liquids have ay = 1 the Nernst equation for this cell 


is j 
e IT 4p,- Ac) 
Eel ~ Eee in : : 


2 
2F aye 


If HCl is added then ac)- will increase so E,e\ will increase. 
TO DO/CHECK 
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(f) The reduction half-reactions for the cell are 


R: Mn0O,(s) +4H*(aq) + 2e° > Mn?*(aq) + 2H,0(1) 
L: Fe?*(aq) + 2e” > Fe(s) 


The overall cell reaction is 
MnO,/(s) + 4H* (aq, L) + Fe(s) > Mn** (aq) + 2H2O(1) + Fe”* (aq) 


where H* (aq, L) has been written to emphasise that it is H* in the left- 
hand compartment that is involved in the reaction. If acid is added to 
both compartments then the acid added to the right-hand compartment 
will have no effect, because H* (aq, R) does not appear in the overall cell 
reaction. However, the acid added to the left-hand compartment will 
increase the tendency of the cell reaction as written to move in the for- 
ward direction. Therefore A,G for the cell will decrease and so E,.; will 
increase}. 


This is confirmed by the Nernst equation. Noting that pure solids and 
liquids have ay = 1, the Nernst equation for this cell is 


RT + + 
Bay BP In ( AM n2+ ARe2 
2F a’ 
Ht (aq,L) 


The addition of acid to the left-hand compartment will increase ay+ (ag,1) 
which will result in E,<y increasing. The fact that acid has also been added 
to the right-hand compartment has no effect on Ee because AH+(aq,R) 
does not appear in the Nernst equation. 


6D Electrode potentials 


Answer to discussion questions 


D6D.2 This is discussed in Impact 10. 


Solutions to exercises 
E6D.1(b) (i) The following electrodes are combined 


R: Cu**(aq) +2e° > Cu(s) E°(R) = +0.34V 
L: Sn**(aq)+2e7 > Sn(s) E°(L)=-0.14V 


The cell reaction (R-L) is Cu** (aq) +Sn(s) > 2Cu(s)+$n?* (aq), which 
is equivalent to the required reaction, and has v = 2. The standard cell 
potential is given by [6D.3-224], E°,, = E°(R) — E°(L) 

E°, = (+0.34 V) - (-0.14 V) = +0.48V 
The relationship between the equilibrium constant and the standard cell 


potential is given by [6C.5-221], E®.,, = (RT/vF) InK. Rearranging gives 


3 2 x (96485 C mol‘) 
RT “" (8.3145JK~ mol ') x (298 K) 


InK x (+0.48 V) = 37.3... 
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E6D.2(b) 


E6D.3(b) 


where 1 V = 1JC™! is used. Hence K =|1.7 x 10!%|, 


(ii) The following electrodes are combined 


R: Cu**(aq)+2e° > Cu(s)  E°(R) = +0.34V 
L: 2Cut*(aq) +2e > 2Cu(s) E°(L) = +0.52V 


The cell reaction is Cu** (aq) + Cu(s) - 2Cu* (aq) which is the required 
reaction, and has v = 2. Therefore, using the same equations as in part (i) 


Ee, = E°(R)=B*(L) = @034-V) = (40.52) =-0.18'V 
2 x (96485 Cmol *) 


InK 5 
(8.3145JK~! mol “) x (298 K) 


vF 
re x (-0.18 V) = -14.0... 


Hence K =|8.2 x 1077 


The reduction half-reactions for the given cell are 


R: 2Bi**(aq) + 6e” > 2Bi(s) 
L: Bi,S3(s) + 6e~ + 2Bi(s) + 3S?“ (aq) 


The cell reaction (R — L) is 2Bi** (aq) + 3S” (aq) > BiS3(s). The equilibrium 
constant for this reaction is calculated using [6C.5-221], E°., = (RT/vF) In K. 
Rearranging for In K and noting that v = 6 gives 


vF 6 x (96485 C mol ') 


In K = Ere = —] 
RT (8.3145J K~' mol") x (298.15 K) 


x(+0.96 V) = 2.24...x107 


where 1 V = 1J C7! is used. Hence K = 2.30... x 10°”. 


The dissolution reaction, Bi,S3(s) > 2Bi**(aq) + 3S? (aq), corresponds to the 
reverse of the cell reaction as written above. The required equilibrium constant 
is therefore the reciprocal of the one just calculated 

1 


= = -—98 
Kaiss = 339, x 197 43 *10 


(i) The reduction half-reactions for the specified cell, and their electrode 
potentials, are 


R: O)(g)+4H*(aq) + 4e7 > 2H,O(1) E°(R) = +1.23 V 
L: 2RSSR(aq) + 4H* (aq) + 4e° > 4RSH(aq) E°(L) = -0.34V 


where RSH represents cysteine, HSCH,CH(NH2)CO2H, and RSSR rep- 
resents cystine, the oxidised dimer [SCH:;CH(NH2)CO2H]>. 
The overall cell reaction is 


O2(g) + 4RSH(aq) > 2H2,O(1) + 2RSSR(aq) v=4 


and the standard cell potential is 


E®., = E°(R) — E°(L) = (41.23 V) — (-0.34 V) = +1.57 V 


E6D.4(b) 


The standard reaction Gibbs energy is related to the standard cell poten- 
tial according to [6C.3-221], A,G° = —vFE®,,,. Therefore 


cell’ 


A,G® = —vFE®,, = —4 x (96485 C mol ') x (+1.57 V) 


—6.1 x 107 kJ mol! 


Under basic conditions, the required reduction half-equations and their stan- 
dard electrode potentials are 


R: 2Cl.(g) + 4e7 > 4Cl (aq) E°(R) = +1.36V 
L: O,(g) +2H,O(1) + 4e° > 40H (aq) E°(L) = +0.40 V 


The cell reaction (R-L) is 2Cl2(g) + 40H (aq) > 4Cl (aq) + O2(g) + 2H2O°(1). 
The standard cell potential is 


E®, = E°(R) — E°(L) = (41.36 V) - (+0.40 V) = +0.96 V 


2° 


The positive value of E*.,, indicates that yes} chlorine has a thermodynamic 
tendency to oxidize water to oxygen gas under standard conditions in basic 
solution. 


Solutions to problems 


P6D.2 


(a) The reduction half-reactions for the reduction of CO2 and CO to methane 

are 

R: CO(g) + 6H*(aq) + 6e7 > CH4(g) + H,O(1) 

L: CO(g) + 8H*(aq) + 8e7 > CHa(g) + 2H2O(1) 
The right-hand reduction half-reaction is multiplied by four and the left- 
half reduction half-reaction by three so that both involve the same num- 
ber of electrons, v = 24. Subtraction of the left-hand half-reaction from 
the right-hand half-reaction gives the overall cell reaction as 


4CO(g) + 2H, O(1) > CHa(g) + 3CO2(g) v= 24 


The standard reaction Gibbs energy of this reaction is calculated using 
standard formation Gibbs energies from the Resource section. 


A,G® = 3A¢G* (CO, g) + A¢G* (CHy, g) 
— 4A¢G* (CO, g) - 2A¢G* (H20, 1) 
= 3 x (-394.36 kJ mol!) + (—50.72 kJ mol") 
— 4x (-137.17 kJ mol‘) - 2 x (-237.13 kJ mol’) 
= 210.86 kJ mol’ 
The negative value of A,G® indicates that the cell reaction as written is 
spontaneous under standard conditions. This means that, in the sponta- 


neous cell reaction, reduction is taking place at the right-hand electrode. 
Therefore the |right-hand electrode] is the cathode. 


200 


P6D.4 


(b) The cell potential under standard conditions, corresponding to all gases 
being at 1 bar pressure assuming perfect gas behaviour, is calculated from 
A,G® using [6C.3-221]. Note from above that v = 24. 


A,G® 210.86 x 10° Jmol! _ 


cell 1 +0.09106 V 
vF 24 x (96485 C mol ~) 


The reduction half-equations for the cell are 


R: Hg2Ch(s) + 2e7 > 2Hg(1) + 2CI (aq) 
L: 2H*(aq) + 2e7 > H2(g) 


The overall cell reaction is 
Hg2Cl2(s) + H2(g) > 2Hg(1) + 2H* (aq) + 2Cl (aq) v=2 


Noting that pure solids and liquids have a, = 1, the Nernst equation is 


is RT az ae - 
Ecell = Eee oF n( oa 
2 


Because the hydrogen gas is at standard pressure, ay, = 1. Hence 


= RE 
Ecell = Eee a 


. RT 
aE In (a+ @G-) = Eoen - Er In (ay+aci-) 


The activities in this expression are written in terms of the molality of HCl(aq), 
b, through ay+ = yzb/b° and ac- = ysb/b° as explained in Section 6D.1(a) 
on page 225. This gives 


« kT 27 «  2RT b 2RT 
Ecell Eee F in( 72} Ee F n( =) EF In ys 


From the Debye-Hiickel law the mean activity coefficient is given by [5E27- 
188], logy. = —A|z,z_|I'/? where A is a dimensionless constant, z, and z_ 
are the charges on the H* and Cl ions and J is the ionic strength. For an 
electrolyte containing only two ions, the ionic strength is given by [5F.29-188], 
I= + (bz; +b_z?)/b®. In the case of HCl, z, = +1, z_ = -1, and b, = b_ =b. 
Therefore 


T= 1[b x (41)? +b x (-1)?]/b? = b/b° 


L 
2 


and hence 


logy, = -Alz,z_|? = -Ax 


(1) x (-1)] x (6/b°)1? = -A(b/b?)'”? 
Noting from inside the front cover that In x = In 10 x log x, the expression for 
Eel, then becomes 


1/2 
Ecell = Ea 


2RT b 2RT 
in( 


x In 10 x -A( d 
F be 


F be 
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Rearranging gives 
y slope * 
—————Ssiintercept )——"____ ——— 
2RT. (b\ D> 2ARTIn10 /b \'? 
Eel + “F_ In = Ee af: a x be 


be 
This expression implies that a plot of y against (b/b°)'/?, where y is given by 
the expression E..1, + (2RT/F)1n(b/b*), should be a straight line of intercept 
E®., and slope 2ART In 10/F. Recall that b° = 1 molkg'', so in calculating 
b/b°, b must be converted to mol kg’. The plot is shown in Fig. 6.3. 


b/mmolkg'  E/V_ (b/b?)'? —sy/V 


1.6077 0.60080 0.04010 0.270 24 
3.0769 0.56825 0.05547 0.271 04 
5.040 3 0.54366 0.07100 0.271 82 
7.693 8 0.52267 0.08771 0.272 56 
10.947 0.50532 0.10463 0.273 33 
0.274 


0.272 
> 
—=- 
AN 

0.270 

! ! ! ! 
0.02 0.04 0.06 0.08 0.10 0.12 
(b/b°) 1/2 
Figure 6.3 


The data fall on a reasonable straight line, the equation of which is 


y/V = 0.047678 x (b/b°)"? + 0.26838 


E®., is determined from the intercept as [0.26838 V 


The mean activity coefficients are calculated using the equation 


6 oe 
E cell Eee F In 


a) 2RT | 
f. 


which was found above. Rearranging for In y.. gives 


at (Ea1 ~ Been) ~In ( 7 


Inys = 
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e 


Using the value of E®,, obtained above with the values of E..1, and b from the 
data in the question yields the following values for In ys and y.: 


b/mmolkg"' — E/V In ys Vs 
1.6077 0.60080 —0.036294 0.9644 
3.0769 0.56825 —0.051965 0.9494 
5.040 3 0.54366 —0.066969 0.9352 
7.693 8 0.52267 —0.081438 0.9218 

10.947 0.50532 —0.096482 0.9080 


The standard potential of the AgCl/Ag,Cl” couple corresponds to the stan- 
dard potential of a cell in which the right-hand electrode is the AgCl/Ag,Cl- 
electrode and the left-hand electrode is the standard hydrogen electrode. The 
reduction half-reactions for this cell are 


R: AgCl(s) +e7 > Ag(s) + Cl (aq) 
L: H*(aq)+e > +H2(g) 


The overall cell reaction is 

AgCl(s) + +H2(g) + Ag(s)+Cl (aq) +H*(aq) v=1 
Because E°(L) = 0 by definition, E°,, = E°(R) = E°(AgCl/Ag, CI”) for this 
cell. The given expression for the electrode potential is therefore equal to E?.). 


The first step in the calculation is to obtain values of A,G°, A,S°, and A,H® for 
the cell using the given expression for E®.,,. These are then used together with 
values taken from the Resource section of AgG*, A¢H®, and S5, for the other 
species in the cell reaction to obtain the corresponding values for Cl. 


The standard reaction Gibbs energy is related to the standard cell potential 
according to [6C.3-221], A,G® = —vFE®,,. The given expression is for the 


dimensionless quantity E%,,/V, so to obtain E*.,, from this it is necessary to 


multiply the expression by V 
A,G° = -vF x [E°.,/V] x V 
= —yF x [0.23659 ~ 4.8564 x 1074(8/°C) — 3.4205 x 107°(6/°C)? 
+ 5.869 x 10°°(9/°C)*| xV 


The values are required at 298 K, which corresponds to @ = (298 — 273.15) = 
24.85 °C. The value of A,G® is therefore: 


A,G® = -1 x (96485 C mol’) x [0.23659 — 4.8564 x 1074 x (24.85) 


— 3.4205 x 10°° x (24.85)? + 5.869 x 107° x (24.85)5| xV 


= —21.4... kJ mol! 
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The relationship between A,S° and E®,, is given by [6C.6-222], dE®.,,/dT = 
A,S°/vF. The expression for E°,,,/V is differentiated to give 


d( Een /V) 
d(8/°C) 
To relate this to dE®,,/dT, note that because @/°C = T/K — 273.15, d(@/°C) = 


d(T/K). Noting further that d(T/K) = dT/K and that d(£%,,/V) = dE2,,/V 
gives 


= -4,8564 x 107* — 6.841 x 107°(@/°C) + 1.7607 x 107°(@/°C)? 


d(E24/V) _ ES /V K dE een hence deen | d(E24/V) ” Vv 
d(@/°C) dT/K V dT dT d(g/°C) K 
Substituting this into [6C.6-222], dE®,,/dT = A,S°/vF, and rearranging for 

A,S* gives 
E*,/V 
iS 25 P x d( cei/ ) . Vv 


d(@/°C) ~ K 
= vFx ~ 4.8564 x 1074 — 6.841 x 107°(/°C) + 1.7607 x 10°*(8/°C)? |x i 
= 1 x (96485 Cmol ') x — 4.8564 x 10° * — 6.841 x 10° x (24.85) 
+ 1.7607 x 107° x (24.85)°| x (V/K) = -62.2...]K7! mol 
Finally A,H® is calculated from [3D.9-100], A,G°® = A,H® — TA,S®° 
A-H® = A,G* + TA,S° 
= (-21.4... x 10° Jmol™') + (298 K) x (-62.2... JK7! mol!) 


= 40.0... kJ mol! 


The overall cell reaction is 
AgCl(s) + +H,(g) + Ag(s) + Cl (aq) + H* (aq) 


These values of A,G*®, A,S*®, and A,H® are used with data from the Resource 
section to calculate AgG° (Cl), AgH® (CI), and S* (Cl) 


Noting from Section 3D.2(a) on page 101 that ArG® (H*, aq) = 0, and also that 
elements in their reference states have A¢G® = 0, the standard reaction Gibbs 
energy for the reaction is given by 


A,G® = AgG°(Cl ,aq) — AgG® (AgCL s) 


Hence A¢G*(CI ,aq) = A,G® + AgG* (AgCL s) 


= (-21.4... kJ mol!) + (-109.79 kJ mol”’) = |-131.3 kJ mol’ 


Similarly, noting from Section 2C.2 on page 51 that AsH°(H*,aq) = 0, and 
that elements in their reference states have AfH® = 0, the standard reaction 
enthalpy is 

A-H® = A¢H® (CI, aq) — AgH® (AgCl, s) 
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Hence ArsH*°(Cl ,aq) = A-H® + AsH® (AgCL s) 


= (40.0... kJ mol ') + (—127.07 kJ mol‘) =|-167.1 kJ mol 


Finally, noting from Section 3C.2(b) on page 94 that S*(H*,aq) = 0, the 
standard reaction entropy is 


A,S® = Si, (Ag, s) + S3,(Cl, aq) — S53, (AgCL s) - 5S5(H2, g) 
Hence 
Sm,(Cl”,aq) = ArS* + S3,(AgCl, s) + $55, (Hz, g) - Sz,(Ag, s) 
= (-62.2... J K7! mol’) + (96.2 JK7! mol‘) 
+ 4 x (130.684 JK! mol") - (42.55 JK"! mol) 


56.8JK-! mol! 


Solutions to integrated activities 


16.2 (a) Theionic strength is given by [5F.29-188], I = 4 (b,.z2 + b_z2) /b°, where 
z, and z_ are the charges on the ions. For the CuSO, compartment, 
Z,=2,z.=-2, and b, =b_= bcuso,! 


T=} (b,z, + b-z2) /b° = + [bcuso, x (+2)* + beuso, x (-2)?] /b° 
,, 1.00 x 10-3 molkg | _ 
1 molkg’ 


= 4(bcuso,/b°) = 4 4.00 x 1077 


Because the charges are the same for ZnSO, it follows that I = 4(bzns0,/b° ) 

=|1.20 x 1077}, 
(b) According to the Debye-Hiickel limiting law (Section 5F.4(b) on page 

187), the mean activity coefficient is given by [5E.27-188], log yz, = —A|z,z_|I"””, 

where A = 0.509 for aqueous solutions at 25 °C. For the CuSO, solution 


log y,cuso, = —(0.509) x |(2) x (-2)| x (4.00 x 1073) '/? = -0.128... 


Hence yz,cuso, = 107° 178 = 0.743... = [0.743]. For the ZnSO, solution 


log ys,znso, = —(0.509) x |(2) x (-2)| x (1.20 x 10-7)1/? = -0.223.., 


Hence ys,7nso, = 107°?9** = 0.598... = [0.598]. 


(c) Noting that pure solids have ay = 1 and writing the activities of ions in 
solution as a = y(b/b*), the reaction quotient for the reaction 


Zn(s) + Cu** (aq) > Zn** (aq) + Cu(s) 
is given by 


_ G2n2* _ Yx,2n804(b2n2+/b°) _ Ys,2n804 . bzn2 


Acw+  Y4,Cus0,(beu+/b*) ~— Ys,cusoy cu 
0.598... 3.00 x 1073 molkg™! 

7 r _ 
0.743... 1.00 x 10-3 mol kg”! 


2.41... =|2.41 
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(d) The reaction is thought of as being composed of the reduction half-reactions 
R: Cu’*(aq) + 2e7 > Cu(s) 
L: Zn**(aq) + 2e~ > Zn(s) 
which show that v = 2 for this reaction. The standard cell potential is 
calculated from A,G® using [6C.3-221], E°.,, = -ArG°/vF: 


e A,G® — -212.7x 10? Jmol! 


cell = oa +1.102 V 
vF 2.x (96485 C mol) 


Note that 1JC 1 =1V. 
(e) The cell potential is given by the Nernst equation [6C.4-221]: 


. RF 
Eel = Eee _ ye In Q 


(8.3145JK~! mol”) x ([25 + 273.15] K) 


= (+1.102 V) 5 x In(2.41...) 
2 x (96485 C mol" ) 
=|+1.09 V 
16.4 The reaction for the autoprotolysis of liquid water is 


H,O(1) > H* (aq) + OH (aq) 


This reaction is split into the reduction half-reactions 


R: H)O(l) + e7 > $Ho(g) + OH (aq) 
L: H*(aq)+e > +H2(g) 


Because the standard electrode potential for the left-hand half-reaction is zero 
by definition, the standard cell potential for this cell is equal to the standard 
electrode potential of the H,O/H2,OH electrode. The equilibrium constant 
Ky for the cell reaction is then given by [6C.5-221], E®,, = (RT/vF) Ink. 
Rearranging for In K and using v = 1, K = Ky, and E®,, = E®(H2O/H2, OH ) 
gives 

InKy = a x E°(H20/H2, OH) 


Noting from inside the front cover that In x = In 10 x log x, and also that pKy = 
—log Ky, allows the above equation to be rewritten as 


In Ky _ F 
In 10 RT1n10 


pKy = —log Ky x E°®(H2,0/H2, OH) 


The task is therefore to find E°(H2O/H2, OH) from the given data. To do 
this, the specified cell is written in terms of its reduction half-reactions 


R: AgCl(s) +e” > Ag(s) + Cl (aq) 
L: H,O(1) +e” > $H2(g) + OH (aq) 
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The cell reaction, which has v = 1, is 
AgCl(s) + 5H2(g) + OH (aq) > Ag(s) + Cl (aq) 


Noting that aj = 1 for pure solids, and that in this cell ay, = 1 because the 
hydrogen is at standard pressure, the Nernst equation for the cell is 


a RT 2 RT ack 
E cell ~ E cell vF In Q Eee F In ( ae ) 


Writing the activities as a = y..(b/b®), the Nernst equation becomes 


Re ( ye(bor-/b*) ene 


Eee = Es. ce 
: ys(bou-/b°)} “"F 


cell F 


bou- 


The standard cell potential is split into contributions from the two electrodes 
using [6D.3-224], E*,, = E°(R) — E°(L) 


RT : 
Ece = E® (AgCl/Ag, CI) - E®(H2O/H2, OH”) - = In( ba 
F bou- 


Hence 


RT : 
E° (H,O/Hp, OH ) = E®(AgCl/Ag, Cl”) - Ecet n( 2 
F bou- 


This equation is used with bcy- = 0.01125 mol kg, box- = 0.0100 mol kg, 
and the values of E..1, and E*(AgCl/Ag, Cl”) to calculate E°(H,0/H2, OH” ) 
at each temperature. The relation derived earlier 


pKy = —(F/RT In 10)E°(H,O/H>, OH ) 


is then used to calculate pKy. The results are given in the following table. 


€/°C T/K  Ecen/V E®(AgCl/Ag, Cl-)/V E°(H:0/H>,OH-)/V pKy 


20.0 293.15 1.04774 0.22502 —0.825 70 14.20 
25.0 298.15 1.048 64 0.222 30 —0.829 37 14.02 
30.0 303.15 1.04942 0.21959 —0.832 91 13.85 


e 


To find A,S® for the autoprotolysis, the relationship between E°,,, and temper- 


ature [6C.6-222], dE°,,/dT = A,S°/vF is used. If A,S® is constant over the 
temperature range this equation implies that a plot of E?.,, against T should 
be a straight line of slope A,S°/vF. In this case E®., for the autoprotolysis 


reaction is equal to E° (H2O/H2, OH ) as explained earlier. The plot is shown 
in Fig. 6.4. 


The data fall on a good straight line, the equation of which is 


E® (H)O/H2, OH” )/V = -7.229 x 10™* x (T/K) — 0.6137 


—0.825 
> 
~~ 
ra 
= 
Z -0.830 
2 
an 
o 
<a 
0.835 i | | l i 
292 294 296 298 300 302 304 
T/K 
Figure 6.4 


A,S*/vF is determined from the slope 
A,S° = vF x slope x VK"! 
= 1 x (96485 Cmol ') x (-7.229 x 10° VK~') 


= —68.5...JK7! mol! =|-68.6 JK~! mol 


The standard enthalpy change for the autoprotolysis is calculated from [3D.9- 
100], A,G° = A,H® — TA,S*, with A,G® being given by [6C.2-217], A,G® = 
-vFE®,,. In this case E°,, = E°(H20/H2,OH™) and v = 1. Using the value 


for 25.0 °C gives 
A-H® = A,G* + TA,S® = —vFE*® (H,O/H), OH ) + TA,S°® 
= —1 x (96485 Cmol') x (—0.829...V) + (298.15 K) x (-68.5... JK”! mol") 


+59.6 kJ mol! 


The reduction half-reactions, and the overall cell reaction, for the specified cell 
(R -L) are: 
R: AgCl(s) +e" > Ag(s) + Cl (aq) 
L: H*(aq) +e > +H2(g) 
R-L: AgCl(s) + $H2(g) > Ag(s) + Cl"(aq) + H*(aq) v=1 


Noting that aj = 1 for pure solids and that in this cell ay, = 1 because the 
hydrogen is at standard pressure, the Nernst equation is 


o ART 
Feel = Ere = - In (ac ayy ) 
In addition, the base B and its conjugate acid are in equilibrium: 


BH* (aq) = B(aq) + H* (aq) K, = —— 
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The expression for K, is rearranged to give ay+ = K,d4gy+/ag and this is sub- 
stituted into the Nernst equation to give 


S RT ' RT Bice 
Ecen = Ezy - - In (act aut ) = Een In( Cl 4BH :) 


F ag 


Replacing activities by ay = y;(by/b*) [5F.14-185] gives 


RT { (yor-bcr/b*)(yousbone/b°)K 
Een = Ee in( 2 ci /b*)(yput bert /b° ) ) 
. (ybp/b°) 
In this case bc)- = bgy+ = bg so the Nernst equation simplifies to 


RT = + K, RT 26K 
Eee = Eee F in( 2 Ey z ‘} Eee FE in( 2 ‘} 
YB eo oe 


where the mean activity coefficient of the BH* and Cl” ions is given by [5F.22- 
187], ys. = (yor yBut ) 1/2 and the neutral base B is assumed to be an ideal solute 
so that yg = 1. Noting from inside the front cover that Inx = In 10 log x, the 
Nernst equation becomes 


-  RTI1n10 2bKa 
E cell Eee log ( a 
-  xRTIn10 b 
= Ezy - (210g ys + log (=) - pK, 


where pK, = —log K, has been used. Next the Davies equation [5F.30b-189], 
logy. = —Alz,z_|I'/?/(1+BI'/?) +CL, is used to substitute for log y.. The ionic 
strength I is given by [5F.28-188], I = +; z;(bi/b°), where z; is the charge 
on ion species i and the sum extends over all the ions present in the solution. 
In this case, bgy+ = bc- = b, and by+ is neglected because it will be much 
smaller on account of the equilibrium involving the base B. Therefore the ionic 
strength is 


T= 4 (zpy+b + 2Q-b) /b° = 5 (17 x b + (-1)” x b) /b° = b/b° 


L 
2 


and therefore 


c _jyl/2 e)1/2 
log ys Alzeu X ZC} [I C A(b/b ) ( b 


leer 1+ B(b/b?)2 “Noe 


Substitution of this expression into the Nernst equation derived above gives 


s RT In10 A(b/b?)/? b ) ( b 
Ecett = E24 = (2| 1+ B(b/bey * © = + log be pKa 


which rearranges to 


F(Ecen ~ Ey) _ _2A(b/b°)/? ( , ( 
= 2 1 Ka 
RTInl0.  1+B(b/bsyi2 °° °8\ pe) *P 
——— 


y 


16.8 


Defining (b/b°)'/? as x and the left-hand side as y, and introducing A = 0.5091 
gives 
_ 1.0182x 


2Cx? —2logx + pK. 
1+ Bx 8 pos 


which is fitted to the data using mathematical software to give the following val- 
ues for the parameters: |B = 2.54},|C = —0.204|, and /pK, = 6.74|. These values 
have been used to draw the line on the graph shown in Fig. 6.5. 


b/mmolkg '  Ecen/V__ (b/b°)'? 2 


0.01 0.74452 0.100 8.823 73 
0.02 0.728 53 0.141 8.553 44 
0.03 0.719 28 0.173 8.397 08 
0.04 0.713 14 0.200 8.293 30 
0.05 0.708 09 0.224 8.207 94 
0.06 0.703 80 0.245 8.135 42 
0.07 0.700 59 0.265 8.081 16 
0.08 0.697 90 0.283 8.035 69 
0.09 0.69571 0.300 7.998 67 
0.10 0.693 38 0.316 7.959 29 


8.8 | 


8.6 |- 


)/RT In 10 


cell 


8.4 


e 


8.2 


F( Eee -E 


8.0 


0.05 0.10 O.15 0.20 0.25 0.30 0.35 
(b/b°) 1/2 


Figure 6.5 


From Impact 9 the reaction for the hydrolysis of ATP to ADP and inorganic 
phosphate P; is 


ATP(aq) + H2O(1) > ADP(aq) + P; (aq) + H30* (aq) 


Under biological standard conditions, that is, pH = 7, the standard reaction 
Gibbs energy at 37 °C is given in Impact 9 as A,G® = -31 kJ mol’. 
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In an environment in which pH = 7.0 and the ATP, ADP and P; concentrations 
are all 1.0 mmol dm_’, the reaction Gibbs energy is given by [6A.11-207], 


A,G = A,G® + RT In Q® 


where Q® is the reaction quotient calculated relative to the biological standard 
state. Because pH is defined by pH = — log ay,0+, pH 7 corresponds to ay,0+ = 
10” so that when computing Q® the activity of H;0* is measured relative to 
an activity of 10~’ rather than an activity of 1 as is usually the case. In practice 
this means that ay,0+ is replaced by (ay,0+/10~”) in the expression for Q®. 


For the ATP hydrolysis reaction this gives 


A,G = A,G® + erin" Ge net ) 


AATP X 4H,0 


Water is a pure liquid so ay,9 = 1, and for the environment specified in the 


question, pH = 7 so ay,0+ = 107’. For the other species activities are approxi- 


mated by concentrations according to ay = [J]/c® where c° = 1 moldm ”. 


mae Secon ( (apeye" er Yeryae “)) 
([ATP]/c°) 


‘ [ADP][P/] 
= A,GY + RTIn (Gore) 


= (-31 x 10° Jmol’) + (8.3145J K7! mol’) x ([37 + 273.15] K) 
. in( U2 x 10-3 moldm™*) x (1.0 x 10-3 mi) 
(1.0 x 10-3 moldm~*) x (1 moldm™*) 
=|-49 kJ mol! 


This is to be compared with the value under standard biological conditions, 
which is —31 kJ mol ', and also with the value under the usual standard con- 
ditions. The difference between A,G*® and A,G® is that the former has ay+ = 1 
and the latter has ay+ = 107”. Given that 


A,G=A,G° +RTIn (Sepsis 


AATPAH,O 


setting all the activities to 1 except for that for H30* which is set to 10” gives 
A,G® 
A,G® = A,G° + RTIn 10°” 


hence 

A,G® = A,G® — RT1n10” 
= (-31 x 10° Jmol *)-(8.3145J K! mol!) x([37 + 273.15] K) xIn 107” 
=+11kJmol! 


16.10 


A bacterium could potentially oxidise ethanol to ethanal, ethanoic acid, or 
CO2(g), while nitrate, NO3(aq), could potentially be reduced to a number 
of possible species including NO2(g), NO3(aq), NO(g), N2(g), or NH} (aq). 
Assuming complete oxidation of ethanol to CO, and complete reduction of 
NO; to NHj the reduction half-reactions are 


R: NOj;(aq) + 10H* + 8e~ > NHj(aq) + 3H2O(1) 
L: 2CO,(g) + 12H* + 12e° > CH3;CH,OH(aq) + 3H2O(1) 


The right-hand half reaction is multiplied by three and the left-hand half re- 
action by two in order that both involve the same number of electrons. The 
overall reaction is 


2CH3CH2OH(aq) + 3NO3 (aq) + 6H* (aq) > 4CO2(g) + 3NHj (aq) + 3H2O(1) 


The data in the Resource section is used to calculate A,G° for this reaction: 
A,G® = 4A¢G° (COz, g) + 3A¢G*° (NHj, aq) + 3A¢G* (H20, 1) 
— 2A¢G* (CH3CH2OH, aq) — 3A¢G* (NO, aq) — 6A¢G* (H*, aq) 
= 4 x (-394.36 Jmol’) +3 x (-79.31 J mol ') + 3 x (—237.13 J mol ‘) 


—2 x (-174.78 J mol!) — 3 x (—108.74 J mol*) =|-1851 kJ mol’ 


The negative value of A,G® indicates that the reaction is exergonic, so [yes}, a 
bacterium could evolve to use this reaction to drive endergonic processes such 
as the formation of ATP for use in cellular processes. 


The calculation is valid under standard conditions, which includes ay+ = 1 
(pH = 0). As explained in Impact 9 on the website of this text, pH = 0 is 
not normally appropriate for biological conditions so it is common to adopt 
the biological standard state in which pH = 7.0. The reaction Gibbs energy 
for the oxidation of ethanol by nitrate under standard biological conditions is 
calculated by using the appropriate value of ay+ in [6A.11-207], A,G = A,G* + 
RT In Q, leaving all other species with ay = 1. The reaction consumes six 
moles of H* so under standard biological conditions Q = 1/af,.. Noting from 
inside the front cover that In x = In 10 log x, and also that pH = — log ay-, and 
assuming T = 298 K, gives 


1 
A,G = A,G* + RTInQ = A,G° «RT| z 
Ary 
= A,G® - 6RT In 10 log(ay+) = A,G° + 6RT In 10xpH 
= (-1.85... x 10° Jmol”) + 6x (8.3145JK7! mol”) x (298 K) xIn 10x7 


=-1611kJ mol! 


Thus the reaction remains exergonic under standard biological conditions. 
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16.12 


(a) The standard reaction enthalpy is found using the van ’t Hoff equation 


(b) 


[6B.2-214]: 
dlnK A,H*® . , dlnK A,H*® 
= which can also be written = 
dT RT? d(1/T) R 


The second form implies that a graph of —1n K against 1/T should be a 
straight line of slope A-H°/R, from which A, H® can be determined. The 
value of A,S® is found by combining A,G® = A,H® — TA,S® [3D.9-100] 
and A,G® = —RT In K [6A.15-208]. Equating these expressions for A,G® 
gives 

AH? 1. A,S° 

R T R 

Assuming that A,H® and A,S* do not very significantly over the temper- 
ature range of interest this equation implies that a plot of —In K against 
1/T should be a straight line of intercept -A,S°/R, from which A,S* can 


be determined; such a plot is shown in Fig. 6.6. The plot will have a slope 
of A,H*/R, as already deduced above. 


-RTInK =A,H*® —-TA,S* hence -InK = 


T/K K 1/(T/K) -InK 
233 4.13x108 0.00429 -19.8 
248 5.00x10’ 0.00403 -17.7 
258 1.45x107 0.00388 -16.5 
268 5.37x10° 0.00373 —-15.5 
273 + 3.20x10° 0.00366 —15.0 
280 9.62x10° 0.00357 —13.8 
288 4.28x10° 0.00347 -13.0 
295 1.67x10° 0.00339 -12.0 
303 6.02x 104 0.00330 —-11.0 


The data fall on a reasonable straight line, the equation of which is 
~In K = -8 787 x 1/(T/K) + 17.62 
A,-H°/R is determined from the slope 


A,H® = R x (slope x K) = (8.3145J K™' mol ') x (-8787 K) 


= —73.0... kJ mol! = |-73.1 kJ mol 


—A,S°/R is determined from the intercept 


A,S° = -R x intercept = —(8.3145J K7! mol‘) x (+17.62) 


= -1.46... x 10? JK"! mol! = |-147JK7! mol"! 


The standard reaction enthalpy for the reaction 2C1O(g) > (C1O),(g) is 
expressed in terms of standard enthalpies of formation 


A,H® = AgH® [(C1O)>, g] — 2A¢H® (CIO, g) 


i | 
0.0032 0.0036 0.0040 0.0044 


1/(T/K) 
Figure 6.6 
Hence 


A¢H® [(ClO)>, g] = ArH® + 2A¢H® (CIO, g) 
= (-73.0... kJ mol ') +2 x (+101.8 kJ mol’) 


+131 kJ mol! 


Similarly 
A,S®° = S%, [(ClO)2,g] - 2S3,(CI1O, g) 


Hence 


S*, [(ClO)2,g] = ArS® + 285, (CLO, g) 
= (-1.46... x 10? JK7! mol”) + 2 x (226.6 JK"! mol’) 


=|307JK-! mol! 
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fo Quantum theory 


7A_ The origins of quantum mechanics 


Answers to discussion question 


D7A.2 


D7A.4 


The ultimately unsuccessful classical approach to the description of black-body 
radiation involved assuming that the radiation resulted from oscillating electric 
charges in the walls of the body, and that each oscillator has the same average 
energy as predicted by the equipartition principle. This view results in the 
ultra-violet catastrophe, in which the radiation increases without limit as the 
wavelength becomes shorter. 


Planck assumed two things: first, that the oscillators could only have energies 
given by E = nhv, where v is the frequency and nis 0, 1, 2,...; second, that the 
probability of an individual oscillator having a particular energy is described 
by the Boltzmann distribution. As the frequency of the oscillator or the value 
of n increases, so does its energy and the Boltzmann distribution predicts that 
such a state is less likely. In addition, the highest frequency oscillations may 
not be excited at all, that is have n = 0, on the grounds that the resulting state 
has too high an energy to be populated. Planck’s theory therefore avoids the 
ultraviolet catastrophe by having no excitation of highest frequency oscillators. 


By wave-particle duality it is meant that in some experiments an entity be- 
haves as a wave while in other experiments the same entity behaves as a par- 
ticle. Electromagnetic radiation behaves as a wave in diffraction experiments 
but it behaves as particulate photons in absorption and emission spectroscopy. 
Electrons behave as waves in diffraction experiments, but as particles in the 
photoelectric effect. 


The development of quantum theory is much concerned with the need to em- 
brace this wave-particle duality and, as is explained in the following Topics, 
this is exemplified by the introduction of the wavefunction to describe the 
properties of a particles and the notion of ‘complementary variables’ such as 
position and momentum. 


Solutions to exercises 


E7A.1(b) 


Wien’s law [7A.1-238], AmaxT = 2.9 x 10°? mK, is rearranged to give the 
wavelength at which intensity is maximised 


max = (2.9 x 10°? mK)/T = (2.9 x 107? mK)/(2.7 K) =[1.1 x 1073 m 
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E7A.2(b) 


E7A.3(b) 


E7A.4(b) 


Assuming that the object is a black body is equivalent to assuming that Wien’s 
law [7A.1-238], AmaxT = 2.9 x 10°° mK, holds. Using Av = c (where c is the 
speed of light in a vacuum), Wienr’s law is expressed in terms of the frequency 
of maximum intensity (Vmax) 


Te] Vine = 29% 10 mK 
This is rearranged to give the temperature 
T=(2.9% 10° mK) * Vina /e 
(282 x 10°? Hz) 


= (2.9x 10°? mK) x =/(2.7K 
os ) (2.9979 x 108 ms“!) 


Molar heat capacities of monatomic non-metallic solids obey the Einstein re- 
lation [7A.8a—241]] 


2 .0:/2T 
Cy,m(T) =3Rfg(T), fe(T) = (=) (77 = :} 


where the solid is at temperature T and is characterized by an Einstein temper- 
ature O;. Thus, for a solid at 500 K with an Einstein temperature of 300 K 


300 ( e(300 K)/2(500 K) 


2 
re Ge or i) = 0.970... 


fe (500 K) = ( 


Hence, Cy,m(500 K) =|(0.97) x 3R 


The energy of the quantum is given by the Bohr frequency condition [7A.9- 
241], AE = hv, and the frequency is v = 1/T. The energy per mole is AE, = 
NjAE. 


(i) For T = 2.50 fs 


AE = (6.6261 x 10°**Js)/(2.50 x 107'° s) =|2.65 x 10°? J 


AEm = (2.65... x 107!? J) x (6.0221 x 107? mol") = |160 kJ mol 


(ii) For T = 2.21 fs 


AE = (6.6261 x 10°**Js)/(2.21 x 107'° s) =|3.00 x 10719 J 


AEm = (3.00... x 1077? J) x (6.0221 x 107? mol") =|181 kJ mol’ 


(iii) For T = 1.0 ms 


AE = (6.6261 x 10°**Js)/(1.0 x 107° s) = |6.6 x 1077! J 
AEm = (6.6... x 1077! J) x (6.0221 x 107? mol') 


3.99 x 107! kJ mol! 


E7A.5(b) 


E7A.6(b) 


E7A.7(b) 


The energy of a photon with wavelength A is given by 


E =hv=hce/A = (6.6261 x 10°**Js) x (2.9979 x 10° ms“')/A 
= (1.9825 x 10°” J)/(A/m) 


The energy per mole is given by 


Em = NaE = (0.11939 J mol ')/(A/m) 


Hence, the following table is drawn up 


d E — Em/kJmol 
(a) 200nm 991 zJ 597 
(b) 150pm 1.32pJ 7.96 x 10° 
(c) 100cm 19.8yJ 1.19107? 


When a photon is absorbed by a free hydrogen atom, the law of conservation of 
energy requires the kinetic energy acquired by the atom is FE; the energy of the 
absorbed photon. Assuming relativistic corrections are negligible the kinetic 
energy is Ex = Ephoton = +myv. The atom is accelerated to the speed, 


—_ — \ - oa " 
my My 
_ (2x (6.0221 x 1073 mol”) x Ephoton 
(1.0079 x 10-3 kg mol-') 


1/2 


2(3.45.. x10" ms") (Giceliy 


The photon energies have been calculated in Exercise E7A.5(b), and thus the 
following table can be drawn up 


A E v/km s"! 
(a) 200nm 991 7J 17.3 
(b) 150pm 1.32p] 631 
(c) 1.00cm 19.8yJ 0.0773 


The total energy emitted from a laser at (constant) power P ina time interval At 
is PAt. The energy of a single photon of wavelength A is E = hc/A. Hence, the 
total number of photons emitted in this time interval is the total energy emitted 
divided by the energy per photon (assuming the light is monochromatic) 


PAt _ PAtA 
Ephoton he 


Thus, for a time interval of 1 s and a wavelength of 700 nm 
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(i) P=0.10W 
7 (0.10 W) x (1 s)(700 x 10°? m) ees eat 
(6.6261 x 10-34Js) x (2.9979 x 108 ms-!) : 
(ii) P=1.0W 
(1.0 W) x (1 s)(700 x 10~? m) eos ig 


~ (6.6261 x 10-34Js) x (2.9979 x 108 ms-) 


E7A.8(b) As described in Section 7A.2 on page 242, photoejection can only occur if the 
energy of the incident photon is greater than or equal to the work function of 
the metal ¢. If this condition is fulfilled, the energy of the emitted photon is 
given by [7A.10-243], Ex = hv- ® = hc/A- ©. To convert the work function to 
Joules, multiply through by the elementary charge, as described in Section 7A.2 
on page 242, 


@ = 2.09 eV x e = 2.09 eV x 1.602 x 107!’ JeV! = 3.35... x 10°17 J 


and since Ex = 1/2m.v’, v = \/2E\/me 


(i) For A = 650 nm 


P he (6.6261 x 10-*4Js) x (2.9979 x 108 ms") 
ee 650 x 10-9 m 
= 3.06... x 10°19 J 


This is less than the threshold energy, hence Ino electron ejection] occurs. 


(ii) For A = 195 nm 


(6.6261 x 10-**Js) x (2.9979 x 10° ms~') 
195 x 10-9m 


Ephoton = = 1.02... x 10°18 J 


This is greater than the the threshold frequency, and so photoejection can 
occur, leading to a kinetic energy of 


BE, =he/A - ® = 1.02... x 107" J - 3.35... x 1071 J =|6.84 x 10719 J 


v = \/2 x (6.84 x 10-9 J)/(9.109 x 10-3! kg) = [1.23 Mms7! 


E7A.9(b) _ If the power, P, is constant, the total energy emitted in time At is PAt. The 
energy of each emitted photon is Ephoton = hv = hc/A. The total number of 
photons emitted in this time period is therefore the total energy emitted divided 
by the energy per photon 


N = PAt/Ephoton = PAtA/hc 


E7A.10(b) 


E7A.11(b) 


E7A.12(b) 


E7A.13(b) 


The conservation of linear momentum requires that the loss of a photon must 
impart an equivalent momentum in the opposite direction to the spacecraft, 
hence the total momentum p imparted to the spacecraft in time At is 


P = NPphoton = Nh/c = PAtA/he x h/A = PAt/c 
Because p = (MV) spacecraft» the final speed of the spacecraft is 


v=PA b/ Ctiispecccese 
_ (1.5 x 10° W) x (10 y) x (3.1536 x 10’ sy") _ 
(2.9979 x 108 ms!) x (10 kg) 


158 ms! 


Noting that the number of seconds in one year is 


365 x 24 x 60 x 60 = 3.1536 x 10” 


The de Broglie relation is [7A.11-244], A = h/p = h/(mv). Therefore, 


ho 6.6261 x 10°**Js : 
meA (9.1094 x 10-3! kg) x (100 x 10-1? m) 


7.27 x 10° ms"! 


v= 


The kinetic energy acquired by an electron accelerated through a potential £ is 
e£: Ey = $MeV = e€£. Solving for the potential difference gives 


_ Mpv? _ (1.6726 x 10°?” kg) x (3.93 x 10° ms!)? 


=|8.19x 10-2 V 
2e 2 x (1.6022 x 10-19) 


The de Broglie relation is [7A.11-244] A = h/p = h/(mv). Hence, 


h 6.6261 x 10°**Js 
meA (1.6726 x 10-27 kg) x (3 x 10-2 m) 


v= =(1.3x 107 ms ! 


According to the de Broglie relation, [7A.11-244] the momentum of a photon 


1s 
_h _ 66261 x 10-*Js _ 


Ar 350 x 10-9? m 


The momentum of a particle is p = mv, so the speed of a hydrogen molecule 
that has the above momentum is 


1.89 x 10°?’ kgms"! 


p p 1.89 x 10°?” kgms"? 
i - a 
my, My,/Na (2.058 x 10-3 kgmol')/(6.0221 x 1023 mol’) 
=|0.566 ms7! 


The de Broglie wavelength is [7A.11-244], A = h/p. The kinetic energy of an 
electron accelerated through a potential £ is e£. Thus, since Ex = p*/2me, 


p= (2meEx)” 7 (2m.e£)""”. Hence A = h/\/(2meeE. 
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(i) 
7 6.6261 x 10°-**Js 
[2 x (9.1094 x 10-3! kg) x (1.6022 x 10-19. C) x (100 v)]/? 
= |123 pm 
(ii) 
7 6.6261 x 10-*4Js 
[2 x (9.1094 x 10-3! kg) x (1.6022 x 10-19. C) x (1.0 x 103 v)]'/? 
=|39 pm 
(iii) 


6.6261 x 10°**Js 
[2 x (9.1094 x 10-3! kg) x (1.6022 x 10-19 C) x (100 x 105 V)]/? 
3.88 pm 


Solutions to problems 
P7A.2 Converting the wavenumbers given to wavelengths, the boundary wavelengths 
are 
A, = (1000 x 10? m™')7! = 1.00 x 10°? m 
Jz = (1010 x 10? m™')7! = 9.90... x 10° m 


A cavity approximates an ideal black body, hence the Planck distribution [7A.6a- 


239], applies 
8nhc 


Ps AS (ehe/AKT — 1) 


Because the wavelength range is small (99 nm), the energy density is approxi- 
mated by 

AE(T) = p(A, T)AA 
Taking A = 9.95... um gives 


he (6.6261 x 10°**Js) x (2.9979 x 108ms~') 


= = 1.44...x 10° K 
Ak (9.95... x 10-§ m) x (1.3806 x 10-23 J K"") 


and 


8nhc 81x (6.6261 x 10-**Js) x (2.9979 x 10° ms!) 


=51.1...Jm “4 
re (9.95... x 10° m)> We 


1 


-9 
" e(1.44...x103 K)/T _ 1 x (99... x 10°” m) 


AE(T) = (51.1... Jm™*) 


_ 5.06... x 10°° Jm~™? 
e(1.44...x103 K)/T _ 7 
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(a) 


5.06... x 10°° Jm~? 
e(1.44...x103 K)/(298 K) _ 1 


AE(298 K) = = |3.96 x 10-8 Jm? 


(b) 


5.06... x 107° Jm~? ae 
AE(4 K) = e(44...x10° K)/(4K)_] 5.12 x 107" Jm 


P7A.4 The Planck distribution is [7A.6a—239], 
8hc 
A, T) = ———_~ 
pt) (cheer 1) 
The value of J at which p is at a maximum is found by solving dp/dA = 0. 


dp C. F5 he hele. ai~i 
—— = 8nhc— (A -1 
rr 81 ea | (e ) ) 


di denise _ it 
= 8nh he/AkT 1)7! a3} 
1 [(e ) a aA 


= 8nhc |-5a°S(eheat = i rs A eee = 1" he ual 


N?kT 
8rhc 5 hcehe/AkT 
~ N7(ehc/AKT z= 1) * kT (ehe/AkT = 1) 


Thus, at 2 = Amax, 
Xmaxeo™™ = 5(e*™™ _ 1) -0 


where Xmax = Ac/AmaxkT. This equation is solved numerically by xmax = 4.965, 
giving 


_ he _ (6.6261 x 10°**Js) x (2.9979 x 10° ms“*) 
4.965k 4.965 x (1.3806 x 10-23 J K7') 


=|2.9x1073Km 


Amax T 


as in the text. 
P7A.6 The total energy absorbed by the atmosphere is 70% of the total energy incident 
on the top of the atmosphere 
343 Wm? x 0.7 = 240.1 Wm? 


At equilibrium, the total energy absorbed is equal to the total energy emitted, 
which is determined by the Stefan-Boltzmann law 


Eaps = Eem = 5.672 x 10°°(T/K)* Wm? 


This is rearranged to 


1/4 


T = (240.1 K* Wm?/5.672x 10° Wm’) ° =([255K 


Wien’s law [7A.1-238], AmaxT = 2.9 x 10°? mK, is rearranged to give 


Amax = (2.9 x 107° mK)/(255... K) =[1.14 x 10> m 
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P7A.8 (a) As A decreases, hc/AKT increases, and so e" c/AKT increases. Therefore, for 


very short wavelengths, gti ag very large and 1 is negligible compared 
to this. Hence, 


8mhc Bh _nefAkT 


lim p(A, r) - Jdehc/AKT - 5 


(b) Comparison with the empirical expression gives the constants as|a = 8nhc 


and |b = —hc/A\, 
(c) The total energy density at temperature T is given by [7A.7-240], 


B(T) = [ pa. r)ar= f ae 


Let x = he/AKT, or A = he/xkT. Then, dd = —he/x?kT dx 


= 4 dx ey. Ee 
E(T)=8 he [ “*— =8 he( f[ aa 
i 0 he|/xkT x Vie oe oe 
_ 8n(KT)* site 48nk* | 4 
(he)? (he)? 
The integral is of the form of Integral E.3 with n = 3 and k = 1. This is 


consistent with the Stefan-Boltzmann law, as the energy density is pro- 
portional to T*. 


(d) The energy spectral density is maximized at A = Amax, where dp/dA = 0. 
This gives 


dp d (3-5 -he/AkT 
ay 7 othe has ) 


da de~he/AkT 

=| a ae 

= 8nhc |-siSehs/aer 4 AA x he ebefitr) 
MPkT 


7 Srhcet/AKT | A =] 
7 kT 


This expression equals 0 at A = Amax, and is solved when 


—5Amax + =0 
kT 
h 
Amax T ie ae 
5k 


That is Amax 7 is a constant, which is consistent with Wien’s law 


P7A.10 The Einstein temperature is given by 0, = hvg/k; this has units of K (temper- 
ature), as expected 
(Js) x (s') 


ars 


> 
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In terms of temperature, the Einstein equation for molar heat capacity is [7A.8a- 
241], 


2 0, /2T 
Cum(T)=aR KT) fT)=(%) (S] 


At high temperatures, this tends towards the classical value, 


lim Cy.m(T) sz(2) : 3R 
i ee a aL, = 


This limit is valid when | @:/T <«< 1} which is equivalent to |hvg/kT «< 1}, The 
conversion between frequency and temperature is 


h 6.6261 x 10734Js 
Op = —Vp = vp/Hz) = (4.79... x 10°71! K) x (vg/Hz 
a a 1.3806 x 10-2 7K #/ )=¢ )« (ve/Hz) 


a) For diamond, vy = 46.5 THz and hence 6, = 2.23... x 10° K 
(a) E E 


2.23...x 102K 2 e2-23-.-10° K/(2x298 K) : 
fe (298 K) -( — = 0.0314 


298K e2-23...x10° K/(298 K) _ ] 


Cy.m(298 K) =[3R x (0.0314) 


(b) For copper, vg = 7.15 THz and hence 6¢ = 343... K 


343... K\2 ( e343e+ K/(2x298 K) \? 
fe (298 K) = ( 298K (S K/(298 K) _ i} = 0.896 


Cym(298 K) =[3R x (0.896) 


7B Wavefunctions 


Answers to discussion questions 


D7B.2 


These terms are best illustrated by referring to a one-dimensional system. The 
probability density P(x) is defined so that P(x) dx is the probability of finding 
the system between x and x + dx. The value of the wavefunction itself, y(x), 
is the probability amplitude. The probability density is given in terms of this 
amplitude as P(x) = y*(x)w(x). 


Solutions to exercises 


E7B.1(b) 


The task is to find N such that y = N sin(31x/L) satisfies the normalization 
condition [7B.4c-248], { w*wdr = 1. In this case the integration is over x and 
the range is 0 to L; the function is real, so y = y”. 


=sin 61=0 


N? f sin? (3nx/L)dx = N?[L/2 —(L/12n) sin(6nL/L)] = N?(L/2) 
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E7B.2(b) 


E7B.3(b) 


E7B.4(b) 


E7B.5(b) 


E7B.6(b) 


The integral is of the form of Integral T.2 with a = Land k = 3n/L. For 
the wavefunction to be normalized, the integral must be 1 and therefore the 


normalizing factor is |N = (2/L)"/?|. 


The task is to find N such that y = N exp(—ax) satisfies the normalization 
condition [7B.4c-248], { y* ydr = 1. In this case the integration is over x and 
the range is 0 to oo. The function is real, so y = y* and the integral is therefore 
N? [,° exp(-2ax)dx. 


N? - e ?**dx = —(N?/2a) aaa = -(N?/2a)(e"™ — e°) = (N?/2a) 


where exp(—co) = 0 and exp(0) = 1 are used. Setting the integral equal to 1 
gives|N = (2a)"/?|, 


(i) The function y = sin(ax) |cannot be normalized |as the area under y* y = 
sin’ (ax) is infinite when the limits of x are too. However, over a finite 
region, the wavefunction can be normalized. 


(ii) cos(ax) exp(—x) |can be normalized|as it goes to 0 as x goes to +00 so 
the integral of y* py over all space is finite. 


A function is an acceptable wavefunction if it: (1) is not infinite over a finite re- 
gion; (2) is single-valued; (3) is continuous; (4) has a continuous first derivative. 
Both functions satisfy all of these conditions and so are acceptable wavefunc- 
tions. 


The probability of finding an electron in an infinitesimal region dx around x 
is P(x)dx = w*(x)w(x)dx, provided that y(x) is a normalized wavefunction. 
The wavefunction is real so that y* = y, hence the probability is given by 


P(x)dx = (Cress sin(3nx/L)] dx = (2/L) sin? (3nx/L)dx 


Hence, at x = L/6, P(L/6)dx = (2/L) sin(m/2)dx = |(2/L)dx\. 


The normalized wavefunction is y(x) = (2/L)'/? sin(27x/L). The probability 
of finding the electron between x = 0 and x = L/3 is, using Integral T.2 
aye pay : L/3 
f[ (2/L) sin? (3x /L) dx = (2/L) [ x/2 ~ (L/12n) sin(6nx/L)|t | 
0 
= (2/L)({L/6 - (L/127) sin(27) ] - [0 - (L/127) sin(0)]) 
= (2/L)[L/6=0] =[13 


Both x and L have dimensions of length, so 2nx/L is dimensionless, as required 
for the argument ofa sine function. The dimensions of the wavefunction come 
from the normalizing factor (2/L)!/? which has dimensions (length) ~!/?. The 
probability is |y(x)|?dx: |w(x)|* has dimensions of (length)~', and dx has 
dimensions of length. Hence, |y(x)|?dx is dimensionless, as required. 


E7B.7(b) 


E7B.8(b) 


A function is an acceptable wavefunction if it: (1) is not infinite over a finite 
region; (2) is single-valued; (3) is continuous; (4) has a continuous first deriva- 
tive. Note that for a particle on a ring, the condition to be single valued implies 
the function must be periodic over 271, meaning that the function ‘joins up’ 
with itself as it goes through 27. Expressed mathematically this condition is 
w(¢) = w(¢ + 27), where ¢ is the angle. 


(i) cos ¢ is periodic over 27 and satisfies all the other conditions so it is| an 
acceptable wavefunction. 


(ii) sin ¢ is periodic over 21 and satisfies all the other conditions so it [is] an 
acceptable wavefunction. 


(iii) cos(0.9@) is not periodic over 27 (in fact it is periodic over (27) /0.9). The 
function does not ‘join up’ after the angle goes through 27 and therefore 
it is not| an acceptable wavefunction. 


The normalized wavefunction is y(x) = (2/L)/? sin(3mx/L), and so the prob- 
ability density is P(x) = |w(x)|?= (2/L) sin? (31x/L). This is maximized when 
sin*(3mx/L) = 1, and so when sin(3mx/L) = +1. These values occur when 
3nx/L = 1/2,3n/2, 5/2 and hence|x = L/6, L/2, 5L/6}. 
Nodes occur when the wavefunction goes through zero: sin(31x/L) = 0. The 
sine function is zero when 3mx/L = 1,2n, hence |x = L/3,2L/3|. The wave- 
function goes to zero at x = 0 and x = L, but these do not count as nodes as the 
wavefunction does not pass through zero. 


Solutions to problems 


P7B.2 


(a) The task is to find N such that y = Ncos(¢) satisfies the normalization 
condition [7B.4c-248], { w*ydr = 1. In this case the integration is over 
and the range is 0 to 27; the function is real so y* = y. Using the identity 
sin’ x + cos*x = 1 the integrand is expressed as cos* = 1 — sin’ ¢, and 
then the integral is evaluated using Integral T.2 


N2 fo — sin’ $) dg = N? [ 10" — (2n/2) + (1/4) sin(4n)| er: 


Setting this equal to 1 gives|N = ()~/?|. 


(b) The task is to find N such that y = N sin(m7;¢@) satisfies the normalization 
condition [7B.4c-248], [ w*ydr = 1. In this case the integration is over 
¢ and the range is 0 to 27; the function is real so y* = y. The integral is 
evaluated using Integral T.2 


=0 
—— 


N? i sin*(m)@) dé = N*[(2n/2) — (1/4m,) sin(4m;n) ] = nN? 


where sin nz = 0 for integer n is used. Setting the result equal to 1 gives 
N =(n)71/?|, 
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P7B.4 


P7B.6 


The task is to find N such that y = N exp(—ax’) exp(—by”) satisfies the nor- 
malization condition [7B.4c-248], [ y*wdr = 1. The integration is over x 
and y, with both ranging from —0co to oo. The wavefunction is real, and so the 


integral to evaluate is 
co co 2 2 
N2 7 f[ e24x e25Y dxdy 
—oo —oo 


This integral separates into a product of two integrals 


NP fede fe ay 


For both the integrand is even, such that it is the same at x and —x, or y and 
—y. Hence the integral between —oo and oo is simply twice that between 0 and 


oo. Using this gives 
4N” [ eo 24" dy ri 2" dy 
0 0 
The integrals are evaluated using Integral G.1 to give 


AN? x 1(n/2a)"? x 1(n/2b)'/? = N?(n?/4ab)'/? 


Setting this equal to 1 gives |N = (4ab/n?)'/?|, 


The task is to find N such that w(x) = N e~®*, satisfies the normalization 
condition [7B.4c-248], [ y*wdr = 1. The integration is over x ranging from 
—oo to oo. The required integral is 


2 oo -2ax? 
N [ e~"* dx 
—O0: 


The integrand is even, and so the integral from —oo to oo is twice the integral 
from 0 to oo. The integral is evaluated using Integral G.1 


2N? [ e74* dx = 2N? x 1(n/2a)/? 
Setting this equal to one gives N = (2a/m)'/4. 
The total probability of finding the particle at a distance x > x is therefore 
(2a/n)¥/? f[ 28" die 


With a = 0.2 m~? and xp = 1 m this integral becomes 


(o.4/n)'? f eo 0-4xx? dx 
1 


which evaluates numerically to [0.186|. 
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P7B.8 The probability of finding the particle within the range x = a to x = b, and 
y=ctoy=dis 


b rd 
Pla bc+d)= ff ly(x,y)Pdxdy 
b rd 
= f[ f[ (2/L)* sin? (1x/L) sin? (y/L) dxdy 
The integral separates into integrals over x and y 


b d 
7 - (2/L) sin?(nx/L) dx x [ (2/L) sin2(nx/L) dx 


Both integrals are evaluated using Integral T.2 to give the probability as 
(= 1 E (=) : (= ))\(= 1 E (=) . (=))) 
sin sin sin sin 
L 2m L L L 20 L L 


Hence 
(a) a=0,b=L/2,c =0,d = L/2;P =|1/4 
(b) a=L/4,b = 3L/4,c = L/4,d = 3L/4;P = (1+ 2/n)* = [0.670] 


P7B.10 (a) Normalization requires finding N such that N? [“ exp(—x?/a*)dx = 1. 
Because the integrand is symmetric, the integral from —0o to +00 is twice 
that from 0 to +00. With this, the integral is evaluated using Integral G.1 


NG ‘i oti one 1 (qa?) 
0 


Setting this equal to 1 gives |N = (1a?)~'/4|, The required probability is 
given by 


[ [(na?)-4 exp(-x?/a”)] dx = 2(na*)-V? i. exp(-x?/a’)dx 


= erf(1) = [0.843 


This integral has no analytical solution, but is easily evaluated using math- 
ematical software. 


7C Operators and observables 


Answers to discussion questions 


D7C.2 In quantum mechanics an observable quantity (such as energy, position or 
momentum) is represented by a particular operator Q. If the wavefunction 
is y the average value of the quantity represented by the operator Qis given by 
(Op ef y* Qy dr, called the expectation value. For the special case that y is 
an eigenfunction of O, the expectation value is the eigenvalue corresponding 
to this eigenfunction. 
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Solutions to exercises 


E7C.1(b) 


E7C.2(b) 


E7C.3(b) 


E7C.4(b) 


To construct the potential energy operator, replace the position x in the clas- 
sical expression by the position operator x. This operator is just multiplication 


by x, * = xx, therefore the potential energy operator is V = D.(1 -e°%*)*} 


A function y is an eigenfunction of an operator O if Ow = wy where w is a 
constant called the eigenvalue. 


(i) (d?/dx?) cos(kx) = —k? cos(kx). Hence cos kx [is] an eigenfunction of 


the operator d*/dx*, with eigenvalue |—k?.. 
(ii) (d?/dx?)e'** = (d/dx)ike'k* = —k?e'**, Hence e'** [is] an eigenfunction 
of the operator d*/dx’, with eigenvalue |—k? |. 
(iti) (d?/dx*)kx = (d/dx)k = 0 = 0 x kx. Hence kx [is] an eigenfunction of 


the operator d?/dx? with eigenvalue [0]. 


(iv) (d2/dx?)e-4*" 7 (d/dx)(-2axe~** ) = 2ae~** (2ax? — 1). Hence this 
function is [not] an eigenfunction of the operator d?/dx?. 


Wavefunctions y; and y2 are orthogonal if { y/y2dr = 0, [7C.8-254]. Here 
w(x) = sin(47x/L), wo(x) = sin(27x/L), and the region is 0 < x < L. The 
integral is evaluated using Integral T.5 


f Wi Yodt = f sin(4nx/L) sin(2nx/L) dx 
= [(L/4m) sin(2m) - (L/127) sin(6m) |] = 0 


where sin(nm) = 0 for integer n is used. Thus, the two wavefunctions are 
orthogonal. 


Wavefunctions y; and y2 are orthogonal if { y/y2dr = 0, [7C.8-254]. Here 
Wi (x) = cos(32x/L), Wo(x) = cos(5ax/L), and the region is -L/2 < x < L/2. 
The integral is evaluated using Integral T.6 


[vin dt = i cos(3mx/L) cos(5mx/L) dx 
= (-L/4m) sin(-2nx/L) + (L/167) sin(8nx/L)| 


= [(-L/4m) sin(-7) + (L/167) sin(47) | 
— [(-L/41) sin() + (L/167) sin(-47)] = 0 


L/2 
-L/2 


where sin(nm) = 0 for integer n is used. Thus, the two wavefunctions are 
orthogonal. 


E7C.5(b) 


E7C.6(b) 


E7C.7(b) 


Two wavefunctions y; and y; are orthogonal if f wi y;dt = 0, [7C.8-254]. 
In this case the integration is from ¢ = 0 to @ = 27. Let y; = exp(id), the 
wavefunction with m; = +1, and wy; = exp(—2i@), the wavefunction with m; = 
—2. Note that the functions are complex, so yw; = exp(-id). The integrand is 
therefore 

Wj Vj = exp(—i¢) exp(—2id) = exp(—3i¢) 


and the integral evaluates as 


f *” exp(~3ig) db = (-1/3i) exp(—3ig) 2" 


= at 
i 


= (-1/3i)[exp(—67i) — exp(i0)] = 0 


The identity exp(ix) = cosx + isinx (The chemist’ toolkit 16 in Topic 7C on 
page 256) is used to evaluate exp(—6mi) = cos(—6m) + isin(-6m) =1+0=1. 
The integral is zero, so the functions are indeed orthogonal. 


The normalized wavefunction is y(x) = (2/L)'/ sin(nx/L). The operator for 
position is x = x, therefore the expectation value of the position of the electron 
is [7C.11-256] 


(x)= f yreyar=(2/t) fo xsin’ (nx/L) dx 


This integral is of the form of Integral T.1l with k = n/L and a = L 


=sin 21=0 =cos 2m=1 
i —__—— 
2| L? i x (72*) 1 (=) 
= sin cos | ——]-1 
L} 4 4xn/L L 8 x (n/L)? E, 
2 L? 
a L/2 
L 4 


Because the probability density |y(x)|? is symmetric about x = L/2, the ex- 
pected result is (x) = L/2. 


The normalized wavefunction is y(x) = (2/L)'/? sin(nx/L). The expectation 
value of the momentum is { y*p,ydx, and the momentum operator is px = 
(h/i)d/dx, therefore 


(px) = (2/L) [ ” alla a eee ee 
= (2h/iL) i PCAC Cr ace 
Using (d/dx) sin(mx/L) = (m/L) cos(mx/L) gives 


(px) = (2nh/iL?) i; Cerin eine. 
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The integral is of the form of Integral T.7 with a = L, k = n/L 
(p.) 2mh , 1 a (=) 
ay > 1 = 
P il? 2xn/L L 


This result is interpreted as meaning that there are equal probabilities of having 
momentum in the positive and negative x directions. 


i=) 


E7C.8(b) Forthe case when m, = +1 the normalized wavefunction is y,1() = (21)~'/7e'. 
This is complex, and so y*, = (27)~'/e~#*. The angular momentum operator 
is (h/i)(d/d@), therefore its expectation value is given by 


[VAG (4/29)¥.1 46 = em cnpiy [-"e*(dagye ag 
= (1/2)(h/i)(i) ef  s-isel6 ag 
= (1amy(nfiy(i) ["1ag 
= (1/2)(h/i)()(2n) = 


For the general case the normalized wavefunction is Wm,(@) = (2n)71/2ei™? 
and wi, (6) = (2m)#?eim 


[° Vin, (A/i) (d/d¢) Wm, dd = (1/27) (h/i) i ed (d/dg)ei'? dg 


= (1/2m)(hfiy(im) f" evmivem? ag 
= (1/21) (h/i)(im;) (27) =|myh 


E7C.9(b) ‘The uncertainty in the momentum is given by Ap = mAv where m is the mass 
and Av is the uncertainty in the velocity. The minimum uncertainty in the 
position of the electron is given as |100 pm|. 


The uncertainties in position and momentum are must obey the Heisenberg 
uncertainty principle [7C.13a-258], ApAq > (h/2), which in this case is ex- 
pressed as mAvAgq > (h/2). This is rearranged to give the uncertainty in the ve- 
locity, Av > h/(2mAq), giving a minimum uncertainty of Avmin = h/(2mAq), 
which is evaluated as 


1.0546 x 107-34Js 
2 x (9.1094 x 10-3! kg) x (100 x 10-1? m) 


=|5.79 x 10° ms7! 


E7C.10(b) ‘The desired uncertainty in the momentum is 
Ap = 0.0010 x 10°’ p = 1.00 x 10°°m.v 
= 1.00 x 107° x (9.1094 x 107°! kg) x (995 x 10° ms7’) 
= 9.06... x 10° kgms"! 


The Heisenberg uncertainty principle, [7C.13a—258] is rearranged to give the 
uncertainty in the position as Aq > h/(2Ap), which gives a minimum uncer- 
tainty of Admin = h/(2Ap). This is evaluated as 


1.0546 x 107*4Js : 
2 x (9.06... x 10-3° kgm s7!) 


5.82 x 10°° m 


Solutions to problems 


P7C.2 (a) Consider the integral I = re sin(nnx/L) sin(mmx/L) dx. Using the iden- 
tity, sinAsinB = }cos(A - B) - }cos(A + B) with A = nnx/L and 
B = mmx/L, this can be rewritten as 


I= Lf cos{(n—m)nx/t] dx - Lf cosl(n-+ m)nx/t] dx (71) 


(b) Inthe case of = 2, m = 1 the two integrands are cos(mx/L) and cos(31x/L) 


which are plotted in Fig. 71 


1.0 | a — cos(mx/L) 
: : --- cos(3nx/L) 
0.5 + \ 
\ 
x 
* + x/L 
Q.2 1.0 
\ 
—0.5 + 
—1.0 + 
Figure 7.1 


(c) It is seen that each of these functions are antisymmetric about x = L/2, 
such that the value of the function as L/2 + 6 is minus that at L/2 — 6. As 
a result, the integral of these functions over a symmetrical region about 
x = L/2 is zero. 
An alternative way of coming to the same conclusion is to note that the 
integral of the first half of a cosine wave is zero on account of the enclosed 
area above and below the x-axis being the same (the solid curve). Sim- 
ilarly, the integral of three complete half cosine waves is also zero (the 
dashed curve). 


(d) For the general case n and m and both integers, and so n + m are also 
integers. The two integrands in eqn 7.1, when considered over the range 
x = 0 > L, will each comprise a complete number of half cosine waves. 
By the same argument as in (c), these functions will integrate to zero and 
hence the wavefunctions are orthogonal for n + m. 
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P7C.4 


P7C.6 


An operator (2 is hermitian if { y? Quy; dr = L/ Wi Oi dr], [7C.7-253]. Pro- 
ceed by integrating by parts (The chemist’ toolkit 15 in Topic 7C on page 254) 


to give 
an * hd Le 4 
[ vi(? a) i( vv -{" Le d : 


The term A is zero because the wavefunction must be single valued, requiring 


wi(@) = wi(¢ + 27), and so y;(0) = w;(27). It follows that 


[ovi(Re)wae--4 ‘s waa 


The term of the right is written as a complex conjugate to give 


ol taome sr oea] [ul )oa] 


Note that because the complex conjugate of the whole term is taken, to com- 
pensate for this the complex conjugate of the terms inside the bracket need to 
be taken too y = [w*]*; i* = —iis also used. This final equation is consistent 
with [7C.7-253] and so demonstrates that the angular momentum operator is 
hermitian. 


The expectation value is given by [7C.11-256], (Q) = f w*Quydr, where y is 
normalized. However, if y is an eigenfunction of (2 each measurement gives 
the corresponding eigenvalue, and this is therefore also the expectation value. 


(a) The function N exp(ikx) is an eigenfunction of the linear momentum 
operator px = (h/i)(d/dx) 
hd 


h 
a,Ne ikx - — x Nike'** = hk x Neik* 
idx 1 


and the eigenvalue is |hk|. Hence, the expectation value is equal to this. 


(b) The wavefunction N cos kx is not an eigenfunction of the linear momen- 
tum operator, so the expectation value has to be computed by evaluating 
the integral. First consider the effect of applying this operator to the wave- 
function 


Pxw = (h/i)(d/dx)N cos(kx) = —(hk/i)N sin kx 


It follows that the expectation value is given by 


(px) = —(hk/i)N? 1 cos(kx) sin(kx) dx = [0 


The integrand is an odd function, meaning that its value at —x is the 
negative of that at x, which means that its integral over a symmetric range 
is zero. 
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(c) The wavefunction Ni e-** ig not an eigenfunction of the linear momen- 
tum operator. Consider the effect of applying this operator to the wave- 
function 


pxw = (h/i)(d/dx)Ne~® = (h/i) x -2axNe"™ 


The expectation value of the momentum is then 


(px) = (-2aN7h/i) ae -10 


As before, the integrand is an odd function so its integral over a symmet- 
ric range is zero. 
P7C.8 (a) The wavefunction y(x) = cos(y)e!** + sin(y)e7'** is a superposition of 
the functions y, = eikx and y= eik* These are eigenfunctions of the 
linear momentum operator with eigenvalues +k and —hk respectively, 


as 

h deikx h : keik® hkeik* h de ikx h . ike ik* hkeik* 
pay ol = = 1 = 

idx i ra 4 


As the wavefunction is a superposition of eigenfunctions of the linear mo- 
mentum operator, the probability of measuring a particular momentum 
eigenvalue is the square modulus of the corresponding coefficent, |c;,|? in 
the expression for y. Hence the probability of finding the electron with 


linear momentum +kh is |c,|?= |cos y|*= |cos” y 


(b) The probability of finding the electron with linear momentum —kh is 


|c_|?= |sin y|?=|sin? y 


(c) Ifthe probability of finding the electron with momentum +kh is 0.9, then 
|c,|?= 0.9, and assuming that c, is real and positive , c, = V/0.9 = [0.95]. 
The probabilities must sum to 1 and so the probability of finding the 

electron with momentum —kh is 0.1, then |c,|’= 0.1 and so c_ = V/0.1 = 

0.32 


(d) The kinetic energy operator is E, = p2/2m = —(h?/2m)d?/dx?, where m 
is the mass of the electron. Consider applying this operator to wx. 


Exw = he d? eikx = hk? eikx 

i 2m dx? 2m 

Exw he d? —ikx h k? -ikx 
2m dx2 2m 


Hence, both components are eigenfunctions of the kinetic energy oper- 
ator with the same eigenvalue, (hk)?/2m, and so the overall wavefunc- 
tion is also an eigenfunction of the kinetic energy operator, eigenvalue 
(hk)*/2m. The kinetic energy of the electron is thus |(fk)?/2m 


P7C.10 (a) Figure 7.2 shows that as N increases the symmetrical peak around x = 0 
narrows and sharpens. 
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-1.0 -0.5 0.0 0.5 1.0 
x 
Figure 7.2 
x 
Figure 7.3 
(b) Figure 7.3 shows that, as before, the probability density narrows and sharp- 


(c) 


ens as the superposition is extended. 


In order to compute (x), the expectation value of x’, it is necessary to 
normalize the wavefunction. If attention is focused on the finite range 
—1 <x < +1 the normalizing factor NV is found by evaluating 


N2 = (i ie b cos(knx) | 


Because the square of a sum involving (possibly) many terms is involved, 
this appears to be a formidable task. However, some experimentation 
with some modest values of N using mathematical software implies that 
the term in the braces is simply (1/N), so the normalizing factor is NV = 


P7C.12 


P7C.14 


(N)'/?, With this, the expectation value is computed using 


(x2) = (N) x (1/N?) i b cos(knx) 


Mathematical software gives the values 0.0628 for N = 5, 0.0305 for N = 
10, and 0.0254 for N = 12. The corresponding values of (x?)'/? are 0.251, 
0.175 and 0.159. There is a decreasing trend in the value of (x)!/? which 
makes sense as the superposition becomes narrower as N increases. 


(d) This wavefunction is the superposition of N terms each of which has 
the form N~! cos(kmx). Momentum is more easily discussed by using 
the identity cos(knx) = }(e'*"* + e*"™). The wavefunction is then a 
superposition of N terms of the form (1/2N)e'*™ and N of the form 
(1/2N)e7i*"*, The first of these terms corresponds to a momentum +kh, 
and the second to a momentum —kh. 
The normalizing factor is N'/?, so the coefficient of each of the terms in 
the expansion (of the form e*!4**) is N'/?/2N = 1/2N'/?. The probability 
of observing the momentum corresponding to any one term is given by 
the square is this coefficient, which is 1/4N. 


To evaluate the commutator of the position and momentum operators consider 
the effect of the commutator on an arbitrary function y 


a es eee hd(xy)  hdy 
[Px X]w = (PxrX — XPx)w = (; eo ae 


to evaluate the first derivative the product rule is used 


2 (xt, dix {¥) hy 


i\ dx ¥ dx dx i 
Because [p,,%]w = (h/i)y it follows that the commutator is the constant term 
h/i. Hence the expectation value is given by 


LW (hfijydr _ 
Sf wydr 


oa 


([Px.%]) = fi 


To evaluate the commutator consider its effect on an arbitrary wavefunction y 


1 oe Le gar ek Lge: ak 
i+ PI GE-1b)- ZO ibs) Jabs) 


[(2? itp, + iprt + pl) — (4? + ike —iprt + PL] W 


| I 
~ NIP on 
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The quantity in the parentheses is the commutator [ px, x]. The commutator of 
the position and momentum operators is given by [7C.16-259], [%, py] = ih, 
therefore [p,,%] = -ih 


[4, a" ]y = i[ px, ]y =i(-ih)y = hy 


Hence [4, a*] = [Al 


7D. Translational motion 


Answers to discussion questions 


D7D.2 


The hamiltonian for a particle in a two- or three-dimensional box is separa- 
ble into a sum of terms each of which depends on just one of the variables 
x, y or z. Therefore the solutions to the Schrédinger equation are products 
of separate functions of each of these variables, ¥(x, y,z) = w(x)w(y)y(z). 
In the hamiltonian the terms in the three variables are all of the same form, 
so the wavefunctions are likewise of the same form. Similarly, the boundary 
conditions along each direction are the same, so the quantization which this 
imposes is the same. As a result the wavefunctions are simply a product of the 
wavefunctions that would be found by solving the Schrédinger equation along 
each direction separately. 


The energy levels of two- and three-dimensional boxes can be degenerate, that 
is there are different wavefunctions which have the same energy. This is usually 
a consequence of the box having a certain kind of symmetry, for example in a 
two-dimensional box in which the two sides are the same length the levels with 
quantum numbers n, = |, n2 = mand n, = m, nz = I are degenerate. 


Solutions to exercises 


E7D.1(b) 


E7D.2(b) 


The linear momentum of a free electron is given by 


p = hk = (1.0546 x 10°**Js) x (5 x 10° m) =|5x 10°? kg m7! 


where 1 J = 1 kgm’s~? is used; note that 1 nm7! = 1 x 10° m7!. The kinetic 
energy is given by [7D.2-26]] 


2 -34 9 4.-1))2 
pr, — (AAD? _ (1.0546 x 10°) x (5 x 10? m™))? _ poy 
2m 2 x (9.1094 x 10-3! kg) 


The electron is travelling in the positive x direction hence the momentum and 
the velocity v are both positive. The momentum of this particle is given by 


p= mv = (1.0 x 10°? kg) x (+10 ms!) = +0.01 kgms"! 


E7D.3(b) 


The values of k is therefore 


p +0.0lkgms"! 
fh 1.0546 x 10-34Js 


= +9.5x 107! m| 


2 


where 1 J = 1kg m’ s~ is used. The wavefunction is then, with x is measured 


in metres, 


eti(9.5x10™ m7!)x 


v(x) = eikx = 


The energy levels ofa particle in a box are given by [7D.6-263], E,, = n*h*/8mL?, 
where n is the quantum number. With the mass equal to that of the electron 
and the length as 1.5 nm, the energies are 


a ae (6.6261 x 10°**Js)* 
7 owes 

8mL? 8 x (9.1094 x 10-3! kg) x (1.5 x 10-9 m)? 
=n x (2.67... %10°° J) 


n 


To convert to kJ mol’, multiply through by Avogadro's constant and divide by 
1000. 


6.0221 x 1023 mol! 
1000 


=n? x (2.67... x 10°*° J) x =n’ x (16.1... kJ mol‘) 


To convert to electronvolts divide through by the elementary charge 


1 
1.6022 x 10-19C 


=" x (2.67... * 10-7" J) x =n’ x (0.167... eV) 


To convert to reciprocal centimetres, divide by hc, with c in cms"! 


P (2.67,.0% 10°" J) 
nox 
(6.6261 x 10-34Js) x (2.9979 x 10!° cms~') 
=n? x (1.34... x 10? cm’) 


The energy separation between two levels with quantum numbers nj and nz is 


AE(n, ny) = En, — En, = (nj —1n{) x (2.67... x 107° J) 


The values in the other units are found by using the appropriate value of the 
constant, computed above. 


(i) AE(2,3) =|1.3 x 1071? J} 81 kJ mol ‘|, [0.84 eV], or |6.7 x 10° cm! 


(ii) AE(6,7) =|3.5 x 10719 J}, |2.1 x 10? kJ mol ’} [2.2 eV], 


or |1.8 x 104 cm7! 
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E7D.4(b) 


E7D.5(b) 


E7D.6(b) 


The wavefunctions are y,(x) = (2/L)'/? sin(mx/L) and w3(x) = (2/L)'/? x 
sin(37x/L). They are orthogonal if { yj y2 dr = 0. In this case the integral is 
taken from x = 0 to x = L as outside this range the wavefunctions are zero. The 
required integral is of the form of Integral T.5, with A = n/L,B = 3n/L, and 
a=L 


2 ff sin(™) sin (72) ax 2 ps ee] 


L L —4n/L 8n/L 
_2 [oe oon) ai 
L|{ -4n/L 8n/L 


where sin nt = 0 for integer n is used. The two wavefunctions are orthogonal. 


The particle in a box wavefunction with quantum number is given by y,,(x) = 
(2/L)'/? sin(nnx/L) The probability of finding the electron in a small region of 
space 6x centred on position x is approximated as y*(x)5x. For this Exercise 
x = 0.66L, 5x = 0.02L. 


For the case where n = 1 
2 

wi(0.66L)” x 0.02L = [ V2/L sin (n(0.66L)/L) | x 0.02L 

= (2/L) sin’ (0.667) x 0.02L = {0.031 


For the case where n = 2 


2 
2(0.66L)” x 0.02L =| \/2/L sin (2 x n(0.66L)L)| x 0.02L 
y 
= (2/L) sin’ (1.327) x 0.02L = [0.029 


The wavefunction with n = 2 and is y2(x) = ./2/L sin(2nx/L), which leads to 
a probability density P,(x) = |w2(x)|* = (2/L) sin?(2nx/L). Graphs of these 
functions are shown in Fig 7.4. 


Figure 7.4 


The probability density is symmetric about x = L/2. Therefore, there is an equal 
probability of observing the particle at an arbitrary position x’ and at L - x’, so 
it follows that the average position of the particle must be at L/2. 


E7D.7(b) 


E7D.8(b) 


E7D.9(b) 


The wavefunction with n = 1 is y,;(x) = \/2/Lsin(1x/L), which leads to a 
probability density P,(x) = |wi(x)|? = (2/L) sin?(mx/L). Graphs of these 
functions are shown in Fig 75. 


Figure 7.5 


The probability density is symmetric about x = L/2. Therefore, there is equal 
probability density at positions (L/2) + 5 and (L/2) — 6, so it follows that the 
average position of the particle must be at L/2. 


The expectation value of x is found from the integral,’ P,(x)x?dx. Al- 
though the probability density will be the same at positions (L/2) — 6 and 
(L/2) + 6, the function x? will increase by more between (L/2) and (L/2) + 6, 
than between (L/2) — 6 and (L/2), so in the integral the point at (L/2) + 6 has 
greater weight. It is therefore expected that (x?) > (L/2)’. 


For an electron in a cubic well, of side length L the energy of the state character- 
ized by quantum numbers nj, n2 and n3 is given by [7D.13b-267], En, ,ny,nz = 
h?(n2+ n+ n)/8m_L” where nx, Ny, nz are integers > 1. Hence, the minimum 
or zero-point energy has n, = ny = nz = 1, 


Ey. =h? (12 +174 17)/8m.L? = 3h? /8m.L? 
Setting this equal to the rest energy, m.c* gives 
3h? /8m_L* = Mec’ 
L = \/3/8 x (h/mec) =|\/3/8Ac 


where Ac = h/(mec) is the Compton wavelength. 


The wavefunction for a particle in a one-dimensional box with length L and in 
the state with n = 5 is y(x) = \/2/L sin(5nx/L) giving a probability density of 
P(x) =|w(x)?= (2/L) sin’ (5nx/L). 

As this is a trigonometric function, the function is maximized when sin? (51x/L) 
= 1, which is when sin(5mx/L) = +1; these values occur when the argument of 
the sine function is an odd multiple of 1/2 


5nx/L = 1/2,3n/2, 51/2, 71/2, ... hence x =/L/10,3L/10, L/2,7L/10, 9L/10 


239 


240 


E7D.10(b) 


E7D.11(b) 


E7D.12(b) 


The probability density is zero when the wavefunction is zero, which is when 
the argument of the sine function is a multiple of 1 


5nx/L=0,7,2n,... hence x =|0,L/5,2L/5,3L/5,4L/5, L 


The energy levels of a particle in a cubical box with side L are given by [7D.13b- 
267], En = h*n?/8mL?, with n? = n2 + i +nz2. When the side is decreased to 
0.9 x L the energies become E’, = h?n*/8m(0.9 x L)* = h*n?/8m(0.81 x L”) 
giving a fractional change of 

E!.-E,  [h?n?/8m(0.81 x L?)]—[h?n?/8mL7] 1 


= 7 1 = {0.235 
En h?n? /8mL? 0.81 


The energy levels of a particle in a box of length L are given by [7D.6-263], 
E, = h*n?/8mL?. This energy is equal to the average thermal energy when 


kT/2 = h?n?/8mL?, leading to|n = (2L/h)(mkT)"/?|, 


For an argon atom, mass 39.95 m, in a box for length 0.1 cm this evaluates as 


_ 2(0.1 x 10°? m) 
6.6261 x 10-34Js 


x [(39.95 x 1.6605 x 10-27 kg) x (1.3806 x 10°23 JK-!) x (298 K)] 


=|5.0 x 107 


The wavefunction of a particle in a square box of side length L with quantum 
numbers 1; = 1, n2 = 3 is w1,3(x, y) = (2/L) sin (nx/L) sin (31y/L). The cor- 
responding probability density is P;,3(x, y) = (2/L)’ sin? (1x/L) sin? (3ny/L). 
The probability density is maximized when sin? (nx/L) x sin? (3ny/L) = 1 
which occurs only when each sin term is equal to +1. The term in x is equal to 
1 when mx/L = 1/2 and hence x = L/2. For the term in y 


sin (37y/L) = +1 
3ny/L=1/2,3n/2,5n/2 hence y=L/6,L/2,5L/6. 


Hence the maxima occur at (x, y) =|(L/2, L/6), (L/2, L/2), (L/2, 5L/6) 


Nodes occur when the wavefunction passes through zero, which is when either 
of the sin terms are zero, excluding the boundaries at x = 0, L y = 0, L because at 
these points the wavefunction does not pass through zero. There are therefore 
no nodes associated with the function sin (1x/L). In the y-direction there are 
nodes when 


sin (37y/L) =0 
3ny/L=1,2n hence y=L/3,2L/3 


There is thus a node when y = L/3 and for any value of x, that is a nodal line at 
y = L/3 and parallel to the x-axis|. Likewise the node at y = 2L/3 corresponds 


to a nodal line at| y = 2L/3 and parallel to the x-axis}. 


E7D.13(b) 


E7D.14(b) 


E7D.15(b) 


The energy levels for a 2D rectangular box, side lengths L, L2 are 


h? (nt nj 
Ens a eae: (4 + #4) 
8m \ Li 3 
where n, and nz are integers greater than or equal to 1. 


For the specific case where L; = L, Lz = 2L, 


- ade my iG _ h? eg 2 
mr" gm\L2 (2L)2?} 8mL2\' 4 


The energy of the state with n, = 2, nz = 8 is then 


h? 2 h2 
En 2 ( + 8 (20) 


~ 8mL2 4) 8mL2 


By inspection, the first term in the sum is equal to 4 and the second is equal to 
16, it can be arranged for these to be swapped. This requires ni = l6andson, = 
4and n3/4 = 4, and so n2 = 4. Hence, the state|(4, 4) is degenerate with (2, 8)]. 


The question notes that degeneracy frequently accompanies symmetry, and 
suggests that one might be surprised to find degeneracy in a box with unequal 
lengths. Symmetry is a matter of degree. This box is less symmetric than a 
square box, but it is more symmetric than boxes whose sides have a non-integer 
or irrational ratio. Every state of a square box except those with n; = np is 
degenerate (with the state that has n, and n2 reversed). Only a few states in this 
rectangular box are degenerate. In this system, a state (11, n2) is degenerate 
with a state (12/2, 21) as long as the latter state (a) exists (that is n./2 must 
be an integer) and (b) is distinct from (1, 2). A box with incommensurable 
sides, say, L and \/2L, would have|no degenerate levels}. 


The energy levels of a cubic box are given by [7D.13b-267] 


h2 


amuz +n; +13) 


En, »n2,N3 — 
where 111, N2, 3 are integers greater than or equal to 1. Hence the lowest energy 
state is that with n, = nz = n3 = 1, with energy 


Sih GS a ad 5 
127417 +17) = 
( ) 8mL2 


(3) 


Fat) = gmp? 
and so the energy of the level with energy 14/3 times that of the lowest is 
14h? /8mL?, which will be produced by states for which nj +n} +n = 14. There 
are six states with this energy, (1, 12, 13) = (1,2,3), (1,3, 2), (2, 1,3), (2,3, 1), 
(3, 1,2), (3,2, 1), and so the degeneracy is|6|. 


The transmission probability [7D.20a-269] depends on the energy of the tun- 
nelling particle relative to the barrier height (¢ = E/Vo = (1.5 eV)/(2.0 eV) 
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= 0.75), the width of the barrier, (L = 100 pm), and the decay parameter of the 
wavefunction inside the barrier (x) 
_ Qm(E - Vo))!”? 
* h 
_ (2 x (1.6726 x 10-77 kg) x [(2.0 - 1.5) eV x 1.6022 x 10719 Fev~"]) V7? 
1.0546 x 10-34Js 


= 1,58..." 10" m~ 
Such that «L = (1.58... x 10!’ m7!) x (100 x 107!* m) = 15.8..., and so the 
transmission probability is given by 


fe f . (eX! = ty - f P (echt = PN -1 


16e(1 — €) 16 x 0.75 x (1 - 0.75) 


=|5.7 x 107!4 


Solutions to problems 


P7D.2 


(i) The energy levels of a particle in a cubic box are given by [7D.13b-267] 
E(nx,ny,nz) = h’n*/8mL* where n* = nz + nj}, + nz, and L is the side 
length of the box, such that its volume is V = L°. For a cubic box, volume 
1.00 m?, L = (1.00 m?)!/3 = 1.00 m. The mass of a N2 molecule is 
28.00 my = 4.6494 x 10-76 kg. To find the value of n that makes the 
energy equal to the average thermal energy, set E, = $kT and solve for n 


LV12mkT 
h 
(1.00 m)x{ 12x(4.6494 x 107° kg)x(300 K)x(1.3806 x 10-73 JK~') 
7 6.6261 x 10-34Js 


n= 


lia 


=|7.25 x 10!° 


(ii) The separation between neighbouring levels is 
h? h?(2n+1) 
AE = Ens, — En = —— [(n +1)? - n’?| = ——— 
mr" BmL? [( ) 8mL? 
and so for this case 
(6.6261 x 10°**Js)? x (2 x 7.25 x 1019 +1) _ 
8 x (4.6494 x 10-7 kg) x (1.00 m)? 


AE = 


1.71x 107! J 


(iii) The de Broglie wavelength is given by [7A.11-244], A = h/p, and the 
kinetic energy is E, = p’/2m. In this case Ex = $kT, hence p?/2m = $kT 
which is rearranged for the momentum to give p = /3mkT. Hence, the 
de Broglie wavelength is 

h 
3mkT 
6.6261 x 10°-*4Js 


[3x (4.6494 x 10-26 kg) x (1.3806 x 10-23 JK!) x (300 K) }”” 
= |27.6 pm 


P7D.4 


P7D.6 


The wavefunction with n = 2 is w2(x) = (2/L)'/? sin(2nx/L), and this is used 
in [7C.11-256], (Q) = f y*Qydr, to compute the expectation value for the 
cases Q = p, = (h/i)d/dx and OQ = p%. The effect of p, on the wavefunction is 


PxW2 = (h/i)d/dx [(2/L)'/? sin(2nx/L)] = (h/i)(2/L)'/? (2n/L) cos(2mx/L) 
and the effect of p2 is found by applying /,. to this result 


Pio = (h/i)d/dx [(h i) (2/L)'” (2n/L) cos(2nx/L)] 
= h?(2/L)'/? (2n/L)? sin(2nx/L) 


Hence 
(px) = f * wtb eyndx = (h/i)(2/L) (2n/L) d. “GaGaddh eos raids 


This integral is of the form of Integral T.7 with k = 2n/L, a = L 


(px) = (h/i)(2/L)(2n/L) x (L/41) sin? (2nL/L) = [0 


(p2) = [ vibtyadx = 1 (2/L)(2n/b)? [ sin® @nx/L) dx 


This integral is of the form of Integral T.2 with k = 2n/L, a = L 


(p2) = h?(2/L)(2n/L)? x [L/2 — (L/81) sin(4nL/L)] = |4n7h?/L* 


The wavefunction of the state with quantum number 1, in the range 0 < x < L, 
is Wn(x) = (2/L)*/? sin(ntx/L). 


(a) The probability density is P,(x) = |Wn(x)|? = (2/L) sin? (nmx/L) which 
is symmetric about x = L/2, meaning that P,,(L/2+x) = P,,(L/2-x) for 
all x. Hence, the particle is equally likely to be at position x as at L—x, and 
so the average position must be in the middle of this range, i.e. }(x) = L/2|. 


(b 


ee 


The particle has kinetic energy (only) when it is in the box, but as it 
is constrained to be within the box it must move back and forth at a 
constant speed between the two infinite walls. Therefore the probability 
of the particle travelling with momentum +p (to the right) is equal to the 
probability of it travelling with momentum —p (to the left), and so the 
average value of the momentum must be |0}. 


(c) 


L L 
ie = f[ yix?w, dx = (2/L) f[ x? sin? (nmx/L) dx 
0 0 
The integral is of the form of Integral T.12 with a = L and k = nn/L 


(x?) = (2/L)[L*/6 - {L*/4nn - L*/8n° n°} sin(2nnL/L) 
~ {L*/4n?n?} cos(2nnL/L)] =|L?(1/3 - 1/2n?n”) 
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P7D.8 


P7D.10 


(d) The wavefunction is an eigenfunction of the hamiltonian which, because 


(a 


(b 


(c 


~ 


) 


) 


the potential is zero inside the box, is just the operator for kinetic en- 
ergy. This operator can be written p%/2m, so the wavefunction is also an 
eigenfunction of p% with eigenvalue 2m times the energy eigenvalue. In 
this case, the eigenvalue of p? is 2m x n*h?/8mL* = n*h*/4L?. Because 
the wavefunction is an eigenfunction of p2, the expectation value is equal 
to the eigenvalue: (p?) =|n7h?/4L?|, 


Because the particle is moving back and forth with constant speed its 
probability density within the box must be uniform at Po. The total prob- 
ability must be 1, so it follows that ri Py dx = 1. Evaluating the integral 
give PoL = 1, hence Po = 1/L, as required. 


The average value of any quantity is the value of that quantity in an in- 
finitesimal interval at an arbitrary position, multiplied by the probability 
of being in that interval and then summed (integrated) over all possible 
positions. If the probability density is P(x), the required average is (x") = 
i in x"P(x)dx. The integral is only over the range 0 to L because outside 
this region the probability density is zero. 


(x)= f° xP(x)de=(1/t) f xax 
= (1/L) (x?/2)|) = (1/L)(L?/2 - 0) =|L/2 
(x)= [0 2 r(x)dx= (aft) [xx 


= (1/L) (x°/3)|g = C/L)(L*/3 - 0) = [2/3 


(d) (x) is identical with the quantum result for all values of n. The quan- 


(a 


(b 


~ 


~ 


tum result for (x*) is L?(1/3 - 1/2n?n*). For large n the second term 
in parentheses becomes negligible compared to the first, in which case 
(x?) = L*/3, which is the classical result. The correspondence principle 
is satisfied. 


Outside the box, L/2 < x < -L/2, the potential is infinite and so the wave- 
function is zero. Inside the box the potential is zero and the Schrédinger 
equation is (—h?/2m)d?y/dx? = Ey. The wavefunction must be contin- 
uous at the walls of the box so the boundary conditions are |y(+L/2) = 0 


Substituting w(x) = cos(kx) into the Schrédinger equation gives 
—(h*/2m)(d?/dx?) cos kx = —(h?/2m)(-k? cos kx) 
= Ecoskx 


which is true if E = h*k?/2m. The boundary conditions are satisfied if 
cos(+kL/2) = cos(kL/2) = 0, which occurs if kL/2 = (2n + 1)1/2 for 


integer n; it follows that k = (2n + 1)n/L. Negative values of n do not 
generate distinct solutions: for example if n = —2, k = -3n/L and the 
wavefunction is cos(—37x/L). However, because cos(—6) = cos(@) this 
wavefunction is cos(37x/L), which is that for n = 1. All negative values 
of n therefore simply duplicate solutions given by positive values of n. In 
summary 


Wn(x) = cos([2n+1]nx/L) E, = h?(2n+1)?/8mL? n=0,1... 


It follows that the three lowest energy wavefunctions are wo = cos(mx/L), 
y = cos(3nx/L), and yz = (cos51x/L); these are depicted in Fig. 7.6 


Figure 7.6 


(c) 


(d) 


(e) 


Substituting w(x) = sin k’x into the Schrédinger equation gives 
~(h?/2m)(d?/dx”) (sin k’x) = —(h?/2m)(-k” sink’x) = Esink’x 
The energy is therefore E = h?k’?/2m. The boundary conditions are 
sin(+k’L/2) = 0, which is satisfied by k’L/2 = n'1 for integer n’. Negative 
values of n’ do not generate distinct wavefunctions and n’ = 0 is not 

permitted as the wavefunction is zero everywhere. In summary 


Wir (x) = sin(2n'nx/L) Eq = h?(2n')?/8mL? n'=1,2,.. 
The wavefunctions with the three lowest energies are thus y, = sin(2mx/L), 
yw, = sin(4nx/L), and y4 = sin(6mx/L); these are depicted in Fig. 7.7. 
Expressed as multiples of h?/8mL* the cosine solutions have energies 1, 
9, 25, ..., and the sine solutions have energies 4, 16, 36, .... These are the 
same set of energies as for the box between 0 and L, n*h?/8mL?. 

The normalized cos wavefunctions are y = Ncos[(2n + 1)mx/L], and 
are normalized when (ey y*wdx = 1. The integral is evaluated by first 
using the identity cos” x + sin® x = 1 and then Integral T.2 


L/2 L/2 

N? ‘) ' cos*[(2n + 1)mx/2L]dx = N* J, 1 —sin*[(2n + 1)nx/2L] dx 
-L/2 L/2 

-L/2 


=v! x N#(e/2-(1/2(0n-+ Dp) sinln Dass 


= N?(L/2) 
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P7D.12 


Figure 7.7 


setting this equal to 1 gives 
again using Integral T.2 


i 
N? [ sin?[2n’nx/L]dx = N* [x/2 - (L/8n'n) sin(4n'nx/L)|775 
0 


setting this equal to 1 gives 


N = (2/L)'/? 


. Similarly for the sin functions, 


= N*(L/2) 


L/2 


N = (2/L)¥/?| 


(f) The probability density for all wavefunctions is symmetric about the cen- 
ter of the box, which at this case is at x = 0. Hence, the average value of x 
must be at the center, and so (x) = 0. 


The text defines the transmission probability as the ratio |A’|*/|A|’, where the 
coefficients A and A’ are defined in [7D.15-268] and [7D.18-269] respectively. 
Four equations are given in [7D.19a-269] and [7D.19b-269] for the five un- 
known coefficients of the full wavefunction. 


(a) A+B=C+D 
(b) Ce*” + De“*W = A’eikW 
(c) ikA-ikB=xC-—xD 


(d) «Ce*” — «De® = ik A’elkW 


The coefficient A’ is needed in terms of A alone, and hence B, C and D need to 
be eliminated. B occurs only in (a) and (c). Solving these equations and setting 
the results equal to each other yields 


B=C+D-—A=A-(k/ik)C + (x/ik)D 


Solving this for C, 


_ 2A+D(x/ik-1) _ 2Aik + D(x - ik) 


C 


K/ik +1 


Kx +ik 
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The desired A’ appears only in (b) and (d). Solve these for A’ and set them 
equal to each other. 


A’ = eee =pe™) = (xe * fik)(CeX™” _ ner) 


Solve the resulting equation for C, and set it equal to the previously obtained 

expression for C 

_ (xk/ik+1)De7*™ — («x +ik)De?*" — 2Aik + D(x — ik) 
K/ik-1 « —ik « +ik 


C 


Solve this resulting equation for D in terms of A 


(x +ik)?e 7" —(«-ik)? — 2Aik 
(« —ik)(x + ik) « +ik 


and so 
2Aik(x - ik) 


~ (k + ik)2e2*! — (« — ik)? 


Substituting this expression back into the expression for C yields 


2Aik(K + ik)e7*” 
(«+ ik)2e-2*W — (« — ik)? 


Substituting this into expression (b) for A’ 


; 2Aike kW 
~ (x + ik)2e-2*L — (« — ik)? 


[(« + ik)e*” +(k- ik)je*"] 


At 4ikxe Wek 7 dike kW 
A (x +ik)?e-2*! —-(«-ik)? («+ ik)e-*! — (x -ik)?e*” 


This leads to a transition probability of 


A’ 
A 


T= 


° 7 4ikxe kW —4ikxe'kW 
(« + ik)?e-"! — (x —ik)?e*™ } \ (« —ik)2e-*! — (x +ik)2eeW 


The denominator, expanded separately is 
(n#ik)? (n= ik)? eo " = (k=ik)* = (kt ik)* + (Hk) (ea ike 
=e eer ee) ae = inka) =O? Sink =k 


= («* + 27k? + k*)(e7* 4 eo 2*) — (204 — 12K7k? + 2k*) 


The term 12x?k?* can be written as —4x7k? + 16k?x*, which allows terms to be 
collected 


(xt 4207 k?+k*) (ec! 0 a 167k? = (eR (ee)? 216K rR? 
Hence, the probability is 


js 16k? x? 
(x? + k7)2(exW — e-FW)? + 16x22 
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P7D.14 


to proceed to eqn 7D.20a, invert this expression 


ie (x? + k?)?(e*" — e*)? + 16x72 k? a 

16k2x2 

: (x? + rye’ air. ery 1 
16x2k?2 ve 


Now express (k? + x*)/k*x? in terms of a ratio of energies, € = E/Vo. k and x 
are defined by [7D.17-269] and [7D.18-269], respectively. The factors in f and 
m cancel out, leaving « (Vo — E) and k « E, which gives 


(x?+k*)? (E+Vy)-E)? | Vo ae! 
k2«2 E(Vo - E) E(Vo-E) e(1-e) 


making the transmission probability 


om (‘ = erty . ) 


16e(1-e) 


When x W >> 1 the negative term inside the parentheses is negligible compared 
to the positive term, and the 1 is negligible compared to the exponential term, 


such that 
e2kW -1 
Ts (|—_|_ =|16e(1-e)e-?*” 
16e(1—e) 


The probability of the particle being inside the barrier is the integral of the 
probability density, |y|*, within the barrier which extends from x = 0 to x = 00 


p= [ (Ne™)?dx = N? f e ***dx =|N?/2« 
0 0 


The average penetration depth is interpreted as the expectation values of x, 
computed inside the barrier. The required integral is of the form of Integral 
G.2 with k = 2k. 


(x)= f° x(we™ Pda = N? [xe ™ax = [N77QK)? 
0 0 


7E Vibrational motion 


Answers to discussion questions 


D7E.2 


For the harmonic oscillator the spacing of the energy levels is constant. There- 
fore, relative to the energy of the oscillator, the spacing becomes progressively 
smaller as the quantum number increases. In the limit of very high quantum 
numbers this spacing becomes negligible compared to the total energy, and 
effectively the energy can take any value, as in the classical case. 


As is shown in Fig. 7E.7 on page 277, as the quantum number becomes large the 
probability density clusters more and more around the classical turning points 
of the classical harmonic oscillator (that is, the points at which the kinetic 
energy is zero). Because the classical oscillator is moving most slowly near 
these points, they are the displacements at which it is most probable that the 
oscillator will be found. Again, the quantum and classical results converge at 
high quantum numbers 


Solutions to exercises 


E7E.1(b) 


E7E.2(b) 


E7E.3(b) 


E7E.4(b) 


The zero-point energy of a harmonic oscillator is given by [7E.5-274], Ey = 
hw, where the frequency w is given by [7E.3-274], w = (kp/m)'/?. For this 
system, 


By = 4 x (1.0546 x 107 Js) x [(285 Nm") /(5.16 x 107% kg) ] 


=|3.92 x 1072! J 


The separation between adjacent energy levels ofa harmonic oscillator is [7E.4- 
274), AE = hw, where the frequency, w is given by [7E.3-274], w = (ke/m) "2. 
This is rearranged for the force constant as kr = m(AE/h)’. Evaluating this 
gives 


ke = (2.88 x 10-*° kg) x [ (3.17 x 10-7! J)/(1.0546 x 10-**Js)]” =|260Nm7! 


The separation between adjacent energy levels ofa harmonic oscillator is [7E.4- 
274], AE = hw, where the frequency, w is given by [7E.3-274], w = (ke/m)!/?. 
The Bohr frequency condition [7A.9-241], AE = hv, can be rewritten in terms 
of the wavelength as AE = hc/A. The wavelength of the photon corresponding 
to a transition between adjacent energy levels is therefore given by hw = hc/A, 
or hi(k¢/m)"/? = he/A. Solving for A gives A = 21c/(k¢/m)'/?; with the data 
given 


2n x (2.9979 x 10° ms"’) 
[(544 Nm7')/(15.9949 x 1.6605 x 10-27 kg) 


es 


lea 


={1.32 x 107>m 


The wavefunctions are depicted in Fig. 7E.6 on page 276; they are real. Two 
wavefunctions are orthogonal if { y; y; dr = 0. In this case the wavefunctions 
are yi(y) = Ni ye” /? and w2(y) = No(y? - 1)e-”/?, and the integration is 
from y = —0o to +00, The integrand is y2yw, = N2N\(y? - ye”, which is 
an odd function, meaning that its value at —y is the negative of its value at + y. 
The integral of an odd function over a symmetric range is zero, hence these 
wavefunctions are orthogonal. 


249 


250 


E7E.5(b) 


E7E.6(b) 


E7E.7(b) 


The zero-point energy of a harmonic oscillator is given by [7E.5-274], Ey = 
5hw, where the frequency w is given by [7E.3-274], w = (kr/u)'/?. The effec- 
tive mass y of a diatomic AB is given by [7E.6-274], u = (mamp)/(ma + mg). 
In the case of a homonuclear diatomic A, this reduces to w = m,/2. For this 
system, 


Eo = 5 x (1.0546 x 10°**Js) 
x [(2293.8 Nm7)/(+ x 14.0031 x 1.6605 x 10-2” kg) |” 


=|2.3422 x 10°79 J 


The energy levels of a harmonic oscillator are [7E.3-274], E, = (v+ + )ha, with 
w = (k¢/m)"/? and v = 0, 1,2... The energy of the state with v = lis E, = ha. 


(i) For the system with kp = 1000 Nm”! the energy of the state with v = 1 is 


E, = 3 x (1.0546 x 10-**Js) x [(1000 Nm™')/(1 x 1.6605 x 10°” kg)]'/? 
= 1.22... x 10°)? J =/1.23 x 10°19 J 


The classical turning points of this state occur when E, = shea. Solving 
this for xp leads to xjp = +\/ 2E; /k¢, giving a separation of 


2\/2E; [ke = 2\/2 x (1.22... x 10-19 J)/(1000 Nm“) = 31.3... pm 


As a percentage of the typical bond length, 110 pm, this is 


(31.3... pm)/(110 pm) x 100% = [28.5% 


(ii) For the system with kr = 100 Nm”! the energy of the state with v = 1 is 


E, = 3 x (1.0546 x 10-*4Js) x [(100 Nm“!/(1 x 1.6605 x 107°” kg) ]!/? 


3.88... x 10°7° J = /3.88 x 107° J 


The classical turning points of this state occur when E, = 5 KEK: Solving 
this for xp leads to xjp = +\/2E; /k¢, giving a separation of 


2,/2E/ke = 2/2 x (3.88... x 10-29 J)/(100 Nm“') = 55.7... pm 


As a percentage of the typical bond length, 110 pm, this is 


(55.7... pm)/(110 pm) x 100% =|50.7% 


The wavefunctions are depicted in Fig. 7E.6 on page 276. The general form of 
the harmonic oscillator wavefunctions is y, = N,H,(y)e” */ 2 where N, is 
a normalization constant and H,(y) is the Hermite polynomial of order v in 
the reduced position variable y. Nodes occur when the wavefunction passes 


E7E.8(b) 


E7E.9(b) 


through zero. The wavefunction asymptotically approaches zero at y = +00, 
but as the function does not pass through zero these limits do not count as 
nodes. The nodes in the wavefunction therefore correspond to the solutions of 
H,(y) = 0. H,(y) is a polynomial of order v, meaning that the highest power 
of y that occurs is y’; such polynomials in general have v solutions and hence 
there are v nodes. Therefore (a) the wavefunction with v = 5 has [5| nodes; (b) 
the wavefunction with v = 35 has |35/ nodes. 


The wavefunction with v = 3 is y3(y) = N3(y?-3y)e~” /2. Nodes occur when 
the wavefunction passes through zero; the wavefunction approaches zero at 
y = +00, but these do not count as nodes as the wavefunction does not pass 
through zero. It is evident that the nodes occur when y* - 3y = y(y* — 3) =0 


which solves to give nodes at | y = 0, +\/3|. 


The wavefunction with v = 3 is y3(y) = N3(8y? - 12y)e~””/?, which gives a 
probability density of P(y) = |y3(y)|?= N2(8y? - 12y)?e~”. The extrema are 
located by differentiating the wavefunction, setting the result to 0 and solving 
for y. The differential is evaluated using the product rule 


3: 2 x -y? 
dy3(y) = N? d(8y 12y) a 4 (8y° _ aye 
dy dy dy 

= N3[2(8y? - 12y)(24y? - 12)e-”" + (By? - 12y)? x (-2ye™”’)] 


It is necessary to use mathematical software to find the solutions of dy3(y)/dy = 
0; these solutions are 


0.000 +0.6021 +4£1.225 +2.0341 +400 


It is evident from inspection of the wavefunction that y = 0 is a mimimum in 
the probability density, and that there is also a minimum when (8y? — 12) = 0, 
which corresponds to y = +1.225. It follows that maxima occur at] y = +0.6021 
and | y = +2.034|. 


Solutions to problems 


P7E.2 


(a) In the case that mp >> ma, Ma + Mp ® Mp, and so Hap ¥ Mamp/mMs = 
m4. The ratio of the vibrational frequencies is then 


1/2 1/2 
Wap = @ap(Has/Ha's) Pes @ap(ma/my’) : 
If the frequencies are expressed in Hz the analogous result is 
Va'B & vap(ma/may)!!? 


(b) Using the previous result gives vay35¢) © Vip3sci(Miy/m2ry)'/? = (5.63 x 
10!4 Hz) x (1 my/2 m,)'/? = [3.98 x 10!4 Hz. 
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P7E.4 


P7E.6 


P7E.8 


(c) Comparing it to the result from Problem P7E.1, there is a|1.5%| difference, 
which is relatively small. The assumption of replacing the effective mass 
by the mass of the lighter nucleus is quite a good approximation. 


(d) A C-H vibration in an organic molecule can be thought of as the H atom 
moving against the rest of the molecule, which has a much greater mass. 
Therefore, to some rough approximation such vibrations can be modelled 
by a diatomic X-'H in which mx >> my. In such a situation the analysis 
in part (a) applies and the vibrational frequency of X-*H is well approxi- 
mated as (1 m,/2 m,)'/ = 0.7 times that of X-'H. 


The vibrational frequency in Hz, v is given by v = (1/27) (k¢e/p) 1. using this 
the following table is drawn up 


12C 169 13C 169 12C 189 13C 189 


u/my 6.85... 7.17... 7.2 7.54... 


v/THz  |64.3 62.8 62.7 61.3 


As in Problem P7E.5, the force constant can be found from the wavenumber of 
the v = 0 > 1 transition, ks = (27%c)*. This allows the following table to be 
drawn up 


Wc] Asp ty277 Bcl6Qo Mylo 
9/cm"! 2990 2650 2310 2170 1904 


ul my 0.972... 0.987... 0.992... 6.85... 7.46... 


ke/Nm™' [512 409 312 1902 1595 


Hence, the order of increasing stiffness is [HI<HBr<HC]<NO<CO 


Assuming that one can identify the CO peak in the infrared spectrum of the 
complex, taking infrared spectra of each of the isotopic variants of the com- 
plexes can show which atom binds to the haem group and determine the C-O 
force constant. Compare isotopic variants to '*C'°O as the standard; when an 
isotope changes but the vibrational frequency does not, then the atom whose 
isotope was varied is the atom that binds to the haem. (As usual, the better the 
experimental results agree with the whole set of predictions, the more confi- 
dence one would have with the conclusion.) 


As it is expected that the force constant for the bond will remain constant, 
and that the atom that bonds to the haem group will be immobilized, meaning 
that appropriate mass for this system is the mass of the unbound atom, allows 
predictions to be made for the wavenumbers of each isotope in the case of C 
and O binding, using #2 = 1,/1/2, where 1 refers to the free case and 2 to 
the bound case. 


253 


isotopomer 9/cm™ 9/cm™ 
if C binds if O binds 
NOMS 1421 1640 
BC16O 1421 1576 
BOrO 1339 1640 
"ero 1339 1576 


The force constant is found using ¢ = (1/21c) (ke/u)"”?, rearranged to kr = 
u(2nic)?. 


P7E.10 The ground-state wavefunction is found from [7E.7-275] as wo(y) = Noe” co 
The normalization constant is found by evaluating 


wil eyo] eam ee he 
0 e” dy=2No e” dy=2No x (5"") =1 
= 0 


co 


where required integral is of the form of Integral G.1 with k = 1. The normalized 
wavefunction is therefore wo(y) = 17!/4e-¥"/2. 


(a) For the expectation value of y, the integral to evaluate is 


(y) = ih way wody =n? f ye” dy 


The integrand is an odd function, meaning that its value at —y’ is the 
negative of its value at y’, and so when integrated over a symmetrical 
range about y = 0 the result is necessarily zero. Hence|(y) = 0}. 


(b) To calculate (y?) the required integral is of the form of Integral G.3 with 


k=1 


~~ 


= ee way wody =n! ih ye dy 


a yer dy = 2n'/? x Ly ll? = 


NI- 


The first excited state is yi(y) = Niye™” */2. The normalization constant 
is found by evaluating 


(c 


~~ 


+00 ; +00 5 
mf ye? dy =2Nn?7 [ ye” dy=2N? x (in'/?) =1 
—oo 0 
where required integral is of the form of Integral G.3 with k = 1. The 
normalized wavefunction is therefore y,(y) = (4/m)!/4ye/?, 


The expectation value of y is zero for the same reason as in (a). To calcu- 
late (y?) the required integral is of the form of Integral G.5 with k = 1 


(y’) = i wiv dy = (4/n)'? - yte” dy 


= 2(4/n)!? i, yer dy = 2(4/n)!/? x aq? = 


NI] 
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P7E.12 


P7E.14 


In general 
(x")v=a"ly"o=a" [ yey"ydx=a™! [ yiy"dy 


as x = ay. Then 


(A) at f wy dy =(0 


as the square of the wavefunction always an even function, the integrand is odd. 


Cae =a i. Wy" We dy 


Consider the term y*y, = y*N, Hye? ?. The y*H, term can be rewritten by 
using the property yH, = vH,_; + 5H » four times, as 
y" Hy = y’[yHo] = vy’ Hei + 3° Ho 
= y’[v(v-1)Hy-2+ (v+ 5s + jHy2] 
= y[ i (5 Hosa + (0 +2) Hos) + (0 + $)($ Hos + 0-1) 
+ v(v-1)($H,-1 + (v-2)Hy-3] 

=¥ [$Hoss + 3(v +1)Hy41+ 3v°Hy-1 +v(v-1)(v- 2)Hiea| 

The only terms from the above that will contribute to the expectation value will 


be those that produce H,, due to orthogonality of the hermite polynomials. 
These are yH,_; and yH,,,. Hence, 

Sy[(v +1)Hys1 + 2v’H,_1] +... 

3[(u+1)(4Hoa2 + (uv + 1I)Hy) + 20°(4H, + (v-1)Hy-2)] +... 
2[(u +1)? +0°]H, +... = 2[207 + 204 1JHb... 


Hence, 


(x*), = a*3[2v7 +2041] fete"? )Pd(ay) =|a*43[2v? +2v +1] 


For the last step the normalization condition [™ (N)Hve” a] *)*d(ay) = Lis 
used. 


As is shown in Example 7E.3 on page 279, in terms of the dimensionless variable 
y the classical turning points are at y,) = +(2v + 1)'/?, where v is the quantum 
number of the state. The wavefunction of the state with quantum number v 
is Wy = N,H,e-” / ?, where H, is the Hermite polynomial of order v. The 
normalization constant N, is found from 


we f He” dy=1 


P7E.16 


From Table 7E.1 on page 275 these polynomials have the property /">, He” ; dy = 
r'/22"v! so it follows that N?2 = 1/(1'/?2"v!). The probability of finding the 
particle outside the range of the turning points is then 


co 2 co 2 
P= 2 *d -— f He? d 
Jor Iyel’ dy mi/22¢yl Jnr” y 
1 


en Ts 
mt/22u-1y! = ed 


The integral is evaluated using mathematical software to give the results in the 
following which are plotted in Fig. 7.8. The probability of a classical oscillator 
being found in a non-classical region is, of course, zero and the correspondence 
principle indicates that the quantum result must converge to this value as the 
quantum number becomes large. The results show that P is indeed a decreasing 
function of v, albeit rather slowly. The probability reduces to about 0.02 for 
v = 200. 


v |0 1 2 3 4 5 6 7 
P, | 0.157 0.112 0.0951 0.0855 0.0789 0.0740 0.0702 0.0670 
© 
0.15 F + 
e 
0.10 - . = 
a °  e 
| e . | 
0.05 | = 
0.00 | ! ! ! | | 
0 1 2 3 4 5 6 7 
v 
Figure 7.8 


Oscillations are expected about a minimum in the potential energy, because 
this corresponds to the equilibrium arrangement. For a potential of the form 
V = Vo cos 3¢, the (first) minimum is when 3¢ = 7, that is f = 1/3 or 60°. The 
form of the potential close to the minimum is found by expanding the function 
in a Taylor series about the point ¢ = 1/3 


av(g) -ney+3(£2D) gna 
+ )_.@ p+3(— on) 


= cos(m) + (—38in 3) g-n/3( — 1/3) + 3(—9 cos 36) g-n/3( — 1/3)? 
=-1+5x9(¢ —n/3)? 


V/Vo = V(m/3) + ( 
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P7E.18 


Apart from the constant, the leading term is quadratic in the displacement from 
the minimum at ¢ = 1/3. By analogy with the harmonic potential V = }k,x’, 
the force constant is 9Vo. 


The energy levels are therefore 


E, =(v+$)hw w = (9Vo/ mere)! 


where mere is the appropriate effective mass for the motion. 


As the energy increases the amplitude of the motion increases and it begins to 

sample parts of the potential which are no longer well-represented by a quadratic 
function. Additional terms are needed to describe the potential, and from the 

form of the cosine function it is evident that these terms will flatten out the po- 

tential meaning that it rises less steeply than the quadratic function developed 

above. As a result the energy levels will get closer together. 


The general form of the harmonic wavefunctions are y, = N,H,(y)e” i 
where N, is the normalization constant and H,(y) isa Hermite polynomial of 
order v, expressed in terms of the reduced position variable y. Nodes in the 
wavefunction occur when the wavefunction passes through zero. The wave- 
functions go asymptotically to zero at y = +00 on account of the term e-” ne 
but these do not count as nodes as the wavefunction does not pass through 
zero. Therefore, nodes in the wavefunction correspond to those values at which 


Hy(y) = 0. 


The first six Hermite polynomials are plotted in Figs 7.9 and 7.10; note that the 
normalizing factors have been included. 
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7F Rotational motion 


Answers to discussion questions 


D7F.2 


Rotational motion on a ring and on a sphere share the following features: (a) 
quantization arising as a result of the need to satisfy a cyclic boundary con- 
dition; (b) energy levels which go inversely with the moment of inertia; (c) 
the lack of zero-point energy; (d) degeneracy; (e) quantization of the angular 
momentum about one axis. 


Solutions to exercises 


E7E.1(b) 


E7F.2(b) 


The magnitude of the angular momentum associated with a wavefunction with 
angular momentum quantum number ! is given by [7F.11-288], magnitude = 


A[1(1 + 1)]'/?. Hence for 1 = 2 the magnitude is [2(2 + 1)]'/? = |6'/7A|, 


The projection of the angular momentum onto the z-axis is given by [7F.6-284], 
hm), where m, is a quantum number that takes values between —/ and +/ in 
integer steps, m; = —1, -1+1, ... + 1. Hence the possible projections onto the 
z-axis are |—2h, —h, 0, h, 2h\|. 


The wavefunction of a particle on a ring, with quantum number m, is Yn, = 
e'™! = cos(m)) +isin(m/¢) in the range 0 < ¢ < 2m. The real and imaginary 
parts of the wavefunction are therefore cos(m;@) and sin(m ;@) respectively. 


Nodes occur when the function passes through zero, which for trigonometric 
functions are the same points at which the function is zero. Hence in the real 
part, nodes occur when cos(m)¢) = 0, and so when m;¢ = (2n + 1)1/2 for 
integer n, which gives @ = (2n + 1)n/2my. In the imaginary part, nodes occur 
when sin(m ;) = 0 and so when m/;@ = nz for an integer n, which gives ¢ = 
nn/m). 
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E7E.3(b) 


E7E.4(b) 


E7E.5(b) 


(i) With m, = 1, nodes in the real part occur at|m/2, 3m/2} and in the imag- 


inary part at |0, 1}, There are|2/ nodes in each of the parts. 
(ii) With m, = 2, nodes in the real part occur at |m/4, 31/4, 51/4, 71/4} and 


in the imaginary part at |0, 1/2, 1, 3/2|. There are [4| nodes in each of the 
parts. 


The normalization condition is f ;,,Wm,dt = 1. In this case the integral is 
over ¢ in the range 0 < ¢ < 2m, and the wavefunction is ym, = Ncosm 4, 
hence 


2m 
NPP Win Ym dr=N* f cos’(m 6) d@ 


The integral is evaluated by using the identity cos* 6+ sin? @ = 1, hence cos? 6 = 
1 - sin’ 6, and then using Intergral T.2 with a = 2m and k = m, 


N? [t= sin?(mig)] d@ = N* [4 -N* [" sin?(mig) dp 
=2nN? - N* [3 x 2n - (1/4m,) sin(2nm,) | 


Because sin(2mm) = 0 for integer mm; it follows that the integral evaluates to 


mN? and hence the normalization factor is N =|n7!/2| 


The integral to evaluate is ha cos(m)¢) cos(m)¢)d¢. Using the identity given 
in the question, the integral can be rewritten as 


; i cos[(m, + m})¢] + cos[(m, — m})¢]d¢é 


‘ : 2 
_ 1 sin[(m) + m')¢| 7 sin[(m; — m}))¢] " 
2 m) +m} m),—m' \ 
1 /sin[2n(m; + m))]-sinO — sin[2n(m; — m))]- sin0 
= + 
2 m, +m} m,— mM; 
= 10 


Hence these two wavefunctions are orthogonal. 


The energy levels on a particle on a ring are [7F.4-283], Ey, = mjh?/2I where 
I is the momentum of inertia of the system, I = mr’, see The chemist’ toolkit 
20 in Topic 7F on page 282. This is equal to the classical average energy when 
$kT = mjh? /2I. Here kT = (1.3806 x 10°? JK") x (298K) = 4.11...x10-71J. 
Solving this for |m,| gives 


_ (1.6726 x 107?” kg) x (100 x 1071? m)?(4.11... x 10-71J)]!/? 
1.0546 x 10-34Js 


= (2.49 


As m) must be integral the closest level is |m;| = 2. 


E7E.6(b) 


E7E.7(b) 


E7E.8(b) 


E7E.9(b) 


E7E.10(b) 


E7E.11(b) 


E7E.12(b) 


E7E.13(b) 


The energy levels are [7F.10-287], E; = h71(1 + 1)/2I, where I is the moment 
of inertia. The minimum energy to start it rotating is the minimum excitation 
energy, the energy to take it from the motionless / = 0 to the rotating ] = 1 
state, AE = E, — Ep = (h?/21)(1(1+1) -0(0+1)] = h?/I. Evaluating this gives 


AE = (1.0546 x 10° **Js)?/(3.07 x 10° *” kgm”) =|3.62 x 10777 J 


The energy levels are [7F.10-287], E; = h71(1 + 1)/2I, where I is the moment 
of inertia. So that the excitation energy is AE = E) — E, = (h?/21)[2(2 + 1) - 
1(1+1)] = 2h?/I. Evaluating this gives 


AE = 2(1.0546 x 10734 J s)?/(3.07 x 10°*” kgm”) =|7.25 x 10-7? J 


The energy levels are [7F.10-287], E, = h71(1 + 1)/2I, where I is the moment 
of inertia. The corresponding angular momentum is (1?)!/? = h,/I(1+ 1). 
Hence, the minimum energy allowed is 0, through this corresponds to zero 
angular momentum, and so rest and not motion. So the minimum energy of 
rotation occurs for the state that has / = 1. The angular momentum of that state 


is (I?)1/? = A/T +1 = V2h = V2 x (1.0546 x 10734Js) =[1.49 x 10-4 Js} 


The diagrams shown in Fig. 711 are drawn by forming a vector of length [/(1 + 
1)]!” and with a projection m, on the z-axis. For | = 6 the vector is of length 
V/42 and has possible projections from —6 to +6 in integer steps on the z-axis; 
the vectors are labelled with the value of m;. Each vector may lie anywhere on 
a cone described by rotating the vector about the z-axis. 


Following the pattern shown in Fig. 7E5 on page 287, the spherical harmonic 
Y4,9 is expected to show four angular nodes. The angle @ = 0 specifies a point 
on the z-axis; this does not describe an angular node or plane. 


The real part of the spherical harmonic Y>,+2 is -3\ /3/msin* 0 cos2¢. Angular 
nodes occur when cos2¢ = 0, ie. at|@ = 1/4, 30/4, 51/4, 711/41. 


The imaginary part of the same spherical harmonic is -3y /3/m sin @ sin2¢. 
This has angular nodes when sin2¢ = 0, ie. at}¢ = 0, 1/2, 1, 3101/2 


The rotational energy depends only on the quantum number ! [7E10-287], but 
there are distinct states for every allowed value of m;, which can range from —! 
to +/ in integer steps. There are 2/ + 1 such states, as there are | of these with 
m, > 0, 1 of these with m; < 0 and m; = 0. Hence / = 4 has a degeneracy of |9|. 


The diagram shown in Fig. 7.12 is drawn by forming a vector of length [/(/ + 
1)]'? and with a projection m; on the z-axis. For | = 3 the vector is of length 
V12 and has projection —3, ... +3 in integer steps on the z-axis. Each vector 
may lie anywhere on a cone described by rotating the vector about the z-axis. 
For / = 0 the angular momentum is zero, and no vector can be drawn. 
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E7E.14(b) 


a oe ee 


+5 
45) as 


+4 


Figure 7.11 


The angle in question is that between the z-axis and the vector representing the 
angular momentum. The projection of the vector onto the z-axis is m;h, and 
the length of the vector is f,/1(1 +1). Therefore the angle 6 that the vector 
makes to the z-axis is given by cos @ = m,/\/1(1 +1). 

When 1 is very large, the number of projections onto the z axis, (2/ + 1), is also 
very large implying that the angular momentum vector can take any direction. 
In addition, for / >> 1, the vector representing the state with m, = ] makes an 
angle with the z-axis given by cos 6 = 1/,/1(1 + 1) x 1/1 = 1. Thus, in this limit, 
0 = 0 and the vector may point along the z-axis. Both of these results fit in with 
the correspondence principle. 


Solutions to problems 


P7F2 


(a) A function y is an eigenfunction of an operator QO if Ow = wy where w is 
a constant called the eigenvalue. 

(i) L(e'*) = (h/i)d/dd(e'*) = (h/i) x ie? = fel’. Hence e'? is an 

eigenfunction of the operator (h/i)d/d@, eigenvalue |h|. 

(ii) 1,(e-2!*) = (A/i)d/do(e2#*) = (h/i) x -2ie~2!* = -2he-?'*. Hence 

e7/? is an eigenfunction of the operator (h/i)d/d¢, eigenvalue |—2h| 


Figure 7.12 


(it) 1.(cos) = (hfi)d/dg (cos) = (h/i) x (-sing) = -(h/i) sing. 
Hence cos ¢ is |not an eigenfunction] of the operator (h/i)d/d¢. 

(iv) L,(cos ye’? +sin ye~'*) = (h/i)(d/d@) (cos yei*#+sin ye!) = (h/i) x 
(icos ye'® — isin ye’) = h(cos ye’? — sin ye!*). Hence cos vel? - 
sin ye !? is |not an eigenfunction] of the operator (h/i)d/dd. 


(b) For y = cos ¢, 


ne Jo wilde  -(h/i) fy" cos¢singdg — —(h/2i) sinan _ 5 
“ f-" wyde fo™ cos? $d Ie cos? $d 


where Integral T.7 is used to evaluate the numerator. 


For y = cos xe'® + sin ye '?, 


7 ho vilwd¢ 7 Io" (cos xe~** + sin xe"*) (cos xe"? — sin xe“) dp 


fe" wwdd — f"(cos xeni# + sin xel#) (cos yei# + sin ye-i#) dp 


h J," cos? y - sin? x — cos x sin ye~2'# + cos x sin ye7!# do 


iw cos? y + sin’ y + cos ysin ye~7## + cos ysin ye? dd 
Note that as e”? is periodic over 2n for integer n, [," e'”?d@ = 0. Hence 


_ h2n(cos? x- sin’ x) _ 


(Ie) 


hcos2x 


2n(cos? y + sin’ x) 
(c) (i) Forw=e'? 


Ty = -(h? /21)d(e'*) /dg? = -(h?/21)(i)?e'# = (h?/21e'* 


Hence y is an eigenfunction with eigenvalue |h?/2I|, 
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P7E4 


P7F.6 


(ii) For y = e7#¢ 
Tw = -(h /21)d?(e!*) /dg? = -(h?/21) (-2i)?e- 7"? = (4h? /21)e 


Hence y is an eigenfunction with eigenvalue |4h7/21|. 


(iii) For y = cos ¢ 
Tw = -(h?/21)d? (cos 6) /d¢” = (h?/21) cos $ 


Hence y is an eigenfunction with eigenvalue |h?/21]. 


(iv) For y= cos ye'? + sin ye"'* 
Ty = —(h? /21)d°(cos ye’? + sin ye'*) /d¢? 
= (h? /21)(cos ye'® + sin xe™'*) 


Hence y is an eigenfunction with eigenvalue |h?/21]. 


(d) A function is a definite state of a particular variable if it is an eigenfunc- 
tion of the corresponding operator. Hence, all four wavefunctions are 
definite kinetic energy states, but only e'? and e~7* are definite angular 
momentum states. 


The rotational energy levels of a free molecule are given by [7F.10-287], E, = 
h?1(1 + 1)/21, where | = 0, 1,2... and I is the moment of inertia, which for a 
diatomic molecule is I = uR*, where is the reduced mass of the molecule and 
R is the bond length. 


For 'H!?’J, the reduced mass is 


w= (1 my) (127 muy)/[(1 + 127) my] = 0.992... mu 
= (0.992... my) x (1.6605 x 10°?” kg) = 1.64... x 10°?” kg 
This gives the moment of inertia as I = (1.64...x 10°*” kg) x (160 10° !* m)? 


4.21...x10~*” kg m’, and so the energy levels become E; = (1.0546x10~**J s)?/[2x 
4.21... x 1074” kgm7] x 1(1 +1) = 1(1 +1) x (1.31... x 107? J). 


Using this the energies of the first four levels are computed as 


Ej=0, £E,=2.64x10°7 J, E,=7.91x10°"J, E3=1.58x 1077! J 


The function Y;,,; = —}/3/27 sin 6e'*. The integral to evaluate is 


Tt 2n 
f[ Y#,,Yier sin @d0d¢ 


=0 J g=0 
Yi,41 is complex , and so Y;*,; = —},/3/27sin Oe". Hence, the integrand is 


— 4\/3/2msin Oe"? x —3\/3/2msin Be’* x sin 0 


= (3/87) sin? Be“? ®) = (3/87) sin? 


P7E8 


Hence, 


Tl 2m Tt 2n 
I= i f[ Yy41Yi,+1 sin 6 dé dd = — f f[ sin’ 0d0 dd 
0=0 J¢=0 8 Jo=0 J o=0 


Because the integrand is a function of 0 only, the two integrals can be separated 


I i dg [ sin’ 040 = 3 |," x (2 (sin? n + 2) cos 7) 
0 0 Sx 8 


7 8r 
(2m 0) x 2-(0 ae’) = 


1 


where Integral T.3 is used to evaluate the integral in @. It is confirmed that the 
function is normalized. 


(a) The function Y),,,, is an eigenfunction of the operator A? with eigen- 
value —1(1 + 1) for any allowed m;. Hence for yw = ¢) Yim, + C2 Yim’ 
A?y = A*(e1 Yim, + c2Yim') = GAY apt cA? Yi mt as A? is a linear 
operator. This is equal to c)[—1(1 + 1) ] ¥i,m, + C2[-2(L + 1) ] Yim = -1(1 + 
1)[¢1 Yim, + €2Yim‘] = —1(1 + 1)y. Hence, this is an eigenfunction, 


eigenvalue |—1(/ + 1)|. 


(b) The relevant functions are Y|,,) = - ; /3/2nsin Oe'*, Y= — ; \/ 3/2nx 
sin Oe~'?. This gives the following combinations, 


Wa =-Yijait Yi-1= $V 3/20 sin e!? + $V 3/20 sin @e'? 
= N\/3/2nsin 0(e'? + e*) /2 = \/3/2msin 84(e'? + e*) 


= \/3/2msin 6 cos ¢ 


using cosx = }(e'* + e"*) 


Wo = i(Yi41 + Yi,-1) = —(i/2).\/3/2m sin Oe"? — (i/2)\/3/27sin Oe? 
= ~i\/3/2msin 0(e'? — e'*) /2 = -i\/3/2rsin O(isind) 


using sin x = (e* +e7*)/2i 


= \/3/2msin 6 sind 


Both of which are real functions|. 


(c) Writing y, = N, sin @ cos ¢ and y, = N;, sin @ sin , these are orthogonal 
if f ree Jono Vi Wo sin 6 dO d¢ = 0. As Wz is real this integral becomes 


2m Tt 
i. ‘ (Nz, sin@ cos ¢) x (N; sin sin ¢) x sin dO d¢ 
$=0 =) 


2m Tt 
= NaN, 1. sin” @ sin ¢ cos Pd@d¢ 
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(d) 


as the integrand can be written as the product of a function of @ with a 
function of ¢, the integral can be separated 


2m Tt 
=N,N, i. singcos pag [ sin? 6 dO 
0 0 
= (N,N,/2) x sin? ¢|." x ci sin’ 0d 
0 


= (NgNp/2) x [sin2(2m) — sin2(0)] x f[ sin? 6 d6 


=|0 


Hence, yw, and y, are orthogonal. 


The wavefunctions are normalized if 


2m Tt 2m Tt 
f[ 7 yy, sin 6 dé d¢ = 1 and f[ / yw,W sin 0 dO dg =1 
$=0 J6=0 $=0 J6=0 
Note that both y, and wy are real. For y, this integral is 
20 Tt 2m Tt 
iy i (Na sin 8 cos $)*sin@ ddd = N3 7 sin’ 6 cos” 6 dé d¢ 
$=0 J6=0 $=0 J0=0 


This integral can be separated 


2m us 20 Tt 
ea cos? pag sin’ a0 =; 1-sin? gag [ sin? 6 dO 
0 0 0 0 


The integral in ¢ can be evaluated using Integral T:3 and the integral in 0 
using Integral T.2 


I= N?[2n -2n/2 + (1/4) sin 2(2n) ](1/3)[2 — (sin? 2 + 2) cost] 
= N;(m)(4/3) 


The normalizing factor is therefore |Nq = \/3/47|. 
For wy, 


20 Tt 2m Tt 
fey ‘i (N, sin 6 sin 6)” sino dodg = Nef f[ sin’ 0 sin’ dO do 
$=0 J0=0 g=0 J0=0 


This integral can be separated 


2m Tt 
T=N; i sin’ dd¢ [ sin’ 6 dé 
0 0 


The integral in ¢ is evaluated using Integral T.3 and the integral in @ using 
Integral T.2 


I = Nj [20+ 21/2 - (1/4) sin 2(27)](1/3)[2 — (sin? 2 + 2) cost] 
= Nj (n)(4/3) 


The normalizing factor is therefore |N, = \/3/47|. 


P7F.10 


P7F.12 


(e) Angular nodes occur when these wavefunctions pass through zero, and 
so for yw, occur when cos ¢ = 0, that is when |¢ = 1/2, 31/2}: this corre- 


sponds to the | yz plane}. For y, they occur when sin ¢ = 0, that is when 


¢ = 0,1} which is the|xz plane|. 


The Hamiltonian for a hydrogen atom is 


i re? PPP e 
r+ 
2mr or? 2mr2— Anteor 


The operators /, and 1? only operate on the angles 6 and ¢, and so commute 
with the operators that affect r only, such that 


ee (L.?] [P?,A]= 
~ Qmr2? —_ 
For the latter, for an arbitrary function f, [/?, 1?]f = 77? f - I?7? f = 0. Hence, 
[12,17] = 0, and so [/?, H] = 0, meaning that the total angular momentum 
operator commutes with the Hamiltonian. 


For the former, [/.,/?]f = [1.,2+2+2]f = (LR) +h. Pf +h. Pf 
Using the ee ene) [1,02] = [Lb ]i+h [Lb] = ihl,i,+ 
ihi,l,, and [1,,12) = [lly )ly +1 [lt] =-[h Ell -4(b,.6) = ~ihlyly - 
ihi,i,. Finally, [7,72] = 1,22 - 2i, = 2B - 2 = 0. Hence, [1,,/7] = ihi,i, + 


ihl, L —ih i, iL = ihl, Ls +0 = 0, meaning that the z component of the angular 
momentum operator commutes with the Hamiltonian. 

This is important as it implies that all functions that are eigenfunctions of the 
Hamiltonian of a H atom are also eigenfunctions of /, and I’. 


(a) Write the solutions y(r, 0, 6) = R(r)Y(@, ¢), and then the Schrédinger 
equation, Hy = Ey becomes 


h? o°-(rRY) fv? 


A*(RY) = ERY 
2mr or? 2mr2 ey) 


Note that the derivatives in r only affects R, and A? only operates on Y, 
such that 


2 2, 
h2Y 02(rR) WR jay. ae 


2mr_ or2 2mr2 


Dividing this equation by the function RY then gives 


h? 0?(rR) h? 
2mrR_ or? 2mr2Y 
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(b) 


(c) 


The first term on the left hand side depends only on r, but the second term 
depends on r and the angles. Hence, to make this equation separable, 
multiply through by r’, and rearrange to give 


Wr P(rR) pa _ WAVY 
r= ——— 
2mR_ or? 2mY 


The left side is dependent only on r and the right side depends only on 
the angles. Hence, this equation is only true for all r and all angles if both 
sides are equal to the same constant, arbitrarily called A. This gives two 
equations 
2, 92 2f2 

h*r o°(rR) Bea WAY _) 

2mR_ or? 2mY 
The solutions to the second equation are the spherical harmonics, which 
are eigenfunctions of the operator A?, with eigenvalue —/(1 + 1), which 
gives —h71(1+1)Y/2mY = Aandso A = —h71(1+1)/2m. This makes the 
equation in r 


h’r o°(rR) > WI(l+1) 
Er’ = 
2mR_ or? 2m 
which is rearranged to 


he a (rR) | WIL +1) 


R=ER 
2mr2 or 2mr2 
For the case when | = 0, this becomes 
h? 0?(rR) 
a =ER 
2mr_ or? 


For the trial solution R(r) = N sin(nar/a)/r, and so rR = N sin(nmr/a) 


h? 0°?(Nsin(nnr/a)) _ pW sin(nnr/a) 
2mr or? 4 


Note that d? sin ax/dx? = dacos ax/dx = —a* sinax 


aaa (°) wy sin(nnr/a) = EN sin(nnr/a)/r 


Which is solved if 
_Wnn)? — (h/2)?n* _ h?n? 


E 
2ma2 2ma? 8ma? 


where fi = h/21 has been used 


As the wavefunction must be zero outside the cavity, and be continuous, 
the wavefunction must equal zero at r = a, for all angles, and so the 
boundary condition is that R(a) = 0. Hence sin(nna/a)/a = 0, which 
is true if sin(nm) = 0, which implies that n must be integral. Hence, the 
allowed energies are E, = n*h?/8ma’, n = 1, 2,3... 


Answers to integrated activities 


17.2 


17.4 


Macroscopic synthesis and material development always contains elements of 
randomness at the molecular level. Crystal structures are never perfect. A 
product of organic synthesis is never absolutely free of impurities, although 
impurities may be at a level that is lower than measurement techniques make 
possible. Alloys are grainy and slightly non-homogeneous within any particu- 
lar grain. Furthermore, the random distribution of atomic/molecular positions 
and orientations within, and between, macroscopic objects causes the conver- 
sion of energy to non-useful heat during manufacturing processes. Production 
efficiencies are difficult to improve. Nanometre technology on the 1 nm to 
100 nm scale may resolve many of these problems. Self-organization and pro- 
duction processes by nanoparticles and nanomachines may be able to exclude 
impurities and greatly improve homogeneity by effective examination and se- 
lection of each atom/molecule during nanosynthesis and nanoproduction pro- 
cesses. Higher efficiencies of energy usage may be achievable as nanomachines 
produce idealized materials at the smaller sizes and pass their products to larger 
nanomachines for production of larger scale materials. 


The directed, non-random, use of atoms and molecules by nanotechniques 
holds the promise for the production of smaller transistors and wires for the 
electronics and computer industries. Unusual material strengths, optical prop- 
erties, magnetic properties, and catalytic properties may be achievable. Higher 
efficiencies of photo-electronic conversion would have a great impact. 


(a) The first step is to compute the total energy of the system of Na particles, 

which is identified as the internal energy U. The energy levels for a parti- 
cle in a cubic box of side L are given by [7D.13b-267], E,, = h?n?/8mL’, 
where n* = nj + n> + nj. If there are Na particles, all occupying the 
level corresponding to a particular value of n, the internal energy of the 
system is U = NaE, = Nah?n?/8mL?. Using V = L? the length is 
written in terms of the volume as L = V'/3, hence L? = V7’ and therefore 
U = Nah? n?/8mv?!?, 
If the expansion is adiabatic (that is, not heat flows into or out of the 
system) then from the First Law, dU = dq + dw, it follows that dU = dw. 
The work done on expansion is therefore computed by finding how U 
changes with volume, specifically by finding dU/dV. 


oU _ re) Nah? n? ie —2 7 Nah? n? a Nah? n? 
OV OV \ 8mv7/7 }4., 83) 8mVP/F—— 1 2mV5/ 


The change in internal energy on expansion through dV will therefore be 


aces cae 

oU Nah? n? 
dU = dV =- dV 72 
eae 12mv°/3 i 


The work is equal to this change in internal energy. For a finite change 
the expression is integrated with respect to V between limits V, and V), 
with AV = V> _- Vj. 
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17.6 


(b) It is evident from eqn 7.2 that dU, and hence the work, goes as n. 


(c) The work of expansion against an external pressure Pex is given by [2A.5a— 


(d) 


(a) 


39], dw = —p.,dV. In eqn 7.2 the term A which multiplies dV refers to 
the sample itself, and so must presumably in some way reflect the pressure 
of the sample, not the external pressure. However, if the expansion is 
reversible, the external pressure is equal to the internal pressure and the 
term A can then be identified as the pressure. Therefore, if it is assumed 
that the expansion is both adiabatic and reversible 


es N. Ahn? 
PY TamveF3 
The expression can be rewritten in terms of the average energy of each 


particle which, because they all occupy the same level, is simply E,, = 
nh? /8mL? = n7h?/8mV2!>, hence 


Ew 
i 


_ Nah’n? —8Na n?h? _ 2NaEay 
12mV5/3— 12V 8mv2/3 3V 


This expression is reminiscent of the form of the pressure derived using 
the kinetic theory of gases (Topic 1B): pV = +nM Use» Where n is the 
amount in moles, M is the molar mass, and U;ms is the root-mean-square 
speed. Because M = mNa, where m is the mass of a molecule, the ex- 
pression can be rewritten 
Ex 
i 


ee ey 
= n3Na MU ins 


2 
rms 


pV = ; nmNav 
The term $m Uems is identified as the average kinetic energy of one molecule 
and, because in the kinetic theory the only energy a molecule possesses is 
kinetic, E, can further be identified as the average energy, E,,y. Thus, for 
one mole (1 = 1) 


2NaE 
2 av 
pV = Naka hence p= BV 


The two expressions for the pressure are therefore directly comparable 
within the restrictions imposed. 


For an isothermal expansion heat would have to enter the system in order 
to maintain its temperature, and this would involve promoting particles 
to higher energy levels. As the volume increases the energy levels move 
closer together, so the promotion of particles to higher levels needs to 
offset this effect as well. 


In Problem P7D.6 and Problem P7D.7 it is shown that for a particle in a 
box in a state with quantum number n 


Ax = L(1/12-1/2n?n?)"? and) Ap, = nh/2L 


(b) 


hence 

AxAp, = L(1/12 -1/2n?n?)/? x nh/2L = (nh/2) (1/12 - 1/2n?n?)¥/? 
For n=1 

AxAp, = L(1/12 - 1/21)? x h/2L = (h/2) (1/12 - 1/277)? = 0.57h 


and for n = 2 AxAp, » 1.7h. The Heisenberg uncertainty principle 
is satisfied in both cases, and it is evident that AxAp, is an increasing 
function of n. The principle is therefore satisfied for all n > 1. 


In Problem P7E.17 it is shown that for a harmonic oscillator in a state with 
quantum number v 
Ax Ap, =(v+$)h 


Therefore, for the ground state with v = 0, AxAp = sh: the Heisenberg 
uncertainty principle is satisfied with the smallest possible uncertainty. It 
follow that for v > 0 the principle is also satisfied because Ax, Ap, is an 
increasing function of v. 
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8A Hydrogenic Atoms 


Answers to discussion questions 


D8A.2 


(i) The principal quantum number n determines the energy of a hydrogenic 
atomic orbital through [8A.8-306]. 


(ii) The azimuthal quantum number / determines the magnitude of the or- 
bital angular momentum, given by [/(1 + 1)]!/?h. 


(iii) The magnetic quantum number m; determines the z-component of the 
orbital angular momentum, given by m,h. 


(iv) The spin quantum number s determines the magnitude of the spin angu- 
lar momentum, given by [s(s + 1)]!/7h; for hydrogenic atomic orbitals s 
can only be 5. 


(v) The quantum number m, determines the z-component of the spin angu- 
lar momentum, given by mh; for hydrogenic atomic orbitals m, can only 
be +}. 

2 


Solutions to exercises 


E8A.1(b) 


E8A.2(b) 


The energy of the level of a hydrogenic atom with quantum number n is given 
by [8A.14-308], E,, = —hcRyZ*/n*, where Z is the atomic number of the atom. 
As described in Section 8A.2(d) on page 309, the degeneracy of a state with 
quantum number n is n”. 


* With Z = 2, E, = —4hcRy/n’; the state with E = —4hcRy has n = 1, and 
hence degeneracy (1)? = [1] 
+ With Z = 4, E,, = —16hcRy/n?; the state with energy E = —hcRy/4 = 
-16hcRy/(8)? has n = 8, and hence degeneracy (8)* = [64]. 
* With Z = 5, E, = —25hcRy/n?; the state with energy E = —hcRy = 
-25hcRy/(5)? has n = 5, and hence degeneracy (5)? = [25] 


The task is to find the value of N such that the integral { y*ydr = 1, where 
w = N(2-r/ao)e~"/?“°. The integration is over the range r = 0 to 00, 0 = OtoT, 
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E8A.3(b) 


E8A.4(b) 


and ¢ = 0 to 27; the volume element is r? sin 6 dr d@ d@. The required integral 
is therefore 


0° Tt 2m 
wf ‘i f[ (2-r/ag)?r2e-! sin 6 dr dé dé 
0 Jo Jo 


The integrand is a product of functions of each of the variables, and so the 
integral separates into three 


i) Tt 2m 
N? i (2-rfao)?re!™ dr i sin 6 dé p dd 
0 0 0 


The integral over r is found by first expanding the bracket to give 


[e ~rfag)?re-!™ dr = t. (4r? — 473 Jay + r*/a2)e"! dr 
0 0 
2! 4 3! 1 4! 
es 3 a 8 5 
(1/40)? a (A/ao)* — ag (1/a0) 


These integrals are evaluated using Integral E.3 with the appropriate value of n 
and k = 1/ap. The integrals over the angles are straightforward 


= 8a) — 24a, + 24a = 8a3 


Tt 2m 
- sin 6 dé i, d¢ = (-cos@)|, x |," =4n 
0 0 


The complete integral evaluates to N? x 4m x 8a;; setting this equal to 1 gives 
N = (32na?)-¥/?|, 


The wavefunction is given by [8A.12-307], Wn,t,m, = Yi,m,(@;$)Ru,1 (1); for the 
state with n = 3, 1 = 0, m; = 0 this is 


W3,0,0 = Yo,o(9,)R3,o(r) = (4m) ~'/?(243)-/?(Z/ag)?*/?(6 - 6p + p?)e Pl? 


where the radial wavefunction is taken from Table 8A.1 on page 306, the angular 
wavefunction (the spherical harmonic) is taken from Table 7F.1 on page 286, 
and p = 2Zr/nao. The probability density is therefore 

P3,0,0 = |W3,0,0|- = (4m) "(243)" "(Z/ao)*(6 — 6p + p*)’e? 


The probability density at the nucleus, p = 0, is then (4) (243) 7" (Z/ao)?(6)? = 
Z? /(27na*) | 


The radial wavefunction of a 3s orbital is taken from Table 8A.1 on page 306, 
R3,0(r) = N(6 — 6p + p?)e~P/?, where p = 2Zr/nao; for n = 3, p = 2Zr/3ap. 
The extrema are located by finding the values of p for which dR3,9/dp = 0; the 
product rule is required 


_ 2 —p/2 
dR3,0 _ ya 6p +p lob ente-epx py 
dp dp dp 
= (2p -6)eF/? - 1 (6-6p+ pye hl? 
= ~(p? - 10p + 18)e"?/” 


E8A.5(b) 


E8A.6(b) 


E8A.7(b) 


E8A.8(b) 


Setting the term in the parentheses to zero and solving the resulting quadratic 
gives p = 5 + \/7, so extrema occur at |r = (3a9/2Z)(5 + V7) | 
The simplest way to identify the nature of the extrema is to make a plot of 


R3,9(p), from which it is immediately evident that p = 5 — 7 is a minimum 
and p =5 + \/7 isa maximum. 


Assuming that the electron is in the ground state, the wavefunction is y = 
Ne~‘/*, and so the radial distribution function, given by [8A.17a-312], is R(r) = 
4nr?y? = 4nN?r?e~?'/%, The first step is to find the value of r at which this is 
a maximum, and this is done by solving dR(r)/dr = 0; for such a calculation 
the constants 4nN? can be discarded. 


dR(r) 7 
dr 
The derivative is zero at r = 0 and r = ao, with the latter being the maximum. 


The radial distribution function falls to a fraction f of its maximum at radius 
r’ given by R(r’)/R(ao) = f, hence 


2re 27/40 _ (2r°/ao) 727/40 


y a 
R(r’) AntN2r'2e72" /ao y2e-2t /ao 


R(do) 4m N2aZe7240/40 ae? 


The solutions to this equation need to be found numerically using mathemat- 
ical software. For f = 0.5 the solutions are r’ = |0.381lap and 2.08a | For 
f = 0.75 the solutions are r’ = |0.555a9 and 1.6449 |. 


The radial wavefunction is Ry; = N(20- 10p + p?)e~?/? where p = Zr/2ao. 
Radial nodes occur when the wavefunction passes through 0, which is when 
20 - 10p + p* = 0. The roots of this quadratic equation are at p = 5+ \/5 and 


hence the nodes are at |r = (2a9/Z)(5 + /5)}. The wavefunction goes to zero 
as p > oo, but this does not count as a node as the wavefunction does not pass 
through zero. 


Angular nodes occur when sin? 6 sin 2¢ = 0, which occurs when either of sin” 0 
or sin 2¢ is equal to zero; recall that the range of 0 is 0 > m and of ¢ is 0 > 21. 


Although the function is zero for 8 = 0 this does not describe a plane, and so 
is discounted. The function is zero for|¢ = 0] with any value of 6: this is the xz 
plane (the solution ¢ = 1 corresponds to the same plane). The function is also 
zero for |@ = n/2| with any value of @: this is the yz plane. There are two nodal 
planes, as expected for a d orbital. 


The radial distribution function is defined in [8A.17b-312], P(r) = r?R(r)’. 
For the 3s orbital R(r) is given in Table 8A.1 on page 306 as Ry.) = N(6- 
6p + p?)eP/? where p = 2Zr/nao, which for n = 3 is p = 2Zr/3ao. With 
the substitution r? = p?(3a9/2Z)’, the radial distribution function is therefore 
P(p) = N*(3a0/2Z)*p* (6 — 6p + p*)*e?. 
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E8A.9(b) 


E8A.10(b) 


E8A.11(b) 


E8A.12(b) 


Mathematical software is used to find the values of p for which dP(p)/dp = 0, 
giving the results p = 0, 0.493, 1.27, 2.79, 4.73, 8.72. The simplest way to 
identify which of these is a maximum is to plot P(p) against p, from which it is 
evident that p = 0.493, 2.79, 8.72 are all maxima, with the principal maximum 
being at p = 8.72. The maximum in the radial distribution function is therefore 
at r =|8.72 x (3a9/2Z)|. 


The radius at which the electron is most likely to be found is that at which the 
radial distribution function is a maximum. The radial distribution function is 
defined in [8A.17b-312], P(r) = r*R(r)?. For the 3p orbital R(r) is given in 
Table 8A.1 on page 306 as R39 = N(4-p)pe?/? where p = 2Zr/nao, which 
for n = 3 is p = 2Zr/3ao. With the substitution r* = p?(3ao/2Z)*, The radial 
distribution function is therefore P(p) = N*(3a9/2Z)?(4- p)*pte?. 


To find the maximum in this function the derivative is set to zero and the re- 
sulting equation solved for p. Mathematical software gives the following values 
of p: 0, 2, 4, 8. It is evident that P(p) is zero at p = 0 and p = 4, and that 
P(p) tends to zero as p > oo. Therefore p = 2 and p = 8 must correspond 
to maxima; a plot of P(p) shows that the latter is the principal maximum; this 
occurs at r =|8(3a9/2Z)|. 


The N shell has n = 4. The possible values of / (subshells) are 0, corresponding 
to the s orbital, / = 1 corresponding to the p orbitals, / = 2 corresponding to 
the d orbitals, and / = 3 corresponding to the f orbitals; there are therefore 
4 subshells}. As there is one s orbital, 3 p orbitals, 5 d orbitals and 7 p orbitals, 
there are |16 orbitals} in total. 


The magnitude of the orbital angular momentum of an orbital with quantum 
number! is \//(1 + 1)f. The total number of nodes for an orbital with quantum 
number n is n — 1, | of these are angular and so the number of radial nodes is 
n-I-1. 


orbital n J! ang.mom. angular nodes radial nodes 
4d 4 2 6h 2 1 
2p 2 1 V2h 1 0 
3p 03 V2h 1 


All the 3d orbitals have the same value of n and /, and hence have the same 
radial function, which is given in Table 8A.1 on page 306 as R3,2 = Np?e?/? 
where p = 2Zr/nao, which for n = 3 is p = 2Zr/3a. Radial nodes occur when 
the wavefunction passes through zero. The function goes to zero at p = 0 and as 
p — oo, but it does not pass through zero at these points so they are not nodes. 
The number of radial nodes is therefore 0. 


Solutions to problems 


P8A.2 


P8A.4 


Two wavefunctions, y; and y2 are orthogonal if the integral { y7 2 dr is equal 
to zero. In spherical polar coordinates the range of integration is r = 0 to oo, 
6 = 0 to mand ¢ = 0 to 2m; with a volume element is r* sin 6 dr dO d¢. 


(i) Hydrogenic 1s and 2s orbitals take the form yj, = R1,0(7) Yo,0( 8, 6) and 
Wrs = R2,0(r)Yo,0(0,¢). Because the angular function is the same for 
the two orbitals, the orthogonality must arise from the radial parts, so 
only these need be considered further. The radial functions are R1,0(p) = 
Nj oe7?/?, where p = 2Zr/ay and Ro9(p’) = Nz,(2- p’)e?/? where 
p’ = Zr/ao. The latter is rewritten in terms of p by noting that p’ = p/2: 
Ro,o(p) = N20(2-p/2)e-*/4. The relevant integral is conveniently taken 
over p rather than r. Noting that r? = p?(a9/2Z)? 


Cc 
—SaSaq=q=q=$920 


[ p’ (ao/2Z)*Ri,oR2,0 dp = (a9/2Z)"Ni,oN2,0 
x [cP (2- p/2)e?!* p? dp 
0 
= cf (2p =p /2)je Pl dp 
0 
2! 3! 
aC 16 - 
fed : fe 


128 1536 
$C x =0 
D7 81 


The integrals are evaluated using Integral E.3 with k = 3/4 and the rele- 
vant value of n. The integral is zero and therefore the 1s and 2s orbitals 
are |jorthogonall. 


(ii) It is explained in Section 8A.2(g) on page 313 that the p, and py orbitals 
are proportional to x and y respectively. Therefore, in Cartesian coordi- 
nates, the integral of the product of these two functions is proportional 
to [J hen xydxdydz. The integrand is an odd function of both 
x and y, so when evaluated over a symmetrical range the result is zero. 
These orbitals are therefore orthogonal}. 


Alternatively, consider the angular parts of the orbitals given in [8A.21- 
314]: p, « sin@cos¢ and py « sin@sing. The product of these two 
contains the term (cos ¢sin ¢) which is equal to ; sin2¢. The integral 
of this function over the range ¢ = 0 to 27 is zero (the integral over two 
complete sine waves). Therefore the functions are orthogonal. 


Ionization of He* and Li** both occur from the ground state, with n = 1. The 
ionization energy is the energy needed to take the electron from its original 
state to the state with n = oo, which has energy zero by definition. Therefore 
the ionization energy is simply minus the energy of the ground state. Using 
[8A.13-308] follows that I = hcZ?Ry. The ratio of the ionization energies of 
Li*, Z = 3, and He’, Z = 2, is therefore I,;/Ite = (3/2)?(Rti/Rue)- 
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P8A.6 


P8A.8 


The Rydberg constants for Li and He are in principle different because the 
reduced masses of the atoms are different. However, this difference is too small 
to have a significant effect on the result of the present calculation, given the 
precision of the data. Therefore, it is assumed that Riu / Rye = 1 and hence 


Thi = Tnte(3/2)? = (54.36 eV) x (3/2)? = [122.3 eV 


From [8A.21-314], the wavefunctions for the p, and py, orbitals can be written 
as Wp, = rf (7) sin @ cos ¢and Wp, = rf(r) sin @ sin ¢. Then, using the identities 
cosx = (e'* +e *)/2 and sinx = (e — e”'*)/2i, these wavefunctions can be 
rewritten 


Wp. = (2)'rf(r) sin 0(e'? + e'*) Vp, = (2i)'r f(r) sin 0(e'? — e"'*) 


The form of the operator /, is given in [7E5b-284], /, = (h/i)d/d¢. To deter- 
mine whether or not y,, is an eigenfunction of I,, the operator is allowed to 
act on the function 

hol ; ; hl ; ; 

——-rf(r) sin O(e'* +e '*) = —-rf(r) sin O(ie'? — ie? 

rap at sin Ce +e) = 54 f (0) sin ) 
It is evident that the effect of the operator is not to regenerate the original 
function times a constant, so Wp, is [not] an eigenfunction of the operator. A 
similar calculation shows that the same is true for Wp,. 


However, the functions e*# are eigenfunctions of /,, (h/i)d/d¢ e*'? = +he*'?. 
Using the identities e** = cos x + isin x, suitable combinations of yp, and Wp, 
are found which are proportional to e*!?, and hence which are eigenfunctions 
of i. There are two such combinations 


Vp, 1X Wp, =r f(r) sin@ cos +ixrf(r) sin @ sin ¢ = rf(r) sin 0 e*!? 


The expectation value of 1/r is given by (1/r) = [ w*r-'y dr. The wavefunction 
can be written as a product ofa radial part and an angular part y = R(r)Y(6, ¢). 
As 1/r is a function of r only, the integral over the angles can be evaluated 
separately, and because the Y(@,¢) are normalized with respect to integra- 
tion over the angles the integral simplifies to (1/r) = [,~ R(r)?(1/r)r? dr = 
ty R(r)*rdr. 


(a) For a Is orbital the radial function is Ryo(r) = 2(Z/ay)*/?e-2"/ (Ta- 
ble 8A.1) and so 


(r') =4(Z]ao)? [ re?2"!*dr = a(Z/a)°[1Y/(2Z/a0)"] =(Z/ag 


where the integral is evaluated using Integral E.3 with n = 1 and k = 
2Z / ag. 


P8A.10 


(b) For 2s the radial function is Ro,9(r) = 8° /?(Z/ag)?/7[2- Zr/ay Je~2"/2 
and so 


(71) =8\(Z/ao)* [~ r(2- Zr]avyre 2"! ar 


= 8\(Z/ao)> (4r —4Zr*/ao + Z74? faz)e-2"/ 0dr 
0 


= 81 (Z/ay)?(ao/Z)* (4-8 + 6) =|Z/4a9 


(c) For a 2p orbital, Ry.) (r) = 24-"/?(Z/ag)?/?(Zr/ag)e-2"/?® and so 


(¢ly\= fO r[2e1? (Zao)? Zrfagye@] dr 


= (Z3/24a3) ‘| * Be-Ztl*0dr = (Z5/24a5) x 31/(Z/ao)* =|Z/4a0 


The expectation value of 1/r is the same for 2s and 2p. 


(d) There is no reason to assume that (1/r) = 1/(r). To take a specific exam- 
ple, in the case of a 1s orbital (r) = 3a9/2Z and (1/r) = Z/ao. 


(a) The main difference between the Bohr and quantum models is that in the 
Bohr model the trajectory (that is the position) of the electron is precisely 
defined, whereas in quantum mechanics only the probability distribution 
of the position can be predicted. 


(b) In quantum mechanics the magnitude of the orbital angular momentum 
of an electron with quantum number / is given by fi, /1(1 +1). In con- 
trast, in the Bohr model the magnitude depends on n and is nh. In the 
Bohr model the ground state, with n = 1, has angular momentum h, 
whereas in quantum mechanics the ground state (1s) has zero angular 
momentum. As has already been commented on, the predicted distribu- 
tion of the electron is quite different in the two cases. 


(c) The angular momentum of the ground state and the spatial distribution 
of the electron can be probed experimentally by various kinds of spec- 
troscopy. 


8B Many-electron atoms 


Answers to discussion questions 


D8B.2 


D8B.4 


This is covered in any introductory or general chemistry text. 


See Section 8B.4 on page 325. 
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Solutions to exercises 


E8B.1(b) 


E8B.2(b) 


E8B.3(b) 


E8B.4(b) 


E8B.5(b) 


Hydrogenic orbitals are written in the form [8A.12-307], Rn,i(1) Yim, (0; 9), 
where the appropriate radial function R,,; is selected from Table 8A.1 on page 
306 and the appropriate angular function Y/,,,, is selected from Table 7F.1 on 
page 286. Using Z = 2 for the 1s and Z = 1 for the 3s gives 


Wis(r) = Ri,0Yo,0 = G/a, Ae x (4n)7¥? 
W3s(r) = R3,0 Yo, 
= (243)~'/?(2/3a9)*/?[6 - 6(2r/3ap) + (2r/3ao)*Je/3™ x (4m) 71? 


The overall wavefunction is simply the product of the orbital wavefunctions 


(ri, 172) = Wis(11) W3s(1r2) 


For a subshell with angular momentum quantum number / there are 2] + 1 
values of m;, each of which corresponds to a separate orbital. Each orbital 
can accommodate two electrons, therefore the total number of electrons is 2 x 
(21 +1). The subshell with 7 = 5 can therefore accommodate 2(10 + 1) = [22 
electrons. 


All configurations have the [Kr] core. The table shows the ‘accepted’ configu- 
rations for the ground states. 


Y Zr Nb Mo Tc 
58s*4d! 5s74d2 5s!4d4 5s!4d° 574d 
Ru Rh Pd Ag Cd 


5s'4d’ 5s'4d®8 4d!° 5s!4d!°  5s?4d1° 


1s?2s2p® = [Ar] 


Across the period the energy of the orbitals generally decreases as a result of 
the increasing nuclear charge. The second ionization energy corresponds to an 
electron being removed from the ion M". For Li* this would involve removing 
an electron from the 1s orbital, which is much lower in energy (and therefore 
harder to ionize) than the 2s. For |Be*| it is a 2s electron which is ionized, 
and as this element has the lowest nuclear charge of the remaining elements in 
Period 2 it is expected to have the highest orbital energy and hence the lowest 
ionization energy. 


Solutions to problems 


P8B.2 


The electronic configuration of the Y atom is [Kr] 4d'5s” as opposed to 4d*5s'. 
This is due to the 5s orbital being much larger and diffuse than the 4d orbitals, 


P8B.4 


and so the average distance between electrons is larger and so the average re- 
pulsion between electrons is much smaller. [Kr] 4d'5s? is therefore the lower 
energy, more stable configuration. 


The Ag atom has the configuration [Kr] 4d'°5s', as opposed to [Kr] 4d°5s”. The 
number of both spin up and spin down electrons is the same in both of these 
configurations, but the number of parallel spin pairs within the 4d subshell 
is larger for the configuration [Kr] 4d'°5s', which means this configuration 
is lower in energy, as a parallel spin pair is lowest in energy when between 
two electrons within the same subshell. Also this has fewer electrons in higher 
energy subshells. 


The electronic configuration of Fe is [Ar] 3d°4s”, of Fe’* it is [Ar] 3d°, and of 
Fe** it is [Ar] 3d°. Hence, the outermost electron in both ions is in a 3d orbital, 
with the only difference between these configurations that Fe** has one of the 
five 3d orbitals doubly occupied. 


There is more repulsion between the 6 3d electrons in Fe** than the 5 3d elec- 
trons in Fe**, and there is no compensating increase in the atomic number to 


draw the electrons towards the nucleus, and so the [Fe’* | ion is expected to be 
the larger of the two ions. 


8C Atomic spectra 


Answers to discussion questions 


D8C.2 


D8C.4 


The selection rules are given in [8C.8-335]. In part these can be rationalised 
by noting that a photon has one unit of (spin) angular momentum and that 
in the spectroscopic transition this angular momentum must be conserved. 
The selection rule for /, Al = +1, can be understood as a single electron in 
the atom changing angular momentum by one unit in order to accommodate 
the angular momentum from the photon. This selection is derived in How 
is that done? 8C.1 on page 327 by considering the relevant transition dipole 
moment. The selection rule for the total spin, AS = 0, stems from the fact that 
the electromagnetic radiation does not affect the spin directly. 

The selection rules for multi-electron atoms are harder to rationalise not least 
because the change in the overall angular momentum (L and J) is affected both 
by changes in the angular momenta of individual electrons and by the way in 
which these couple together. 


This is discussed in Section 8C.2(b) on page 329. 


Solutions to exercises 


E8C.1(b) 


The spectral lines of a hydrogen atom are given by [8A.1-304], # = Ry(n;? - 
nz”), where Ry is the Rydberg constant and # is the wavenumber of the tran- 
sition. 
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E8C.2(b) 


E8C.3(b) 


E8C.4(b) 


E8C.5(b) 


E8C.6(b) 


ES8C.7(b) 


The Pfund series corresponds to n, = 5. The lowest energy transition, which 
would involve a photon with the longest wavelength, is to the next highest 
energy level which has|nz = 6|. Transitions to higher energy levels involve more 
an more energy, and the limit of this is the transition to[2 = co|which involves 
the greatest possible energy change and hence the shortest wavelength. 


he energy levels of a hydrogenic atom are E, = —hcZ*Ryn~*, where Z is the 
atomic number; for all but the most precise work it is sufficient to approximate 
Ry by Ro. The wavenumber of the transition between states with quantum 
numbers m, and nj in the Li** ion is given by a modified version of [8A.1-304], 
0 = Z?R..(n,7 — nj’). For the 5 > 4 transition and with Z = 3 


§ = 3° x (1.0974 x 10° cm™') x (47 — 5°”) =|2.22 x 10° cm™! 
=07' = 1/[3? x (1.0974 x 10° cm!) x (47 -5°*)] 

= 4.49... x 107° cm = [450 nm 
v =c/A = (2.9979 x 10° ms~')/(4.49... x 10°’ m) = [666 THz 


The selection rules for a many-electron atom are given in [8C.8-335]. For a 
single electron these reduce to Al = +1; there is no restriction on changes in n. 


(i) 5d (n =5,1 = 2) > 2s (n = 2,1 = 0) has Al = —2, and so is |forbidden|. 
(ii) 5p (n = 5,1 = 1) > 3s (n = 1,1 =0) has Al = -1, and so is [allowed |. 
(iii) 6p (n = 3,1 = 1) > 4f (n = 2,1 = 3) has Al = +2, and so is |forbidden}. 


The single electron in a f orbital has / = 3 and hence L = 3, and s = $ hence 
S = 4. The spin multiplicity is 25 + 1 = 2. Using the Clebsh-Gordon series, 
[8C.5-332], the possible values of J are J =L+S, L+S-1,...|L-S|= z, 2, 
Hence, the term symbols for the levels are |”F, /2> 2F, /2 | 


For a p electron / = 1 ands = 5. Using the Clebsh-Gordon series, [8C.5-332], 

the possible values of j are] + s, 1] +s -1, ...|1 -— s|, which in this case are 
“3 1 

J 33} 


For an h electron / = 5 and s = } hence|j = 4, 


RIS 


The Clebsch-Gordan series [8C.5-332] gives the possible values of J as J = 
jit jo fitjo—-1, ...|ji - jal. With j, =5, jo = 3, the possible values of J are 
J = 8,7, 6,5, 4, 3, 2]. 


The symbol F implies that the total orbital angular momentum |L = 3}, the su- 
perscript 3 implies that the multiplicity 2S + 1 = 3, so that the total spin angular 
momentum |S = 1|, The subscript 4 implies that the total angular momentum 
J=A4l 


E8C.8(b) 


E8C.9(b) 


E8C.10(b) 


E8C.11(b) 


The Clebsch-Gordan series, [8C.5-332], is used to combine two spin angular 
momenta $1 and S2 to give S= S$, +52, S$, +52-1..., \sy = 59|. 


(i) Four electrons are treated by first combing the angular momenta of two 
electrons, then combining the result with the spin of the third electron, 
and then with the spin of the fourth. For two electrons, each with s = - 
S’ = 1, 0. Combining S’ = 1 with s; = } for the third spin gives S” = 

1+ 4, |l-$|= 4, }. Combining S’ = 0 with s3 = } just gives S” = }. The 

process is continued with the fourth electron: S” = } with s4 = } gives 

S = 2, 1;S8” = + with S4 = ; gives S = 1, 0. In summary the possible 


values for the total spin are|S = 2, 1, 0} with multiplicities [5, 3, 0). 


(ii) For five electrons the values of S from (i) are combined with a further 


spin ss = 5. For S = 2 the result is 3, 3; S = 1 gives 3, $3 and S = 0 
gives just re The possible values for the total spin for five electrons are are 


> 3 
S=35, 2? 


, with multiplicities |6, 4, 2|. 


Nile 


The valence electron configuration of the V** is [Ar] 3d°. With 3 electrons 
occupying the 5 d orbitals the Pauli principle places no restrictions on the num- 
ber of parallel spins because the 3 electrons can occupy separate orbitals. The 


procedure used in Exercise E8C.8(b) part (i) can therefore be followed, giving 


the possible values of S for 3 electrons as |S = 3, ; | The quantum number Ms, 


which specifies the z-component of the spin angular momentum, takes values 
S, (S-1) ...—S. Therefore for S = 3,)Ms = +3, +3|and for S = 3,|Ms = +3}. 


These electrons are not equivalent, as they are in different subshells, hence all 
the terms that arise from the vector model and the Clebsch—Gordan series are 
allowed. The orbital angular momentum of the p and d electrons are J; = 1 and 
l, = 2 respectively, and these are combined using L = 1) +1, +h-1, ... [4 -b| 
which in this case gives L = 3, 2, 1. The spin angular momenta of each electron 
is s; = s, = }, and these combine in the same way to give S = 1, 0; these values 
of S have spin multiplicities of 25+ 1 = 3, 1. The terms which arise are therefore 
3B RD, 1D, *P and 'P 

The possible values of J are given by J = L +S, L+S-1,..., |L- S|, and 
hence for S = 1, L = 3 the values of J are 4, 3, and 2. For S = 1, L = 2 the 
values of J are 3, 2, and 1. For S = 1, L = 1 the values of J are 2, 1, and 0. For 
S = 0 and any value of L only J = L is possible. The term symbols are therefore 
3Fy, 3F3, °F, °D3, 7D, Dy, 2P2, ?P; and ?Po|, and|!F3, 'D, and 'P,|, 
From Hund’s rules, described in Section 8C.2(d) on page 335, the lowest energy 
state is the one with the greatest spin, then the greatest orbital angular momen- 


tum and then, because the shell is less than half full, the smallest J. This is |*F, |. 


(i) 7D has L = 2, S = land so/J = 3, 2, 1 only. There are 2J + 1 values of M;, 
which for these three values of J gives|7, 5, 3| states, respectively. (ii) 4D has 


L=2,S= $,and so|J = 2, 2, 3, 4]with[8, 6, 4, 2]states, respectively. (ii) 2G 


2 > > 
has L = 4, S = s, and so |J = , i with |10, 8]states, respectively. 
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E8C.12(b) Closed shells have total spin and orbital angular momenta of zero, and so do 


E8C.13(b) 


ES8C.14(b) 


not contribute to the overall values of § and L. (i) 3d!°4s” is a closed shell 
configuration with L = 0, S = 0, and J = 0. The term symbol is Sok 


(ii) For the configuration 3d!°4s*4p° only the p electrons need be considered as 
the others are in a closed shell. Because of the spin pairing required by the Pauli 
principle the configuration p° has the same terms as p’: this is often expressed 
by saying that p° is the ‘absence’ of one electron or a ‘hole. Holes behave just 
like electrons when it comes to formulating term symbols. Therefore, one ‘hole’ 
in a p sub-shell has / = 1 and s = 5, so L = 1,S = 5, and J = 3, }. The term 


symbols are therefore |”P 3/7 and ]*P 2}. 


The two terms arising from an f' configuration are *F;/7, *F5/2, which have 
S = $,L=3and J = 4,3. The energy shift due to spin-orbit coupling is given 
by [8C.4-33]], Ez,s,) = ¢hcA[JUJ + 1) - L(L + 1) - S(S + 1)], where A is the 
spin-orbit coupling constant. Hence, E3,/2,7/2 = +(3/2)hcA\, and E3,1/2,5/2 = 
—2hcA\. 


The selection rules for a many-electron atom are given in [8C.8-335]. 


(i) *Psy. (S = 3,2 = 1,J = $) > 7Sip (S = 5,1 = 0,J = 5) has AS = 0, 
AL = -1, AJ = —-1 and so is |allowed|. 

(ii) 3Po (S = 1,L = 1,J = 0) > 3S, (S = 1,L = 0,J = 1) has AS = 0, AL = -1, 
AJ = +1 and so is |allowed|. 

(iii) *D3 (S = 1, L = 2,J = 3) > 'P, (S =0,L =1,J = 1)has AS = -1, AL = -1, 
AJ = —2 and so is |forbidden| by the S and J selection rules. 


Solutions to problems 


P8C.2 


The wavenumbers of the spectral lines of the H atom for the n > n, transition 
is given by [8A.1-304], # = Ry(n{? — n>), where Ry is the Rydberg constant 
for Hydrogen, Ry = 109677 cm™!. Hence, the wavelength of this transition is 
A=0) = Ral (n7? - nz’). 


The lowest energy, and therefore the longest wavelength transition (the one 
at Amax = 656.46 nm = 6.5646 x 10~° cm) is assumed to correspond to the 
transition from n; +1 > n, 


1 1 1 _(m+lpP-ni am4+1 
VinaxRu ni (ny +i) n(n, +1)? ni(n, +1)? 


From the given data (AmaxRy)~! = [(6.5646 x 1075 cm) x (109677 cm™!)]7! = 
(7.19...)~1. The value of 1, is found by seeking an integer value of n, for which 
nj(n,+1)*/(2n, +1) = 7.19... For n; = 2 the fraction on the left is 4? x 97/5 = 
7.2. Therefore, the series is that with |n, = 2} 


P8C.4 


Therefore the wavelengths of the transitions are given by A~' = (109677 cm™')x 
(2°? — nz”), and ny = 3, 4, 5, 6; the next line has ny = 7, and so has a 
wavelength of 


A = [(109677 cm") x (27? - a = 3.97... x 107° cm = [397.13 nm 


The ionization energy of the atom when it is in the lower state of quoted transi- 
tions is the energy to remove electron from the n = 2 state, which is the energy 
for the transition oo > 2 

I= hcRy(2* - 00°”) = FhcRy 
+ x (6.6261 x 10°*4Js) x (2.9979 x 10'° cms") x (109677 cm") 
= 5.4466 x 107" J] or 3.3995 eV 


The wavenumbers of transitions between energy levels in hydrogenic atoms are 
given by a modified version of [8A.1-304], # = Z*Ry; (n{? — nz”) where Z is 
the nuclear charge, for Li?“ Z = 3, and Ry is the Rydberg constant for Li. The 
Lyman series all have n; = 1 so the wavenumber of the transitions are given by 


Pn, = Rr (1-137) 


If the three lines given correspond to nz = 2, 3, 4, then using this value for 
nz the fraction %,,/9(1 — nj”) should be constant, and equal to Ry;. This is 
explored in the following table 


np 2 3 4 
on,/ cm! 740747 877924 925933 
¥n,/[9(1 -z*)]/em™! 109740 109741 109740 


The ratio is indeed constant, confirming that the correct value of nz has been 


chosen; the average value of Rj; is |109 740 cm7!|. 


The Balmer series all have n; = 2 so the wavenumber of the transitions are 
given by 

~ 5 -2 

Vay = ORL (+ _ nN» ) 


The longest wavelength transition has nz = 3 


#3 = 9(109740 cm™') (4 - 3°?) = [137175 cm™! 


The next longest has nz = 4 anda similar calculation gives|¥4 = 185 186 cm™!}, 


The energy needed to ionize an electron from the ground state, with n = 1, is 
simply minus the energy of this state, which is 9(109 740 cm™!) = 987 660 cm™ 
or [122.45 eV}. 


283 


284 


P8C.6 


P8C.8 


P8C.10 


The 7p configuration has just one electron outside a closed subshell. That elec- 
tron has / = 1,s = 1/2, and j = 1/2 or 3/2, so the atom has L = 1,S = 1/2, 
and J = 3/2 or 1/2. The term symbols are *2P,/2 and *P3/2 of which the former 
has the lower energy. The 6d configuration also has just one electron outside a 
closed subshell; that electron has / = 2, s = 1/2, and j = 3/2 or 5/2, so the atom 
has L = 2,S = 1/2, and J = 5/2 or 3/2. The term symbols are *Ds/. and *D3/ 
of which the former has the lower energy. 


The spin-orbit coupling energy can be estimated using [8C.4—331], but this 
gives the energy of *P,/, relative to *P3/, or *Ds/2 relative to *D3/). The ex- 
pression cannot be used to compare the energy of *D and *P. 


The energy levels of a hydrogenic atom are given by [8A.13-308], E, = —hcRy/n?, 
where Ry is the Rydberg constant for the nucleus in question which in turn is 
proportional to the reduced mass of the nucleus-electron system [8A.14-308], 
Ln = mym,/(myn + me). The ratio of the wavenumbers of the same transition 
in two hydrogenic atoms with the same nuclear charge is proportional to the 
ratio of the Rydberg constants, and hence to the ratio of the reduced masses 


Vp _ Rp _ Up _ mpme/(mp + Me) Mp(my + me) 
tuo Ry vH mym./(my+me) my(mpt+ me) 


This expression is rearranged to give 


(¥p/¥H) myme 
me + my[1 — (H/F) ] 


Mp = 


Given the high precision of the data, it is necessary to use an equivalent high 
precision for the fundamental constants (taken from the inside of the front 
cover of the text) and to use the mass of the H nucleus as 1.007 825 my. Using 


such data it is found that |mp = 3.34519 x 1077” kg/or [2.01452 mul. 


The ionization energy is simply hcRy and because the wavenumbers of the 
transitions are proportional to the relevant value of Ry it follows that 


Ty Ry _ ty _ 82259.098 cm"! 


: = [0.999728 
In Rp %p  82281.476cm7! 


(a) The separation of the lines observed in the spectrum when a magnetic 
field is applied is a direct reflection of the energy splitting of the energy 
levels. Therefore, the separation of the lines 67, expressed as a wavenum- 
ber, is hcdv = up B. 


_ ppB (9.274 x 10-777") « (2T) 
he (6.6261 x 10-34J s) x (2.9979 x 10!°cms7!) 


ony 


=|0.94 cm! 


(b) The first line in the Balmer series (n = 2 > 3) has wavenumber 


92,3 = Ry(1/2? - 1/3”) = 15233 cm™ 


Therefore the normal Zeeman splitting is }very small} compared to the 
difference in the energy of the states involved in typical transitions. 
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P8C.12 For a ‘red star’, with a surface temperature in the range 3000 K to 4 000 K, the 
thermal energy is insufficient to cause the excitation of the electron in hydrogen 
from its ground state: no emission spectra from hydrogen is therefore seen. In 
contrast, for a ‘blue star, with a surface temperature in the range 15000 K to 
20000 K, the thermal energy is sufficient to cause ionization of the electron. 
Therefore, neither absorption not emission from hydrogen is seen simply be- 
cause there are no hydrogen atoms present — they have all been ionized. If 
the with a surface temperature is in the range 8 000 K to 10000 K the thermal 
energy is sufficient to cause excitation of hydrogen atoms, but not sufficient to 
cause extensive ionization. Intense hydrogen emission lines are seen from such 
stars. 


This explanation can be explored in a more quantitative way be examining how 
the frequency spectrum of black body radiation changes with temperature, 
and examining what part of the radiation is at high enough frequencies to 
cause excitation or ionization. The Planck distribution is given by [11A.5-420], 
p(v) = 8hvec3(e!/kT _ 1)-1, and in Fig. 8.1 this is plotted against hv/I, 
where I is the ionization energy of hydrogen, for three different temperatures. 
At 25000 K a significant fraction of the radiation is at frequencies above that 
needed to ionize hydrogen (hv/I > 1). 


0.006 | | |-——25000K 
--- 20000 K 
ee | eh Ne Vic 15000 K 
AY 
& 0.004 
% 
= 
> 
= 0.002 
0.000 
0.0 
Figure 8.1 
Answers to integrated activities 
18.2 (a) The energy levels of a Hydrogen atom (with Z = 1) are given by [8A.13- 


308], E, = —hcRyn~?, where Ry = 109677 cm"! is the Rydberg constant 
for the Hydrogen atom. Hence, the separation between between the en- 
ergy levels n and n + 1 is 


ee oe 1 ~ (n+1)*-n* 
AE = Eny1 — En =hcR =hcR 
+1 Cc n( arnt) chy 


= hcRy(2n +1)/[n? (n+ 1)7] » 2hcRy/n? 
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where the approximation is for n >> 1 so that (2n+1) » 2n and (n+1)* # 
n2 
(b) For 1 = 100, this becomes 
AE = 2hcRy/100° 
= 2x (6.6261 x 10°-**Js) x (2.9979 x 10'° cms“!) x (109677 cm~')/100° 
= |4.357 x 10774 J 


The average radius of a H 100s orbital (Z = 1,n = 100,/ = 0) is given by 
the expression in Integrated activity 18.1 


100)?a 0(0+1 
(r)100,0,0 = (200)" 0 f + (1 - Oe ‘y] = [15.000 ao 


The ionization energy for an electron in the state with n = 100 is simply 
minus the orbital energy 


I = hcRy/1007 
= (6.6261 x 10°*4Js) x (2.9979 x 10'° cms) x (109677 cm™!)/1007 


=|2.179 x 1077? J 


(c) The energy available in a collision is of the order of $ kT (from the equipar- 
tition principle), which at 298 K is } x (1.3806 x 10-77 J K+) x (298 K) = 
2.06 x 10°?! J. This is well in excess of the ionization energy, so a collision 
could easily result in ionization. 

(d) The minimum velocity required for ionization will be when the kinetic 
energy of the H atom, Ex = 4mv” is equal to the ionization energy J; 
hence v = (21/m)!/? 


v = (21/m)*/? = [2 x (2.179 x 107? J)/(1.0078 x 1.6605 x 10-7” kg) ]/? 
=|510ms_! 


where the mass of H is taken as 1.0078 my. 


(e) The radial wavefunction for a 100s orbital will have a finite value at the 
nucleus and 99 radial nodes. The exponentially decaying part of the wave- 


function, which dominates for sufficiently large distances, is of the form 
aah /100a9 : 


© Molecular Structure 


9A Valence-bond theory 


Answers to discussion questions 


D9A.2 


D9A.4 


Promotion and hybridization are two modifications to the simplest version of 
valence-bond (VB) theory, adopted to overcome obvious mismatches between 
predictions of that theory and observations. In its simplest form VB theory 
assumes that the functions y, and wp that appear in a VB wavefunction, [9A.2- 
344], are orbitals in free atoms occupied by unpaired electrons. For exam- 
ple, such a theory would predict that carbon, with the electronic configuration 
2s”2p’, would form two bonds on account if it having two unpaired electrons. 
This prediction is at odds with the characteristic valency of four shown by 
carbon. 


To account for the tetravalence of carbon it is supposed that one of the 2s 
electrons is excited (‘promoted’) to the empty 2p orbital, giving a configuration 
of 2s'2p*. There are now four unpaired electrons (in the 2s and 2p orbitals) 
available for forming four valence bonds. 


Hybrid orbitals are invoked to account for the fact that valence bonds formed 
from atomic orbitals would have different orientations in space than are com- 
monly observed. For instance, the four bonds in CH, are observed to be equiv- 
alent and directed toward the corners of a regular tetrahedron. By contrast, 
bonds made from the three distinct 2p orbitals in carbon would be expected to 
be oriented at 90° angles from each other, and those three bonds would not be 
equivalent to the bond made from a 2s orbital. Hybrid atomic orbitals, in this 
case sp® hybrids, are formed by combining the atomic orbitals in such a way 
that the hybrid orbitals have the required directional properties. 


The part of the VB wavefunction that depends on spatial coordinates is given 
in [9A.2-344], ¥(1,2)space = Wa(1) Wa(2) + wa(2)Wp(1). The complete wave- 
function includes a spin part, o(1,2) 


¥(1,2) = {ya(1)wa(2) + wa(2)ye(1)} o(1, 2) 


The Pauli principle requires that the wavefunction must be antisymmetric, that 
is it must change sign, upon interchange of particle labels: ¥(2, 1) = —-'¥(1, 2). 
The spatial part is symmetric under this interchange of labels ¥(2,1)space = 
+¥(1,2)space, therefore the spin part must be antisymmetric o(2, 1) = —o(1, 2). 
The antisymmetric spin wavefunction for two spins is the one in which the spins 
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are paired 

0(2,1) = (1/2) {a(1)B(2) - B(1)a(2)} 
In summary, the form of the VB wavefunction which results in a the lower- 
ing of the energy, and hence bond formation, is symmetric with respect to 
interchange of the electron labels, and in order to satisfy the Pauli principle 
the associated spin wavefunction must be anti-symmetric with respect to this 
exchange. This wavefunction corresponds to one in which the spins are paired. 


Solutions to exercises 


E9A.1(b) 


E9A.2(b) 


The nitrogen atoms in N2 are sp hybridized. The o bond is formed by the over- 
lap of two sp hybrid atomic orbitals oriented towards each other along the inter- 
nuclear axis. Using [9A.2-344], the spatial part of the valence-bond wavefunc- 
tion of the o orbital is written ¥(1, 2) = Wsp, (1) Wnsp, (2) + Wnsp, (2) Wisp, (1). 
This wavefunction is symmetric, therefore it has to be combined with the anti- 
symmetric two-electron spin wavefunction given by [8B.3-319], o_(1, 2). The 
resulting complete, asymmetric two-electron wavefunction satisfies the Pauli 
principle and has the form of 


(1,2) = [Wnsp, (1) Wisp, (2) + Wnsp, (2) Wnsp, (1) ] x [a(1)B(2) a B(1)a(2)] 


The two 7 orbitals are formed by the side-by-side overlap of two p, and two py 
orbitals. Following the same logic as above, the valence-bond wavefunction for 
the 2p,z orbital is written as 


¥n(1,2) = [Ynp,, (1) ¥np,, (2) + Ynp,, (2) ¥np,, (1)] [aC B(2) — BO) a(2)] 


and similarly for the 2p,7 orbital. 


The resonance hybrid wavefunction constructed from one two-electron wave- 
function corresponding to the purely covalent form of the bond and one two- 
electron wavefunction corresponding to the ionic form of the bond is given in 
[9A.3-346] as V = Woovalent +A Gonic. Therefore the (unnormalized) resonance 
hybrid wavefunction of Nz with two ionic structures is written as ¥y, = Yy_n+ 
APy+n- + K Yuet 


The valence bond description of the triple bond in N> is give in Example E9A.1(b). 
Omitting the spin functions for simplicity, the spatial wavefunction is a product 
of that for the o bond, and that for each of the m bonds 


[WNsp, ( 1) WNsp, (2) + WNsp, (2) Wrisp, ( 1 )] 
x [Wnp,, (3) Wp, (4) + Wrp,, (4) ¥np,, (3) ] 
* LWrpes 5) YNpry (6) + YN, (6) Ypry (5) 
Somewhat arbitrarily electrons 1 and 2 have been assigned to the first valence- 
bond wavefunction, 3 and 4 to the next and so on. 


The ionic structure N*N~ can be thought of as arising when electrons 5 and 
6 are both located in Np,,. In this case, the part of the wavefunction in the 


E9A.3(b) 


E9A.4(b) 


E9A.5(b) 


third bracket becomes [Wnp,,, (5) Wnp,, (6) ]- This is just one possibility: ionic 
structures also arise when electrons 3 and 4 are on the same atom (leading to a 
modification of the second bracket), or 1 and 2 are on the same atom (leading 
to a modification of the first bracket). 


The ionic structure N*~ N** can be thought of as arising when electrons 5 and 
6 are both located in Np,,, and electrons 3 and 4 are both located in Npy,. 
In this case, the third bracket becomes [Wnp,,(5)Wnp,, (6)] and the second 
bracket becomes [Wnp,, (3) Wnp,, (4) ]. Similar wavefunctions for N*-N?* can 
be written by rearranging any two of the valence electrons. 


A good starting point is to construct Lewis structures in which bonded pairs 
of electrons are identified by a line and lone pairs by the usual double dot; the 
charges are formal. 


A VB wavefunction is written for each bonded pair. It is convenient to assume 
that sulfur and oxygen atoms are sp” hybridized. Each of the S-O o bonds is 
formed by the overlap of one sp” hybrid on sulfur and one sp” hybrid on an 
oxygen atom projecting towards each other. There is also a m bond formed 
between the unhybridized 3p atomic orbital on sulfur and an unhybridized 2p 
atomic orbitals on the oxygen. This 1 bond is involved in resonance, as it can be 
between the sulfur and any of the oxygen atoms. The lone pairs on the oxygen 
atoms are either accommodated in sp” orbitals or in an out-of-plane 2p orbitals 
if the latter is not involved in a m bond. The lone pair on the sulfur atom in SO 
resides in an sp” hybrid atomic orbital. 


The ground state electronic configuration of phosphorus is [Ne]3s*3p,.3p 3p. 
In the ground state it has three unpaired electrons on the three different 3p 
orbitals, therefore it is able to form three covalent bonds. Promotion of an elec- 
tron from 3s orbital to 3d results in the configuration [Ne]3s'3p;3p)3p;3d'. 
These orbitals can then be used to form five hybrids, each of which can form a 
bond. 


Carbon atoms Cl-C4 in 1,3-pentadiene are sp* hybridized, whereas carbon 
atom C5 is sp® hybridized. The o framework of the molecule consists of C-H 
and C-C o bonds. The C-H o bonds are formed by the overlap of sp” or sp* 
hybrid atomic orbitals on the carbon atoms with the 1s atomic orbitals on the 
corresponding hydrogen atoms. Similarly, the C-C o bonds are formed by the 
overlap of sp” or sp* hybrid atomic orbitals on neighbouring carbon atoms. The 
two mt bonds are formed by the side-by-side overlap of unhybridized 2p orbitals 
on carbon atoms Cl and C2, and likewise between C3 and C4. 
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E9A.6(b) 


E9A.7(b) 


E9A.8(b) 


The carbon and nitrogen atoms in pyridine are sp* hybridized. The C-N and 
C-C o bonds are formed by the overlap of sp” hybrid atomic orbitals on neigh- 
bouring carbon or nitrogen atoms with each other. The C-H o bonds are 
formed by the overlap of a carbon sp” hybrid atomic orbital with a hydrogen 
Is atomic orbitals. Formally there are three m bonds in pyridine. Each of them 
is a result of the overlap of a pair of unhybridized 2p atomic orbitals on the 
nitrogen or the carbon atoms. There is a lone pair on nitrogen residing in an 
sp” hybrid atomic orbital. 


The condition of orthogonality is given by [7C.8-254], [ ¥; ¥; dr = 0 for i # j. 
The atomic orbitals are all real, therefore ¥;* = Y;. The orthogonality condition 
becomes 


f[ hy hy dt = f [(sin )s + (cos¢)p] x [ (cos ¢)s - (sin¢)p] dr 


1 0 0 


“FT “_——— i 
=sinGcos¢ [ s*dr-sin?¢ f spdr+cos*¢ f psdr 
ees 


-cosgsing [ p?dr= sing cosg - cos¢sing = 0 


All the integrals of the form / sp dr are zero because the s and p orbitals are 
orthogonal, and all the integrals of the form /{ s* dt and f[ p? drt are 1 because 
the orbitals are normalized. The condition for the orthogonality of h; and hz 
is satisfied. 


A normalized wavefunction satisfies [7B.4c-248], [ w*wdr = 1. The wave- 
function is normalized by finding the values of N; and N2 for which h, = 
N,[(sin ¢)s + (cos ¢)p] and hz = N2[(cos¢)s-— (sin ¢)p] satisfy this condition. 
The orbital wavefunctions s and p are real, as are N and Np, therefore, for hy 


[ binar= Nef [(sing)s + (cosg)pF at 


1 1 0 
i i: i 


=Nj sin? [ stdr+cos?’ f pedr+2sinGcos¢ [ spar 


= N?[sin? €+ cos? ¢] = N? 


The integral {sp dr is zero because the s and p orbitals are orthogonal. The 
integrals {s* dz and [ p? dr are 1 because the s and p orbitals are normalized. 
The identity sin? 0 + cos* @ = 1 is used in the last step. The normalization 
condition is N i: = 1, therefore N, = 1. A similar calculation shows that N2 = 1 
also. 


Solutions to problems 


P9A.2 


P9A.4 


For the purposes of this problem, the p, orbital has the same properties asa unit 
vector along the x-axis and the p, orbital is likewise a unit vector along the y- 
axis. The hybrid orbital y is represented by a vector resulting from the addition 
of the vectors representing the p, and py, orbitals. The s orbital is spherically 
symmetric about the origin, therefore it has no effect on the direction of the 
hybrid. 


The angle « is calculated as 


a= tan! (V3/2/V1/2) = tan! V3 = 60° 


Therefore the vector representing y makes and angle B = 180°—« = 180°-60° = 
120° to the x-axis. 


Following the same logic as in Problem P9A.2 and Problem P9A.2, the vector 
representation of the two hybrid atomic orbitals is as shown below. 


y 


It follows from the diagram that for h, the contribution from p, is proportional 
to cos 6/2, and the contribution from py is proportional to sin 0/2; for hy all 
that is different is that the sign of the contribution from py is reversed. Both 
hybrids will have a contribution from the s orbital, and so can be written 


h; = s+A (cos(@/2) p» + sin(0/2) py) hz = s+A (cos(0/2) px — sin(6/2) py) 
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The parameter J is to be determined, but it is the same for both hybrids as 
they are equivalent. The value of A is found by using the requirement that the 
hybrids are orthogonal, { h,h2 dt = 0 


i [s+A (cos(@/2)p, + sin(@/2)py)][s+A (cos(@/2)px — sin(@/2)p,)] dr =0 
Because the atomic orbitals are orthonormal the integral is evaluates to 

1 +A? (cos*(@/2) - sin’(0/2)) = 1 +A? cos 
where the identity cos2x = cos’ x — sin’ x is used. Setting this to zero gives 


A = +(-1/cos 6)'/?|, 


The ratio of p to s in a hybrid is given by the ratio of the squares of the coeffi- 
cients of the contributing atomic orbitals. For these hybrids 


pcharacter [Acos(@/2)]* + [+A sin(0/2)]? _ 


2 
s character 12 


where the identity cos” x + sin? x = 1 is used. Therefore what is usually known 
as an sp” hybrid has A = \/2, an sp hybrid has A = 1, and an sp* hybrid has 
1 = \/3. The plotshown in Fig. 9.1 shows the relationship between A? and the 
angle between the hybrids. 


Figure 9.1 


9B Molecular orbital theory: the hydrogen molecule-ion 


Answer to discussion questions 


As described in Section 9B.1(b) on page 353, the reason why the bonding molec- 
ular orbital is lower in energy than the atomic orbitals is not entirely clear. 
However, it is clear that bonding character correlates strongly with molecular 
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orbitals that have an accumulation of electron density between nuclei due to 
overlap and constructive interference of their component atomic orbitals. A 
simple and plausible explanation of this correlation is that enhanced electron 
probability between nuclei lowers the potential energy by putting electrons in 
a position where they can be attracted to two nuclei at the same time; however, 
the source of the reduced energy may be more complicated. 


Solutions to exercises 


E9B.1(b) The normalization condition is given by [7B.4c-248], [ w*ydr = 1. The wave- 
function is normalized by finding N such that yw = N(wa+Awp+A’yp) satisfies 
this condition. The wavefunctions ya, yg and we are all real as is N, therefore 


es ane 


yee, eee eee ee ee 


ees | ae Ve ar 42n f WaWp dt 


foe te a 
van f WaWp dt van’ f VBVp dr | 
= N?(14+A?7 +A? +2AS + 21/8) 


The integrals fy? dr, [y2dz and fy," dr are 1 because the wavefunctions 
Wa> Wz and yp are normalized; [ wgyz dt = 0 because the exercise specifies 
that these are orthogonal. The value of this integral must equal 1, therefore the 


normalization constant is|N = 1/(1 + A? +A + 2S +2A/S)'/?|, 


E9B.2(b) The condition of orthogonality is given by [7C.8-254], [ w; w; dt = 0 for i # j. 
The given molecular orbital, y; = 0.727A + 0.144B is real, therefore y} = yj. 
The new linear combination of A and B, which is orthogonal to y; must have 
the form of y; = A + BB, where the coefficient of wavefunction A is chosen 
to be 1 for simplicity. Substitution of these wavefunctions in the condition of 
orthogonality gives 


[ vinjar= f (0.727A + 0.144B) x (A+ BB)dr 


1 1 Ss 
—— Sj ——_——_ 


2 0.727 [ a dr ¥0.1446 f B° dr+(0.727B + 0.144) [AB dr 
= 0.727 + 0.1448 + (0.7278 + 0.144)S 
Using S = 0.117 the value of the integral becomes 0.744 + 0.2298. This value 


must be zero for the two wavefunctions to be orthogonal, therefore 6 = —3.25 
and so yw; = A-3.25B. 
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E9B.3(b) 


E9B.4(b) 


Normalization of y; follows the same logic as in Exercise E9B.1(a). First the 
wavefunction is written as y; = N(0.727A + 0.144B) and then the normaliza- 
tion constant N is found such that f y*ydr = 1. 


[ vin dr= [ [N(0.727A+0.144B)} dr 


1 1 S 
——_—_ — ——_—— 


=N? 0.77 fe dr +0.144°B |B? dr +(2 x 0.727 x 0.144) [AB dr 
= N?(0.549 + 0.2098) 


Using S = 0.117 gives a value of 0.573N? for the integral, therefore N = 1/\/0.573 
= 1.32. Therefore the normalized wavefunction is 


Wi = 1.32 x (0.727A + 0.144B) = [0.960A + 0.190B 


Normalization of y; follows a similar procedure as for y;, giving N = 0.304 
and therefore | y; = 0.3044 — 0.989B.. 


The energy of the o* antibonding orbital in H2” is given by [9B.7-355], E+ = 
Enis + jo/R - (j - k)/(1 - S). Molecular potential energy curves are usually 
plotted with respect to the energy of the separated atoms, therefore the energies 
to be plotted are Eg» — Ems = jo/R - (j- k)/(1 -S). Using [9B.5d-353], 
jo/ao = 27.21 eV = 1 Ey, the energy for R/ao = 1 is computed as 


(1En) (0.729 Ey) - (0.736 En) 


E+ — Epis = =+1.05E 
oe a (1 — 0.858) 
Similar calculations give the following energies 
R/ao 1 2 3 4 


(Ex - Eyns)/En | +1.05 +0.340 +0.132  +5.52 x 10°? 


These data are plotted in Fig. 9.2. The data are fitted well by the following cubic 
(Es — Euis)/En = —0.0616(R/ao)? + 0.6203(R/ao)* — 2.1385(R/aq) + 2.6288 


Note that this cubic equation has no physical meaning, it is only used to draw 
the line on the plot above. 


The sketch below shows the bonding and the antibonding face-to-face overlap 
of two d orbitals, resulting in 6 molecular orbitals. The bonding molecular or- 
bital is symmetric with respect to inversion, therefore it is labelled 5,, whereas 
the antibonding molecular orbital is antisymmetric with respect to inversion, 
and is labelled 5,. 
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(Eo* — Exns)/En 


0.0 


Figure 9.2 


5, bonding 6, antibonding 


Solutions to problems 


P9B.2 The bonding and antibonding molecular orbitals resulting from the linear com- 
bination of hydrogenic atomic orbitals are given by 


Ws = Na (Wuisa + Wuiss) 
1 
*| (nag)? 


1 
(maj)? 


e1A/40 —rg/ao 


where ra and rg are the distances of the electron from nucleus A and B, respec- 
tively. Given that the internuclear separation along the z-axis is R, in Cartesian 
coordinates r, and rg become 


ra=(x?+y? +27)? and rp = (x? +y?+(z-R))!? 
Therefore the wavefunction is 


N. ~(24y4z2)¥2 fg (2 4 y24(z—-R)2)/2 Jig 
¥e= Gann le WE i eer eR Te) 


The normalisation constants at the experimental internuclear separation (R 
106 pm = 2.00 ao) are calculated in Example 9B.1 on page 352, giving N, 
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0.56 and N_ = 1.10. Both of the bonding and antibonding wavefunctions are 
real, therefore y. = yj. The square of the wavefunction gives the probability 
density of finding the electron at a particular position. The volume element 6V 
given in this problem (1.00 pm’) is small enough that it is assumed that the 
wavefunction has a constant value over the entire volume element. Therefore 
the probability is simply y75V. 


(a) At nucleus A x = y = z = 0 the probability is computed as 


N?2 2 
2 = + 0 2.00 ao/ao 
yw, 5V = e+e 6V 
" (nap) | 
2 
= a [1+ 2 ay x (1.00 pm’) = |8.7 x 1077 
[m x (52.91 pm)? ] 


(b) The probability of finding the electron at nucleus B must be the same as 
the probability of finding the electron at nucleus A due to the inherent 


symmetry of the problem. Therefore |P = 8.7 x 107’ |. 


(c) The Cartesian coordinates of the position halfway between A and B are 
x = y =Oand z= 1.00 ap. At this position the probability is computed as 


y28V = a Ce. 4 e{C(.0020)-2.000))"1/a0) By 
(may) 


0.567 
7 (Cane ey x (1.00 pm?) =|3.6x 1077 


[m x (52.91 pm)3] 


(d) At 20 pm along the bond from nucleus A and 10 pm perpendicularly 
the coordinates are z = 20 pm = 0.378... ao and x* + y* = (10 pm)? = 
(0.189... a9)”. At this position the probability is computed as 


2 
y28V = ae [er Hier en Ines 
(maj) 


san (0.189... ag)"+((0.378... ao)—(2.00 2o))*1 faa) 5V 


2 
7 0.56 Coes "7 poesl x (1.00 pm?) 
[m x (52.91 pm)3] 


4.9 x 1077 


The calculation of the probabilities when the electron occupies the antibonding 
orbital follows exactly the same procedure as above, and gives the following re- 
sults: (a) P =|1.9 x 107°} (b) P =|1.9 x 10-°§ (c) [P = 0} which is the expected 
result, as the antibonding orbital has a node going through the point halfway 
between the two nuclei; (d) P = |5.5 x 1077 


P9B.4 The bonding and antibonding MO wavefunctions are y, = Ni (Wa+Wg), where 
Nz, is the normalizing factor. This factor depends on the distance between 
the nuclei (Example 9B.1 on page 352), but this just scales the orbital without 


changing any of its key features. Therefore, this normalizing factor, as well as 
those for wa and wp given in Brief illustration 9B.1 on page 352 are simply 
ignored. Without loss of generality, it is assumed that atom A is located at 
Za = 0 and atom B at zp; = R, the internuclear separation. The requirement 
is to plot the wavefunction along the z-axis, so xa; = ya1 = 0, and likewise for 
atom B. With all of these conditions imposed the function to be plotted is 


Ya = eA 4. @M(@-RDI/a0 


The modulus sign is needed because the argument of the exponential is the 
distance from the nucleus, which is always positive. 


(a) 


(b) 


The wavefunction corresponding to the bonding molecular orbital is plot- 
ted in Fig. 9.3 for three different internuclear separations. The positions 
of the nuclei for each wavefunction are indicated by dotted lines. None of 
the plotted wavefunctions have any nodes. The value of the wavefunctions 
and hence the electron densities in the internuclear region are larger than 
the sum of the values of the corresponding wavefunctions describing the 
hydrogenic atomic orbitals. This feature is responsible for the bonding. 
However, with increasing internuclear separation this surplus electron 
density at the internuclear region diminishes, the overall energy of the 
wavefunction increases and hence the wavefunction becomes less and less 
bonding. 

The wavefunction corresponding to the antibonding molecular orbital at 
three different internuclear separations is plotted in Fig. 9.4. The wave- 
functions have a node halfway between the two nuclei, which results in 
less electron density in the internuclear region compared to if the wave- 
functions were not overlapping. This feature is responsible for the an- 
tibonding effect. With increasing internuclear separation this deficiency 
in electron density at the internuclear region decreases, the overall energy 
of the wavefunction decreases and hence the wavefunction becomes less 
and less antibonding. 


Figure 9.3 
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z/ao 


Figure 9.4 


9C Molecular orbital theory: homonuclear diatomic molecules 


Answer to discussion questions 


D9C.2 The building-up principle for homonuclear diatomic molecules is essentially 
the same as for atoms, but the diatomic molecular orbitals used in the former 
are different in name and in nature than the atomic orbitals used in the latter. 
A diagram of energy levels (orbitals) and degeneracies is needed. For diatomic 
molecules, these energy levels are either nondegenerate (for o bonds) or doubly 
degenerate (for all others). The orbitals are populated with electrons, placing 
each successive electron in the lowest-energy orbital available, no more than 
two electrons per orbital. Hund’s rule indicates that different degenerate or- 
bitals should be populated first, with electrons that have parallel spins, before 
pairing two electrons in the same degenerate orbital. 


D9C.4 The bond strength is related to the extent to which the occupied bonding molec- 
ular orbitals are lowered in energy compared to the constituent atomic orbitals. 
As described in Topic 9B for the case of H2", this lowering in energy depends 
on the size of the term k, [9B.5c-353], which is a measure of the interaction 
between a nucleus and the excess electron density in the internuclear region 
arising from overlap. 


The overlap integral, S, is a different quantity than k, but its behaviour with 
(for example) internuclear distance is quite similar. Thus the overlap integral 
is often taken as a proxy for k, not least as it much easier to imagine how 
the overlap varies when the orbital or the internuclear distance is varied. It is 
therefore common to speak of a bond being strong when ‘there is good overlap. 
The fact that there is a correlation between overlap and bond strength may, 
however, simply be fortuitous as the theory does not indicate such a connection. 


Solutions to exercises 


E9C.1(b) ‘The molecular orbital diagram for 0,7" and F,~ is shown in Fig. 9C.11 on page 
361, and that of Nz is shown in Fig. 9C.12 on page 361. According to the Pauli 
principle, up to two valence electrons can be placed in each of the molecular 


E9C.2(b) 


E9C.3(b) 


E9C.4(b) 


orbitals. First the lowest energy orbital is filled up, then the next lowest and so 
on, until all the valence electrons are used up. 


(i) F,” has7+7+1 = 15 valence electrons (VE) overall, therefore the ground- 
state electron configuration is log 1o;* 20, Im), Ing* 20,,'. The bond or- 
der is defined in [9C.4-361] as b = 3(N-N’), therefore b = (8-7) = 5. 
(ii) No: 5 +5 = 10 VE; loz lo, 207 Imi; b = 5(8 — 2) =3. 
(iii) O27": 6 + 6 +2 = 14 VE; log 1oy 20, In) Ing*; b = 5 (8-6) = 1. 


The molecule with the greater bond order is expected to have the larger dis- 
sociation energy. Qualitatively Li, and Be, share the same molecular orbital 
energy level diagram, shown in Fig. 9C.12 on page 361. Liz has 1+ 1 = 2 
valence electrons overall, therefore its ground-state electron configuration is 
loz. The bond order is defined in [9C.4-361] as b = +(N — N*), therefore 
b= 3(2-0)=1. 

Be, has 2 + 2 = 4 valence electrons, its configuration is lo; ic and the bond 
order is b = $(2 — 2) = 0. Liz has greater bond order than Bez, therefore Li, is 
expected to have the larger bond dissociation energy. 


The species with the smaller bond order is expected to have larger bond length. 
The molecular orbital diagram of O2 and its ions is shown in Fig. 9C.11 on page 
361. The ground state electron configuration and the bond order of the species 
in the order of increasing number of valence electrons, VE, is given below. 


O.* 6+6-1=11VE 1oj1oj?20,1mjinz’ b= 3(8-3)=3 
O. 6+6=12VE Ing? b=3(8-4) =2 
OO. 6+6+1=13VE ... In? b=3(8-5)=3 
O.*- 6+6+2=14VE ... Ing* b= 5(8-6)=1 


The bond order increases in the order O27~, O27, O>, O»*, therefore the bond 
length is expected to increase in the same order. 


The molecular orbital energy level diagram for Liz, Bez, Bz, C2, Nz and related 
ions is shown in Fig. 9C.12 on page 361, and for O2, F,, Ne, and related ions 
in Fig. 9C.11 on page 361. Following the same logic as in Exercise E9C.1(b) and 
Exercise E9C.2(b) gives 


Lit 1+1-1=1VE lo, b=5(1-0)=$ 
Beg 2+2-1=3VE 10, 10%’ b=1(2-1)=3 
By* 34+3-1=5VE_ 1oZloj? In, b=3(3-2)=5 
C,* 44+4-1=7VE  1loZloy? In} b=3(5-2)=3 
No* 5+5-1=9VE 10, 10,7 In} 20, b=3(7-2)=3 
O,* 64+6-1=11VE 10% 103720, Inj In," b = 3(8-3) =3 
Fy 7+7=-1=13 VE 10, 10)*20, In, ins” b=3(8-5)=3 
Ne,* 8+8-1=15VE loz lo? 20; 1m) Iny*20%! b= 5(8-7) = 5 
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E9C.5(b) 


Lig 1+1+1=3VE  logloy! b=3(2-1)= 
Bey 2+2+1=5VE  logloy? In} b= 3(3-2)= 
By 3+3+1=7VE log loy? In; b=3(5-2)= 
C, 4+4+1=9VE 10; 10%? In} 20, b=3(7-2)= 
N. 5+5+1=11VE 10; 10%7 Inj 20, Ing! b = 3(8-3)= 
Oo 6+6+1=13VE 10% 10%? 20, In) In,° = 3(8-5)= 
Fo = 7+7+1=15VE 10,104? 204 1m) 1ng* 203" b=3(8-7)= 
Ney 8+8+1=17VE 10; 10%? 20; 1m) 1m;*20;730, b= 5(9-8) = 


Note that the extra electron in Nez is accommodated on a bonding molecular 
orbital resulting from the overlap of the 3s atomic orbitals. 


The molecular orbital energy level diagram for Liz, Bez, B2, C2, N2 and their 
ions is shown in Fig. 9C.12 on page 361, and for O2, F2, Nez and their ions in 
Fig. 9C.11 on page 361. The lowest unoccupied molecular orbital (LUMO) is 
the molecular orbital which is the lowest in energy and is not occupied by any 
electrons. The LUMO of each of the listed ions is indicated by a box around it. 


Lit 1+1-1=1VE  1o;/10;° 


Bey* 2+2-1=3VE  lojzloy'|im, 


u 


B,* 34+3-1=5VE _ loz lo,” 1n,|20, 


C,* 4+4-1=7VE 107 10;7 1m, |209 


No* 5+5-1=9VE log loy In) 20,|17;° 


O2* 6+6-1=11VE 10% 10,7 205 In} Img" |205° 


F2* 7+7-1=13VE 10% 10720, Inj 1m? |200° 


Ne.* 8+8-1=I15VE lo; lo? 20; Inj Ing* 2051 /302 


Lig” 14+1+1=3VE log loy'|im, 


u 


Beg 24+2+1=5VE log lo," 1m, |20) 


Bo 34+3+1=7VE loz lo? 1m} |20, 


Co 44+4+1=9VE = 1oZ1o{? Inj 20,|17,° 


No 5+5+1=11VE log 1oy? Inj 20, Img" |20,° 


O. 6+6+1=13VE 1oZ 10,7 20, In) 11,?|207° 


Fo 74+7+1=15VE oj, loy? 20, 1m, 1ng* 2051|305 


Neg 8+8+1=17VE_ loz loy? 20, Im) 1mg* 20,7 30, |305° 


NIP NIP NW NID NID NIW N/E NIE 


E9C.6(b) 


Note that the extra electron in Nez is accommodated on a bonding molecular 
orbital resulting from the overlap of the 3s atomic orbitals. 


The energy of the incident photon must equal the sum of the ionization energy 
of the orbital and the kinetic energy of the ejected photoelectron, [9C.5-362], 
hv = I+ +m_v’. Therefore the kinetic energy of the photoelectron is Ex = 
21 eV — 12 eV = 9 eV, which corresponds to a speed of 


1/2 Sepa \ 
y= (Bi) = (OM tune 1 frre xtotmet 


Me (9.1094 x 10-3! kg) 


Solutions to problems 


P9C.2 


When the internuclear separation is zero the areas of constructive interference 
get exactly cancelled by the areas of destructive interference, therefore the over- 
lap integral is zero. As the nuclei are moving further away from each other, 
the area of constructive interference increases at the expense of the area with 
destructive interference, leading to a maximum value in the overlap integral. At 
large internuclear separations the overlap of the orbitals becomes insignificant, 
resulting in zero overlap. Figure 9.5 shows a plot of the overlap integral 


(2) (S) 


R/ao 


Figure 9.5 


The position of the maximum overlap is found by differentiating the overlap 
integral with respect to x = R/do (the product rule is used), and then setting 
the derivative to zero. 


ds 
dx 
To find the turning points set dS/dx = 0; the factor e~* is cancelled to give 


= [1 +2x+x7]e™* - [x +x7+ ie 


1+2x4+x?-[x+x7+4x°]=1+x-4x° =0 
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It is the easiest to use mathematical software to solve this equation. The only 
real solution is R/dg = 2.10, hence the overlap is maximum at |R = 2.10 ao|. 


P9C.4 The energy of the incident photon must equal the sum of the ionization energy 
of the orbital and the kinetic energy of the ejected photoelectron, [9C.5-362], 
hv = $m,_v" + I. Rearranging the equation to give the ionisation energy of the 
orbital gives I = hv - $MeV*, therefore the ionisation energy of the orbitals 
from which the electrons were ejected are 


Ty = (21.21 eV) — (11.01 eV) = 10.20 eV 
I, = (21.21 eV) — (8.23 eV) = 12.98 eV 
I; = (21.21 eV) — (15.22 eV) = 5.99 eV 
The orbital energies are the negative of the ionisation energies. The molecular 


orbital energy level diagram is shown in Fig 9.6, the dashed arrows represent 
the ionisation. 
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9D Molecular orbital theory: heteronuclear diatomicmolecules 


Answer to discussion questions 


D9D.2 In forming a bond an atom must, to some extent, give up electron density to 
be shared with other atoms in the molecule. The energy needed to do this is 
connected with the value of the ionization energy of the orbital. Equally, the 
atom will to some extent acquire additional electron density to interact with, 
and the energy gained from acquiring this density is connected in some way to 
the electron affinity. Thus both electron gain and electron loss, in the loosest 
sense, are involved in the process of bonding. It is for this reason that ionization 
energy and electron affinity are involved in the estimation of atomic orbital 
energies for participation in bonding. See Section 9D.2(a) on page 367. 


D9D.4 


The Coulomb integral is essentially the energy of an electron when it occupies 
an atomic orbital in the molecule. 


The resonance integral is a contribution to the energy of a molecule that can be 
associated with an electron interacting with more than one nucleus at once. 


Solutions to exercises 


E9D.1(b) 


E9D.2(b) 


The molecular orbital energy level diagram for a heteronuclear diatomic AB 
is similar to that for a homonuclear diatomic A, (Fig. 9C.11 on page 361 or 
Fig. 9C.12 on page 361) except that the atomic orbitals on A and B are no longer 
at the same energies. As a result the molecular orbitals no longer have equal 
contributions from the orbitals on A and B; furthermore, it is more likely that 
the s and p orbitals will mix. From simple considerations it it not possible to 
predict the exact ordering of the resulting molecular orbitals, so the diagram 
shown Fig. 9.7 is simply one possibility. Note that because the heteronuclear 
diatomic no longer has a centre of symmetry the g/u labels are not applicable. 


The electronic configurations are: 
(i) XeF (15 valence electrons) 107 207 30? 1m* 21* 40'; (ii) PN (10 valence elec- 
trons) 107 207 307 11°; (iii) SO™ (13 valence electrons) 107 207 307 In* 2n°. 


A Molecule B 
As 


3s or 5s 


2s 


Figure 9.7 


The molecular orbital diagram of IF is similar to the one shown in the solu- 
tion to Exercise E9D.1(b) where the orbitals on atom A are 5s and 5p. It is 
not possible to predict the precise energy ordering of the orbitals from simple 
considerations, so this diagram is simply a plausible suggestion. 


IF has 7 +7 = 14 valence electrons, therefore the ground state electron configu- 
ration is 107 207 307 1m* 2n*. IF* has one fewer electron than IF, therefore it has 
one fewer electron on the antibonding 27 orbital. IF~ has one more electron 
than IF, therefore it has one more electron accommodated on the antibonding 
4o orbital. Hence the order of decreasing bond order is IF", IF, IF~, which is 
expected to be the same as the order of increasing bond length. 
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E9D.3(b) 


E9D.4(b) 


E9D.5(b) 


A suitable MO diagram in shown in the solution to Exercise E9D.1(b). The ion 
with the greater bond order is expected to have the shorter bond length. SO* 
has 6 + 6 — 1 = 11 valence electrons, therefore the ground state electron con- 
figuration is lo” 207 30° 1n* 2n'. SO™ has two more electrons, both accom- 
modated in the antibonding 27 orbital. It follows that SO” has a greater bond 
order than SO~, therefore SO* is expected to have the shorter bond length. 


The relationship between the Pauling and Mulliken electronegativities is given 
by [9D.4-366], Ypauling = 1.35 ec — 1.37. A plot of the Pauling electroneg- 
ativities of Period 3 atoms against the square root of their Mulliken electroneg- 


ativities is shown in Fig. 9.8. 


XPauling 


1/2 
XMulliken 


Figure 9.8 


The equation of the best fit line is Ypauling = 2.68 Wie — 1.88, which is very 


far from the expected relationship. 


The orbital energy of an atomic orbital in a given atom is estimated using the 
procedure outlined in Brief illustration 9D.2 on page 369, and using data from 
the Resource section. The orbital energy of hydrogen is 


oy = —3[I + Eea] 
(1 eV) e 
(96.485 kJ mol’) 


= —}x[(1312.0 kJ mol’) +(72.8 kJ mol ')]x 


—-7.18 eV 


The conversion factor between kJ mol‘ and eV is taken from the front cover 
of the book. Similarly for bromine 


op, = —5[I + Eca] 


(1 eV) 


x[(1139.9 kJ mol !)+ (324.5 kJ mol™')] x = [-7.59 eV 


1 
2 


(96.485 kJ mol’) 


E9D.6(b) 


E9D.7(b) 


The orbital energies of hydrogen (ay = —7.18 eV) and bromine (ap, = —7.59 eV) 
are calculated in Exercise E9D.5(b). Taking 6 = —1.0 eV as a typical value and 
setting S = 0 for simplicity, substitution into [9D.9c-368] gives 


E. 


+ (ay + Opr) + 5 (OH — opr) f 7 ezi 


OH — Opr 


5[(-7.18 eV) + (-7.59 eV) ] 


+ 4[(-7.18 eV) - (-7.59 eV) ] [ t (aa aE ee eV) | 


1/2 


= (-7.38... eV) + (1.02... eV) 


Therefore the energy of the bonding molecular orbital is E. = (—7.38... eV) - 
(1.02... eV) = [-8.40 eV], and the antibonding orbital is at an energy level of 
E, = (-7.38... eV) + (1.02... eV) = [=6.36 eV]. 


The orbital energies of hydrogen (ay = —7.18 eV) and bromine (ap, = —7.59 eV) 
are calculated in Exercise E9D.5(b). Taking 6 = —1.0 eV as a typical value, and 
setting S = 0.2, substitution into [9D.9a-368] gives 


Ay + Apr —- 2BS + [(2BS = (ay + apr) )? - A(1 a S*) (aya, = pyr 


E — 
. 2(1 - $2) 


(-14.3... eV) + (1.03... eV) 
7 (1.92) 
Therefore the energy of the bonding molecular orbital is E_ = (—7.48... eV) - 


(0.539... eV) = [-8.02 eV], and the antibonding orbital is at an energy level of 
E, = (-7.48... eV) + (0.539... eV) =[=6.95 eV], 


= (-7.48... eV) + (0.539... eV) 


Solutions to problems 


P9D.2 


(a) The secular equations for a heteronuclear diatomic molecule with one 
basis orbital per atom are given by [9D.6a-367] and [9D.6b-367]. In this 
problem there are two atoms but three basis orbitals, so there are three 
secular equations which can be generalized from those for the case of two 
basis orbitals 

(aa - E)ca + (Bas = SapE)cp + (Bac = SacE)cc =0 
(Baa = SpaE)ca + (ap = E)cp + (Bac = SpcE)cec =0 
(Bea — ScaE)ca + (Bes — ScpE)cp + (Ac — E)cc = 0 
In this case, orbitals B and C are on the same atom. It follows that the 
resonance integral Bgc and the overlap integral Spc are zero, as the atomic 
orbitals on one atom are orthogonal to each other. Therefore the secular 
equations simplify to 
(aa _— E)ca + (Bas = SapE)cp + (Bac -_ SacE)¢c =0 
(Baa a SpaE)ca + (ap = E)cz =0 
(Boa a ScaE)ca + (ac a E)cc =0 
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and hence the secular determinant is 


a,—E Bas-SapE Bac-Sack 
Bea = SpaE ABR — E 0 
Boa — ScaE 0 ac-E 


(b) Substituting in the given values of the Coulomb integrals and the reso- 
nance integrals gives 


(i) 


(ii) 


( Tied eV) E ( 1.0 eV) SapE (-0.8 eV) = SacE 
(-1.0eV)-SpaE (-10.4eV)-E 0 
(-0.8 eV) = ScaE 0 (-8.4 eV) -E 


If the overlap integrals are set to zero the secular determinant ex- 
pands to give 


—E? — (26 eV)E* — (221.08 eV”) E — (613.936 eV’) 


Setting this to zero and finding the roots of the cubic (using mathe- 
matical software) gives the energies |E, = —10.7 eV}, |E, = —8.71 eV 
and |E3 = —6.58 eV}. 
For the case where the overlap is zero the hamiltonian matrix is (ex- 
pressed in units of eV) 


-7.2 -10 —0.8 
-1.0 —-10.4 0 
—-0.8 0 —8.4 


The matrix of eigenvectors which diagonalizes this matrix is found 
using mathematical software as 


0.294 0.349 0.890 
0.950 —0.206 —0.233 
0.102 0.914 —0.392 


The entries in each column of this matrix above give the coefficients 
of the atomic orbitals for the corresponding molecular orbital; the 
columns correspond to the molecular orbitals in the same order as 
the energies are quoted above. For example the molecular orbital 
with E, = -10.7 eV is Y% = 0.294 wa + 0.950 wp + 0.102 We. 

If the overlap integrals S,p and Sac are set to 0.2, the secular deter- 
minant becomes 


(-7.2eV)-E  (-10eV)-0.2E (-0.8eV) -0.2E 
(-1.0eV)-0.2E (-10.4eV)-E 0 
(—0.8 eV) - 0.2E 0 (-8.4eV)-E 


= (-0.92)E? — (24.528 eV) E” — (214.392 eV’) E — (613.936 eV’) 


The energies are found by setting the polynomial to zero and then 
finding the roots using mathematical software. The three roots give 


the energies | E, = —10.9 eV, |E, = —8.86 eV| and |E; = —6.93 eV|. It 
is seen that the energies are not greatly affected by the including the 
effect of non-zero overlap. 

When the overlap is non-zero, it is not quite so straightforward to 
find the coefficients of the molecular orbitals. It is necessary to return 
to the secular equations and, for each energy, to solve them to find 
the coefficients. 


9E Molecular orbital theory: polyatomic molecules 


Answer to discussion questions 


D9E.2 


D9E.4 


These are all terms originally associated with the Htickel approximation used 
in the treatment of conjugated 1 electron molecules, in which the 1 electrons 
are considered independent of the o electrons. The 7 electron binding energy is 
the sum of the energies of each 7 electron in the molecule. The delocalization 
energy is the difference in energy of the nm electrons between the conjugated 
molecule with n m bonds and the energy of n ethene molecules, each of which 
has one mt bond. The m bond formation energy is the energy released when a 
m bond is formed. It is obtained from the total 1 electron binding energy by 
subtracting the contribution from the Coulomb integrals, a. 


Gaussian type orbitals centred on atomic nuclei have the advantage over hydro- 
genic orbitals that the product of two Gaussian functions on different centres is 
equivalent to a single Gaussian function located at a point between the centres. 
Therefore, two-electron integrals on three and four different atomic centres can 
be reduced to integrals over two different centres, which are much easier to 
evaluate numerically; see Section 9E.3(a) on page 378. 


Solutions to exercises 


E9E.1(b) 


(i) Without taking the Hiickel approximations, the secular determinant of 
the H, molecule is written as 


a,—-E Bi2-SiE Bi3-S3E Bis - SE 
Bai — Sn E a,—-E B23 — S23E B24 — Sag 
B31-S3iE B32 — S32.E a3—E B34 — S34E 
Bar-SaE Baz-SyE B43 - Sy3E a,—E 


where a, is the Coulomb integral of the orbital on atom n, By» is the 
resonance integral accounting for the interaction between the orbitals on 
atoms n and m, E is the energy of the molecular orbital and S,,,, is the 
overlap integral between the orbtials on atoms n and m. 

Within the Hiickel approximations the energy of the basis atomic orbitals 
is taken to be independent of the position of the corresponding atoms in 
the molecule, therefore all Coulomb integrals are set equal to a (given 
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E9E.2(b) 


E9E.3(b) 


that there is only one type of basis atomic orbital and only one type of 
atom is involved in the problem). Interaction between orbitals on non- 
neighbouring atoms is neglected, that is By, = 0 if atoms n and m are 
not neighbouring. All other resonance integrals are set equal to 6. The 
overlap between atomic orbitals is also neglected, therefore all overlap 
integrals S,,,, with n + m are set to zero. Hence the secular determinant 
for linear H, is 


a-E 


B 
0 
0 


(ii) In this case hydrogen atoms 1 and 4 are neighbours, therefore B14 = f, 
and the secular determinant is 


a-E 
B a 


0 
B 


(i) The energies of the 1 molecular orbitals of the allyl system are calculated 
in Example 9E.1 on page 374 as E = a + 1.41, a, a — 1.418. Note that 
« and f are negative quantities, therefore the molecular orbital lowest in 
energy is the one with energy of a + 1.418. The allyl radical has three 
nm electrons and therefore the ground state ic configuration is yj y3. The 
n-electron binding energy is E, = 2(a + 1.418) + a =|3a + 2.826. 


(ii) The energies of the m molecular orbitals of cyclobutadiene are calculated 
in Example 9E.2 on page 376 as E = a + 2, a, a, a — 2. In the cyclobu- 
tadiene cation there are three m electrons and the ground state electronic 
configuration is yj v3. The m-electron binding energy is E, = 2(a+2B) + 
a =|3a+ 48) 


The delocalization energy is the energy difference between the m-electron bind- 
ing energy E, and the hypothetical m-electron binding energy if the given species 
had isolated m bonds; Egeloc = Ex — Nn(a + 8), where N, is the number of 
m electrons. The m-bond formation energy is defined in [9E.12-376] as Ep, = 
E, — Nya. 


(i) The allyl radical has 3 m electrons and its m-electron binding energy is 
calculated in Exercise E9E.2(b) as E, = 3a + 2.828. Therefore Edeloc = 
(3a +2.828) -3(a+ PB) =|-0.18Bjand Epp = (3a + 2.828) —3a =|2.826|. 
The calculation of E4e1o- does not quite work in this case because the third 
electron in the allyl radical would not be placed in a localized 1 bonding 
orbital but in a out-of-plane p orbital, with energy a. The localized energy 
is therefore 2(a + 8) + a = 3a + 2B and hence Egeloc = 0.828. 


E9E.4(b) 


E9E.5(b) 


(ii) The cyclobutadiene cation has 3 1 electrons and its m-electron binding 
energy is calculated in Exercise E9E.2(b) as E, = 3a + 48. Therefore 
Edeloc = (3a + 48) - 3(a + 8) =|B) and Eps = (3a + 48) - 3a =|48}, 


(i) Following the same logic as in Exercise E9E.1(b) and applying the Hiickel 
approximations as explained there the secular determinant for azulene 
is written as (the numbers in bold refer to the numbering of the carbon 
atoms in the molecule) 


1 2 3 4 5 6 7 8 9 10 
1jc-E B 0 0 0 0 0 0 0 &£ 
2} B a-E 8B 0 0 0 0 0 0 0 
3) 0 B a-E B 0 0 0 0 0 0 
4/0 0 Bf a-E B 0 0 0 0 8B 
5,0 0 0 fp a-E B 0 0 0 0 
6} 0 0 0 0 fp a-E Bp 0 0 0 
7| 0 0 0 0 0 B a-E B 0 0 
8| 0 0 0 0 0 0 B a-E B£ 0 
9; 0 0 0 0 0 0 0 B a-E fp 
10| 0 0 B 0 0 0 0 B a-E 

(ii) Similarly for acenaphthylene 

1 2 3 4 5 6 7 8 9 10 ll 12 
ljo-E B 0 0 0 0 0 0 0 0 Bg 0 
2) B o-E Bp 0 0 0 0 00 0 0 0 
3| 0 B a-E B 0 0 0 0 0 0 0 0 
4| 0 0 B a-E 8B 0 0 0 0 0 0 B 
5/0 0 0 Bf aE Bp 0 0 0 0 0 0 
6|0 0 0 0 Bf aE Bp 0 0 0 0 0 
7/0 0 0 0 0 £ a-E Bp 0 0 0 0 
8/0 0 0 0 0 0 B a-E Bp 0 0 &B 
9}0 0 0 0 0 0 0 £B aE gp 0 0 
10/0 0 0 0 0 0 0 0 B aE Bg 0 
nu) p 0 0 0 0 0 0 0 0 8B a-E £B 
2/0 0 0 g 0 0 0 g 0 0 £B a-E 


To calculate the m-electron binding energy of the given systems, it is necessary 
to calculate the energies of the occupied molecular orbitals. This is done by di- 
agonalising the hamiltonian matrix: the diagonal elements of the resulting ma- 
trix are the energies of the molecular orbitals. The hamiltonian matrix has the 
same form as the secular matrix except that the diagonal elements are « instead 
of a— E. Alternatively, the energies can be found my finding the eigenvalues of 
the hamiltonian matrix, or by multiplying out the secular determinant, setting 
the resulting polynomial in E to zero and then finding the roots. Mathematical 
software is needed for all of these approaches. 


The secular determinants are derived in Exercise E9E.4(b), and from these the 
form of the hamiltonain matrix is easily found. 
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E9E.6(b) 


(i) The entries of the diagonalized hamiltonian matrix for azulene are E = a+ 
2.318, a+ 1.658, «+ 1.368, a+0.887f, «+0.477B, «0.4008, a—0.7388, 
a — 1.586, a — 1.878, a — 2.108. The m system of azulene accommodates 
10 electrons, therefore the 5 lowest energy m molecular orbitals are filled. 
The m-electron binding energy is therefore E, = 2(a + 2.318) + 2(a + 
1.658) + 2(a + 1.368) + 2(a + 0.8878) + 2(a + 0.4778) =|10a + 13.48} 


(ii) The entries of the diagonalized hamiltonian matrix for acenaphthylene 
are E = a + 2.478, a+ 1.698, a + 1.688, a + B, a + 0.8316, a + 0.6386, 
a—0.2858, a—B, «-1.31B, a-1.438, a-1.928, a—2.36f. The m system of 
acenaphthylene accommodates 12 electrons, therefore the 6 lowest energy 
m molecular orbitals are filled. The m-electron binding energy is therefore 
Ex, = 2(a + 2.47B) + 2(a + 1.698) + 2(a + 1.688) + 2(a + B) + 2(a+ 
0.8318) + 2(a + 0.638B) = [12a + 16.6B| 


The hamiltonian for a single electron in H,* is given by [9B.1-351]. It has a 
kinetic energy term, T = —(h?/2m,.)V7{, and a potential energy term, V. The 
species LiH”* has two electrons, therefore the kinetic energy term is written as 


The energy of interaction between an electron and a nucleus with charge num- 
ber Z at distance r is given by —Ze*/4neor. The potential energy operator 
consists of terms for each electron interacting with the H nuclues (Z = 1) and 
the Li nucleus (Z = 3) 
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The first term represent the interaction between electron 1 and the H nucleus, 
and the second is for electron 2 with the same nucleus. The third and fourth 
terms represent the interactions of the two electrons with the Li nucleus. The 
last term accounts for the repulsion between the two electrons. The complete 
electronic hamiltonian is Heiec = T + V. Because only the electronic hamilto- 
nian is required, the repulsion between the two nuclei is not included. 


Solutions to problems 


P9E.2 


(a) Benzene has six carbon atoms in the ring, N = 6, therefore the values k 
can take are k = 0, 1, +2, +3 and hence the corresponding energies are 
Eo = a+ 28, Ex, = a+ B, Exo = a- B, and E,3 = a - 28. 
Cyclooctatetraene has eight carbon atoms in the ring, N = 8, therefore the 
values k can take are k = 0, +1, +2, +3, +4 and hence the corresponding 
energies are Ey = a + 28, Ex; = a+ 1.418, Exo = a, Ex3 = « — 1.41f, and 
Eu, =a- 2p. 
In both cases the molecular orbitals come in degenerate pairs, except for 
the lowest energy, most bonding molecular orbital, and for the highest 
energy, most antibonding molecular orbital. 


P9E.4 


(b) 


(c) 


The delocalisation energy is given by Egeloc = En — Nx(a + B), where 
N,, is the number of 7 electrons. In the ground state of benzene, two 
electrons occupy the orbital with energy Eo and four electrons occupy the 
degenerate pair of orbitals with energy E,,. Hence the m-electron binding 
energy of benzene is E, = 2Ey + 4Es) =2(a+28)+4(a+f) =6a+ 8B. 
Therefore the delocalization energy is Egeloc = 6a + 88 — 6(a + B) = |2f |. 


To calculate the delocalization energy of hexatriene, the energies of the 
occupied molecular orbitals are required. The six electrons in the 7 sys- 
tem of hexatriene occupy the three lowest energy orbitals, therefore the 
m-electron binding energy is 


E, = 2E, + 2E,+2E3 
= 2[a + 28 cos(n/7)] + 2[a + 2B cos(2n/7)] + 2[a + 28 cos(31/7) | 
= 6a + (6.98...)B 


Hence the delocalization energy of hexatriene is Edeloc = 64+ (6.98...) B- 
6(a + 8) = |0.998|. The lowering in energy as a result of delocalization 
in benzene in greater than in hexatriene, consistent with the ‘aromatic’ 
system in benzene. 


The m-electron binding energy in cyclooctatetraene is 
E, = 2Eo + 4Es) + 2Ex2 = 2(a+ 28) + 4(a+ 1.418) + 2a = 8a + 9.648 


The delocalization energy is therefore Egeioc = 8a + 9.648 — 8(a + B) = 
1.648 | 
The m-electron binding energy in octatetraene is 


E, =2E,+2E,+2E3;+2E,4 
= 2[a + 2B cos(n/9)] + 2[a + 2B cos(27/9)] 
+2[a+ 2B cos(3n/9)] + 2[a + 2B cos(4n/9)] 
= 8a+ (9.51...)B 


Therefore the delocalization energy is Egeloc = 84+ (9.51...) B-8(a+f) = 
1.526}. The difference in delocalization energies between cyclooctate- 
traene and octatetraene is much smaller than the difference in the values 
for benzene and hexatriene. This is taken as an result of benzene being 
‘aromatic’ in contrast to cyclooctatetraene which is sometimes described 
as ‘antiaromatic. 


Within the Hiickel approximations, the secular determinant of ethene is 


a-E £B 
B ia 


The hamiltonian matrix is of the same form, but with diagonal elements a 


(5 sea) 
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As explained in the text, in order to find the energies it is sufficient to diagonal- 
ize the matrix on the right, and this is convenient because most mathematical 
software packages are only able to diagonalize numerical matrices. The matrix 
which achieves the diagonalization is 


0.707 0.707 
0.707 —0.707 


and the diagonal elements are + 1.00, implying that the energies are a + 1.00 f. 


The secular determinant and hamiltonian matrix for butadiene are 


a-E Bp 0 0 0100 
B a-E Bp 0 - 1010 
0 Bp a-E B FEE oe a vid 
0 0 pf a-E 0010 


The matrix which achieves the diagonalization is 


0.372 0.602 0.602 0.372 
0.602 0.372 -0.372 —0.602 
0.602 —-0.372 —0.372 0.602 
0.372 —0.602 0.602 -0.372 


The diagonal elements are +1.62, and +0.618, implying that the energies are 
a+1.628 anda +0.618 f. 


The secular determinant and hamiltonian matrix for hexatriene are 


a-E Bp 0 010000 
0 101000 
0 010100 
0 
B 


H=a1+Bl 991010 


000101 


0 
B 
Bp a 
0 
0 E 000010 


ooco}™D 


This is diagonalized by the matrix 


0.232 0.418 0.521 0.521 0.418 0.232 
0.418 0.521 0.232 0.232 —0.521 0.418 
0.521 0.232 —-0.418 -0.418 0.232 0.521 
0.521 —0.232 —-0.418 0.418 0.232 —-0.521 
0.418 —-0.521 0.232 0.232 —-0.521 0.418 
0.232 —-0.418 0.521 -0.521 0.418 —0.232 


The diagonal elements are +1.80, +1.25, and +0.445, implying that the energies 
are a+ 1.806, a + 1.25 $8, and a + 0.445 B 


P9E.6 


The secular determinant and hamiltonian matrix for octatetraene are 


“w-E B 0 0 0 0 0 0 01000000 
B a-E Bp 0 0 0 0 0 10100000 
0 B a-E B 0 0 0 0 01010000 
0 0 B a-E B 0 0 0 00101000 
0 0 0 B a-E B 0 0 H=al+By 9910100 
0 0 0 0 B a-E B 0 00001010 
0 0 0 0 0 §£ a-E B 00000101 
0 0 0 0 0 0 £B a-E 00000010 


This is diagonalized by the matrix 


0.161 0.303 0.408 0.464 0.464 0.408 0.303 0.161 
0.303 0.464 0.408 0.161 0.161 —0.408 —0.464 —0.303 
0.408 0.408 0 —0.408 —0.408 0 0.408 0.408 
0.464 —0.161 -0.408 —0.303 0.303 0.408 -0.161 —0.464 
0.464 —0.161 -0.408 0.303 0.303 -—0.408 —-0.161 0.464 
0.408 —0.408 0 0.408 —-0.408 0 0.408 —0.408 
0.303 —0.464 0.408 -—0.161 -0.161 0.408 —0.464 0.303 
0.161 —0.303 0.408 —0.464 0.464 -0.408 0.303 —-0.161 


The diagonal elements are +1.88, +1.53, +1.00, and +0.347, implying that the 
energies are a + 1.888, a+ 1.538, a + 1.00 B, and a + 0.347 B. 


Each column of the diagonalization matrices gives the coefficients of the atomic 
orbitals for the corresponding molecular orbitals. For each molecule, the first 
column gives the coefficients for the lowest energy 1 molecular orbital. All of 
these coefficients have positive signs, therefore the lowest energy m molecular 
orbital has no nodes and the lowest energy m molecular orbital is delocalized 
over all carbon atoms in the chain. On going to successive columns to the right 
the energy of the molecular orbital increases and the number of sign changes 
within a column increases. These sign changes correspond to nodes in the 
molecular molecular orbitals. 


The bonding and antibonding effects of the HOMO and LUMO have to be con- 
sidered to predict the changes in bond strength that accompany the transition. 
The ground state electron configuration of butadiene is 1n” 2n’, therefore the 
HOMO of butadiene is the 2m molecular orbital. Looking at Fig. 9E.2 on page 
376, this molecular orbital is bonding between carbon atoms Cl and C2 and 
likewise between C3 and C4, but antibonding between C2 and C3. The LUMO 
of butadiene is the 3m molecular orbital, which is antibonding between carbon 
atoms Cl and C2 and likewise between C3 and C4, but bonding between C2 
and C3. Therefore promotion of an electron from the HOMO to the LUMO 
weakens the bonding between Cl and C2 and likewise between C3 and C4, but 
strengthens the bonding between C2 and C3. 


The HOMO of benzene is the e;, orbital and the LUMO is the e>, orbital. One 
of the ej, orbitals, the one on the right in Fig. 9E.4 on page 377, is bonding 
between two pairs of neighbouring carbon atoms, and nonbonding between all 
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P9E.8 


other pairs of neighbours. One of the e2, orbitals, the one on the left in Fig. 9E.4 
on page 377, is antibonding between the same two pairs of neighbouring carbon 
atoms as above, and nonbonding between all other pairs of neighbours. There- 
fore promotion of an electron between these two orbitals decreases the bond 
strength between these two pairs of neighbours, and leaves the bond strength 
unchanged between all other pairs. 


However, the situation is more complicated due to the degeneracy of the HOMO 
and LUMO. Promotion of an electron between all possible pairs of HOMO and 
LUMO have to be considered together. Due to the six-fold rotational symme- 
try of benzene, the bond strength between each pair of atoms is expected to 
change the same way. The HOMO of benzene is overall bonding, whereas the 
LUMO is antibonding, therefore promotion of an electron from the HOMO 
to the LUMO will, in fact, decrease the bond strength between all pairs of 
neighbouring carbon atoms in the molecule. 


To estimate if the given species are stable with respect to dissociation into smaller 
entities, the standard internal energy change for each dissociation reaction is 
calculated and its sign examined. This change in internal energy is given by the 
change in the total electron binding energies (Etot). 


The energies of the molecular orbitals are calculated using the expression given 
in Problem P9E.2. The occupied orbitals are identified and with this infor- 
mation it is then possible to calculate the total electron binding energy of the 
hydrogen ring compounds, as in the table below (VE is the number of valence 
electrons) 


species VE_ energies of occupied MOs Etot 

Hy 4  «a+2f8, a (degenerate) 4a +46 
H;* 4 «+28, a+0.6186 (degenerate) 4a +5.24f 
H;~ 6 «a«+2$,a+0.618f (degenerate) 6a + 6.478 
He 6 «+28, a+ $ (degenerate) 6a + 8B 
H,* 6 «a«+2$,a+1.258 (degenerate) 6a+9f 
H, 2 at+B 2a + 28 
H;* 2 a+28 2a + 4B 
H- 2 a 20 


The table includes some other species of interest in these calculations. Note that 
in Problem P9E.7 it is shown that H;* is lower in energy than H* + Hp, therefore 
the positively charged hydrogen ring compounds are more likely to dissociate 
into H and H;3", than to H2 and H". The negatively charged hydrogen ring 
compounds are likely to give H, and H as dissociation products. 


The stability of each species is examined in turn. 


(i) The dissociation of Hy is likely to give two H2 molecules, Hy —— 2 Hp. 
Therefore A,U® = Eto¢(products) — Eto¢ (reactants) = 2(2a@ +28) - (4a + 
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(ii) 


(iii) 


(iv) 


(v) 


48) = 0. This means that there is no change in energy on dissociation, 
but the process is likely to occur because of the increase in entropy that 
will result. 


The most likely dissociation process for Hs* is H3* ——> Hp» + H;*. 
Therefore A,U® = (2a + 28) + (2a + 48) - (4a + 5.248) = 0.766. This 
value is negative, hence H;* is likely to be unstable with respect to H, and 
H3*. 


The most likely dissociation process for Hs" is Hj» ——> 2H, +H. 
Therefore A,U® = 2(2a + 28) + (2a) - (6a + 6.478) = -0.478. This 
value is positive, hence Hs" is likely to be stable with respect to Hz and 
H. 


The most likely dissociation process for Hs is Hj ——> 3 Hp. Therefore 
A,U® = 3(2a + 2B) - (6a + 88) = -28. This value is positive, hence Hg 
is likely to be stable with respect to Hp. 


The most likely dissociation process for H7* is H7* ——> 2H) + H;°*. 
Therefore A,U® = 2(2a +28) + (2a + 48) - (7a +98) = —B. This value 
is positive, hence H7” is likely to be stable with respect to H2 and H;*. 


Data for ethanol (C1 is the oxygen-bearing carbon): 


ethanol AMI* PM3* experimental 
Cl-C2/pm 151.2 151.8 153.0 
Cl-O/pm 142.0 141.0 142.5 
Cl-H/pm 112.4 110.8 110 
C2-H/pm 111.6 109.7 109 
O-H/pm 96.4 94.7 97.1 
C2-Cl1-O/° 107.34 107.81 107.8 
Cl-O-H/° 106.65 106.74 

H-Cl1-H/° 108.63 106.98 

H-C2-H/° 108.24 107.24 

ArH*(g) /kJmol™! —262.18 —237.87 -—235.10 
dipole/D 1.55 1.45 1.69 


Both methods give fair agreement with experiment but PM3 gives a better 
estimate of formation enthalpy. 


Data for 1,4-dichlorobenzene (C1 is a chlorine-bearing carbon): 
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1,4-dichlorobenzene AMI1* PM3* _ experimental 


Cl-C2/pm 139.9 139.4 138.8 
C2-C3/pm 139.3 138.9 138.8 
Cl-Cl/pm 169.9 168.5 173.9 
C2-H/pm 110.1 109.6 
Cl-Cl-C2/° 119.71 119.42 
Cl-C2-H/° 120.40 120.06 
Cl-Cl-C2-H/° 0.00 0.00 
ArH®(g)/kJmol' 33.36 42.31 24.6 
dipole/D 0.00 0.00 0.0 


Both methods give poor agreement with the experimental formation enthalpy 
but both methods are in broad agreement with experimental structural values. 


Integrated activities 


19.2 


(a) 


(b) 


(c) 


All the coefficients of the atomic orbitals for the molecular orbital y; are 
positive, therefore it is a fully bonding molecular orbital. The molecular 
orbital y3 has alternating positive, negative and then positive coefficients, 
therefore it is a fully antibonding molecular orbital. The molecular orbital 
Wz is non-bonding, with no interaction between atomic orbitals on adja- 
cent atoms. 


The oxygen, carbon and nitrogen atoms all contribute one p orbital (the 
2p, atomic orbital) to the m system, therefore they must be sp* hybridized. 
All the o bonds to an sp* hybridized atom must lie in the same plane, 
therefore all the atoms connected to the oxygen, carbon and nitrogen 
atoms must lie in the same plane together with the oxygen, carbon and 
the nitrogen atoms. 


The molecular orbital energy level diagram is shown in part (a). There 
are four electrons in the m system of the peptide link. Two electrons come 
from the formal m bond between the oxygen and the carbon atoms, and 
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two from the formal lone pair on the nitrogen atom. Hence the two low- 
est energy molecular orbitals, that is the bonding and the non-bonding 
molecular orbitals, are filled. 


This picture of bonding in the peptide group does not invoke delocal- 
ization. The lowest energy, bonding molecular orbital, y4, represents a 
localized m bond between the oxygen and the carbon atoms. According 
to this representation, the next highest energy molecular orbital, ws, is 
the lone pair on nitrogen, a non-bonding molecular orbital. The high- 
est energy molecular orbital, yw is the antibonding m* molecular orbital 
between the oxygen and the carbon atoms. The four electrons in the nm 
system occupy the two lowest energy molecular orbitals. 


e| BY v Ys 


Assume that the oxygen, carbon and nitrogen atoms are sp” hybridized. 
The p orbital on nitrogen is in the plane in which the oxygen, carbon and 
their neighbouring atoms are, therefore the two other atoms connected 
to nitrogen must lie in a plane perpendicular to this one. Therefore the 
oxygen, carbon, nitrogen and the neighbouring atoms cannot all lie in the 
same plane. 


The bonding molecular orbital y; must be lower in energy than 4, be- 
cause y; extends over three atoms and is bonding between two pairs of 
atoms, whereas w4 extends over two atoms only and is bonding between 
one pair of atoms only. Following the same logic, y3; must be higher in 
energy than yo. Disregarding the small difference in the Coulomb inte- 
gral of nitrogen and oxygen, the nonbonding orbitals have approximately 
the same energies. 


Only the two lowest energy molecular orbitals are occupied in either case. 
Occupation of the non-bonding orbital does not result in any difference 
in the m-electron binding energies. The bonding molecular orbital in the 
case of the planar peptide link is lower in energy, hence occupation of 
this orbital results in greater m-electron binding energy when compared 
with the occupation of the bonding molecular orbital in the non-planar 
peptide link. Therefore planar geometry is the lower energy conformation 
of the peptide link. 
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19.4 The lower the energy of the vacant orbital, the lower the energy cost of transfer- 
ring an electron into that orbital. Hence the tendency of the species to accept 
electrons is greater, and so the standard reduction potential of the given species 
is also greater. Therefore lower LUMO energy leads to greater standard reduc- 
tion potential. 


19.6 (a) The table below lists the energy of the HOMO and the LUMO of the 
relevant molecules calculated using the PM3 method. The energy gap 
AE between the HOMO and LUMO is given in eV, as well as the corre- 
sponding wavenumber of the transition. 


molecule E,umo Eyomo AE (AE/hc) Vobs 
leV /eV /eV  /(10*cm™!) —/cm"! 

C,H, 1.23 —-10.6 11.8 9.52 61500 
C4H¢6 0.263 —9.47 9.73 7.85 46080 
CoH —0.249 —8.90 8.65 6.98 39750 
CgH jo —0.557 —8.58 8.02 6.47 32900 
CoH 0.756 -8.38 762 6.15 
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Fops/(104 cm!) 
Figure 9.9 


(b) A plot of the predicted frequency of the transitions against the observed 
frequencies is shown in Fig. 9.9. The data points are of a good fit to a 
straight line. The equation of the best fit line is 


(AE/hc)/(10* cm™') = 1.09 %45,/(10* cm™!) + 2.78 


(c) The HOMO-LUMO energy gap for decapentaene calculated using the 
PM3 method corresponds (AE/hc)/(10* cm™') = 6.15, therefore the 
predicted wavenumber of the transition is given by 

6.15 — 2.78 


Vops/(10* cm7') = 1.09. = 3.09 


hence the transition is predicted to be at [3.09 x 10* cm7'|. 


319 


(d) The computational method used in this problem adequately predicts the 
trend in the transition wavenumber but performs poorly in predicting its 
absolute value; an error of about 30000 cm”? is typical. The calibration 
procedure is used to correct the predicted transition wavenumber so that 
it agrees as closely as possible with the observed values as possible. 


10A Shape and symmetry 


Answers to discussion questions 


DI0A.2 


ie) Molecular symmetry 


symmetry operation 


symmetry element 


identity, E 
n-fold rotation 
reflection 
inversion 


n-fold improper rotation 


the entire object 

n-fold axis of symmetry, C, 
mirror plane, o 

centre of symmetry, i 


n-fold improper rotation axis, S, 


D10A.4 — A molecule may be chiral (optically active) only if it does not possess an axis of 


improper rotation, S,. 


Solutions to exercises 


E10A.1(b) From the table in Section 10A.2(c) on page 393 a molecule belonging to the 
point group D3y, such as BF; (Fig. 10.1), possesses 


¢ the|jidentity E 


¢ a|C3 axis/ perpendicular to the plane of the molecule and passing through 


the boron atom 


three |C2 axes} each passing through the boron and one of the fluorine 


atoms 


¢ alhorizontal mirror mirror plane o;,| in the plane of the molecule 


In addition 


¢ the elements C3 and o jointly imply the presence of an|S3|axis coincident 


with the C3 axis 


* the presence of the C3 axis and three C2 axes jointly imply the presence of 


three |vertical mirror planes o, 


, each containing the C3 axis and passing 


through the boron and one of the fluorines 
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E10A.2(b) 


Figure 10.1 


The point group of the trans-difluoroethene molecule is identified by following 
the flow diagram in Fig. 10A.7 on page 391. Firstly, the molecule is not linear, 
which leads to the question “Two or more Cy, n > 2? There is one C2 axis 
perpendicular to the plane of the molecule, but no higher order axes, so the 
answer to this question is ‘No. However the fact that it does have a C2 axis 
means that the answer to the next question “C,,?” is “Yes. 


This leads to the question “Select C,, with the highest n; then, are there nC, 
perpendicular to C,,?” The answer to this is ‘No’ because the C, axis identified 
so far is the only C,, axis possessed by the molecule; there are therefore no C2 
axes perpendicular to it. 


This leads to the question “oy?” to which the answer is Yes’ because there is a 
horizontal mirror plane in the plane of the molecule, perpendicular to the C2 
axis. This leads to the result C,,,, and because the C,, axis with highest n in this 
molecule is C2, it follows that the point group is | C2) |. 


Alternatively, the point group may be identified from the table in Fig. 10A.8 on 
page 391 by drawing an analogy between the shape of the trans-difluoroethene 
molecule and the shape that appears in the in the box corresponding to Cop. 


From the table in Section 10A.2(c) on page 393 a molecule belonging to the 
point group C2, such as trans-difluoroethene posseses 


the jidentity E 


¢ aC» axis) perpendicular to the plane of the molecule and passing through 
the midpoint of the C=C double bond. 


¢ a{horizontal mirror plane o},|in the plane of the molecule 


In addition 


¢ The C2 and oy elements jointly imply a [centre of inversion i} which lies 
at the midpoint of the C=C double bond. 


These symmetry elements are shown in Fig. 10.2. 


Figure 10.2 


E10A.3(b) ‘The objects to be assigned are shown in Fig. 10.3. For clarity not all symmetry 
elements are shown. 


Figure 10.3 


(i) 


(ii) 


(iii) 


(iv) 


A sharpened cylindrical pencil is assigned a point group using the flow 
diagram in Fig. 10A.7 on page 391, assuming that the main part of the 
pencil is a perfect cylinder with no lettering or other pattern and that the 
sharpened tip is a perfect cone. It is linear, in the sense that rotation by any 
angle around the long axis of the pencil is a symmetry operation so that 
the pencil possesses a C,. axis. However, unless it has been sharpened 
at both ends, it does not possess a centre of inversion i. From the flow 
diagram this establishes its point group as |C.y|. 


Alternatively the point group may be identified from the summary table 
in Fig. 10A.8 on page 391 by drawing an analogy between the shape of the 
pencil and the cone in the cell of the table corresponding to Cay. 


Modelling the box as a cuboid with length, width and height all different 
and ignoring any lettering, pattern, and any means of opening the box, its 
point group is established using the flow diagram in Fig. 10A.7 on page 
391. It has three C2 axes, each passing through the centre of a pair of 
opposite faces. It also has three mirror planes, one perpendicular to each 
of the three C; axes. Using the flow diagram this establishes its point 
group as | Doh}. 


Alternatively the point group may be identified from the summary table 
in Fig. 10A.8 on page 391 by noting that the symmetry of the box is the 
same as that of the rectangle in the cell corresponding to D2). 


An unpatterned coffee mug with a handle has a plane of symmetry that 
contains the handle, but no other symmetry elements apart from the iden- 
tity. Using the flow diagram in Fig. 10A.7 on page 391 this identifies its 
point group as |C,|. 


The described propeller has a C3 axis along the axis of the propeller anda 
op mirror plane perpendicular to this which contains the three blades. It 
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also has three C axes perpendicular to the C3 axis, each passing through 
one of the blades, as well as three o, mirror planes and an S3 axis. Us- 
ing the flow diagram in Fig. 10A.7 on page 391 these symmetry elements 
establish the point group as |D3p | 


(v) Ifthe blades on the propeller are twisted then the C3 axis and the three C, 
axes are retained but the there are no longer any mirror planes. Using the 
flow diagram in Fig. 10A.7 on page 391 the point group is therefore | D3}. 


E10A.4(b) The molecules to be assigned are shown in Fig. 10.4. For clarity not all symme- 
try elements are shown. 


Furan/C,,| y-pyran|C2,| 1,2,4-trichlorobenzene |C, 


Figure 10.4 


In each case the point group is identified using the flow diagram in Fig. 10A.7 
on page 391 having identified the symmetry elements, or by drawing an analogy 
with one of the shapes in the summary table in Fig. 10A.8 on page 391. 


(i) Furan possesses the symmetry elements 
 thejidentity, E 


e a/C>| axis that lies in the plane of the molecule and passes through 
the oxygen atom. 


¢ two different |vertical mirror planes o,|, both containing the C2 axis 
but with one lying in the plane of the molecule and the other per- 
pendicular to it. 


The point group is |C2y|. 


(ii) Assuming the six-membered ring to be planar, y-pyran possesses the sym- 
metry elements 


the identity, E 


e a/C>| axis that lies in the plane of the molecule and passes through 
the oxygen atom and the opposite carbon 


two different |vertical mirror planes o,| both containing the C, axis 
but with one lying in the plane of the molecule and the other perpen- 
dicular to it and containing just the oxygen and the opposite carbon. 


The point group is |C2,|. 


(iii) 1,2,4-trichlorobenzene has a|mirror plane o|in the plane of the molecule 
but no other symmetry elements apart from the identity. Its point group 
is therefore |C,|. 
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E10A.5(b) The molecules to be assigned are shown in Fig. 10.5 along with some of their 
symmetry elements. For clarity not all symmetry elements are shown in all 
cases. 


cubane | O};, tetrafluorocubane | Ty 


Figure 10.5 


(i) HF is a linear molecule and does not possess a centre of inversion. Using 
the flowchart in Fig. 10A.7 on page 391 this is sufficient to establish the 
point group as | Coy}. 


(ii) IF; possesses a Cs axis that passes through the iodine and the two axial 
fluorine atoms, and five C, axes perpendicular to the Cs axis, each of 
which passes through the iodine and one of the five equatorial fluorine 
atoms. It also has a o, mirror plane containing the iodine and all five 
equatorial fluorines. These symmetry elements establish the point group 
as|Csh|. The molecule also has five o, mirror planes each containing the 
iodine, the two axial fluorines and one of the equatorial fluorines, and an 
Ss axis coincident with the C; axis. 


(iii) The T-shaped molecule CIF; has a C2 axis that passes through the chlorine 
and the fluorine at the base of the T. It also has two o, mirror planes 
containing this axis; one of these corresponds to the plane of the molecule 
and contains all four atoms while the other is perpendicular to it and 
just contains the chlorine and the fluorine at the base of the T. These 
symmetry elements establish the point group as |C2, | 
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(iv) 


(v) 


(vi) 


Fe,(CO) 9 possesses a C3 axis that passes through the two iron atoms, and 
a o} mirror plane perpendicular to this axis that passes through the three 
bridging CO groups. There are also three Cz axes perpendicular to the C3 
axis, each passing through one of the three bridging CO groups. These 
symmetry elements establish the point group as |D3),. The molecule also 
has an S3 axis coincident with the C3 axis, and three o, planes, each 
passing through the two iron atoms, one of the bridging CO groups, and 
one of the terminal CO groups on each iron. 


Cubane has the same symmetry as a cube. It has three C, axes, each 
passing through the centre of a pair of opposite faces, and three o;, mirror 
planes, one perpendicular to each C4 axis. It also has four C3 axes, each 
passing through a pair of diagonally opposite corners, six C, axes which 
pass through the centres of diagonally opposite edges, and six og mirror 
planes perpendicular to these six C2 axes. Finally there are three S, axes 
coincident with the C, axes, four S¢ axes coincident with the C3 axes, and 
a centre of inversion i. This set of symmetry elements matches that given 
for the | Oy group in the table in Section 10A.2(e) on page 393, and Oy, is 
also the conclusion reached from the flow diagram in Fig. 10A.7 on page 
391. 


In tetrafluorocubane, the four C3 axes which pass through opposite cor- 
ners of the cube are retained, as are the six og planes. However, the C4 
axes through opposite sides of the cube are replaced by C axes due to the 
reduced symmetry, and the C2 axes that were present passing through 
opposite edges are no longer present. The o}, mirror planes are also lost, 
as is the centre of inversion and the S¢ axes, but the three S, axes are still 
present. The set of symmetry elements present matches that given for the 
Ta| group in the table in Section 10A.2(e) on page 393, and Ty is also the 
conclusion reached from the flow diagram in Fig. 10A.7 on page 391. 


E10A.6(b) ‘The molecules are shown in Fig. 10.6 along with their point groups. For clarity 
not all symmetry elements are shown. 


trans-C,H>F,  1,2,4-trinitrobenzene 
Con C, 


Figure 10.6 


As explained in Section 10A.3(a) on page 394, only molecules belonging to the 
groups C,, Cyy, and C, may be polar. 


(i) CHF;, fluoroform, belongs to point group C3, so it 
dipole must lie along the C3 axis, which passes through the hydrogen and 


the carbon. 
(ii) 


Therefore it 


may not 


be polar. 


may be polar}. 


The 


PCI; has a trigonal bipyramidal shape and belongs to point group D3p. 


(iii) 
(iv) 


1,2,4-trinitrobenzene belongs to point group C, so it 


trans-difluoroethene belongs to point group Cy so it 


be polar. 


may not 


may be polar’. 


E10A.7(b) There are 15 distinct isomers of dichloroanthracene, which are shown in Fig. 10.7 


together with their point groups. All isomers have a mirror plane in the plane 
of the paper; additional symmetry elements are marked. 


Cl 
1 9 
Clyr2 : BS 
3 Z 
4 10 
1,2 isomer 


1,6 isomer 


Cs 


C, 


1,3 isomer 


C, 


1,7 isomer 


C, 


Coy 


1,10 isomer |C, 2,3 isomer 
Cl 5 
2,9 isomer |C, 2,10 isomer 
Figure 10.7 


1,4 isomer 


Cay 


OY diy GOS. OBE 


1,5 isomer 


GO gL 


1 
C2,6y 


1,8 isomer 


2,6 isomer 


Con 


Coy 


1,9 isomer 


oo Oy 


Con 


2,7 isomer 


. a 


Cs 


a Oy 


9,10 isomer 


C, 


neces 


Coy 


Don 


E10A.8(b) As explained in Section 10A.3(b) on page 395, to be chiral a molecule must not 


possess an axis of improper rotation, S,. This includes mirror planes, which 
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are the same as Sj, and centres of inversion, which are the same as S,. The table 
in Section 10A.2(e) on page 393 shows that a molecule belonging to T;, pos- 
sesses S¢, i, and o, symmetry elements, so such a molecule|may not be chiral}. 
Similarly the table in Section 10A.2(e) on page 393 shows that a molecule be- 
longing to Ty possesses S4 and og symmetry elements, so such a molecule 
may not be chiral|. 


Solutions to problems 


P10A.2 


P10A.4 


The molecules are shown in Fig. 10.8 along with some of their key symmetry el- 
ements. For clarity the sulfur atoms have been omitted and not all symmetry el- 
ements are shown. The point group of each species is determined using the flow 
diagram in Fig. 10A.7 on page 391. Then, as explained in Section 10A.3(a) on 
page 394, molecules belonging to C,,, C,,,, or C, may be polar while molecules 
belonging to all other point groups are not. 


Cy Cy 
Cl Cl 
Fi, aF Fi, LaF 
F F F F 
F aI 
SF;Cl trans-SF4Cl, 
Cay, polar Day, not polar 


cis-SF4Cl, fac-SF3Cl3 mer-SF3Cl3 
C2y, polar C3y, polar Coy, polar 


Figure 10.8 


There are five distinct geometric isomers which are shown in Fig. 10.9 together 
with their point groups and some of their symmetry elements. For clarity not 
all symmetry elements are shown. 


As explained in Section 10A.3(b) on page 395 a molecule is only chiral only if it 
does not possess an S,, axis; this includes mirror planes o, which are equivalent 
to S;, and centres of inversion i, which are equivalent to S,. Of the five isomers 
only the |all-cis|isomer, which possesses no symmetry elements apart from the 
identity and therefore belongs to the point group C,, is chiral. 
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-C2 
. A : 
Ban fine” A 
F Bp. 2 i fo 
v ’ B 
C: 1 
Oo = B 
all trans A trans B trans C trans all cis 
Dan Coy Cory Coy C, 
Figure 10.9 
‘Od t”t~<Cs~st‘“‘CN 
| H2N 
|+@==zS = 
HoN 
Figure 10.10 


P10A.6 = The [Ni(C7HyN502)2]* ion is shown in Fig. 10.10. 


The complex possesses a C axis which passes through the nickel and the two 
pyridine nitrogens, and an S4 axis coincident with this. Viewing the complex 
down this C2 axis reveals two C}, axes and two mirror planes, which are dihedral 
planes oq because they bisect the angle between the C}, axes. Using the flow 
diagram in Fig. 10A.7 on page 391 these symmetry elements establish the point 
group as | Dy q\. 


10B Group theory 


Answer to discussion questions 


DI10B.2 A representative is a mathematical operator, usually taking the form ofa matrix, 
that represents the effect of a particular symmetry operation. It is constructed 
by considering the effect of the operation on a particular set of basis functions. 
The set of all these mathematical operators corresponding to all the operations 
of the group is called a representation. 


D10B.4 The process by which a representation is reduced in described in Section 10C.1(b) 
on page 408. 
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Solutions to exercises 


E10B.1(b) 


E10B.2(b) 


BF; belongs to the point group D3,. The C3 operation corresponds to rota- 
tion by 120° around the C3 axis which passes through the boron atom and is 
perpendicular to the plane of the molecule. 


Figure 10.11 


Using the orbital numbering shown in Fig. 10.11, a 120° rotation in the direction 
indicated leaves the boron p orbital p; unchanged but permutes the fluorine 
orbitals: p2 is converted to p3, p3 to p4, and p, to p2. This effect is written as 
(Pi P3 Pa P2) <— (Pi P2 P3 Ps ) which is expressed using matrix multiplica- 
tion as 


D(C3) 
a 


1000 


0001 
(Pi P3 Pa P2) = (Pi P2 Ps Ps) 0100 = (Pi P2 p3 pa )D(Cs) 


0010 


The representative of this operation is therefore 


1000 
0001 
0100 
0010 


D(C3) = 


BF; belongs to the point group D3,. The o}, operation corresponds to a re- 
flection in the plane of the molecule, while the C3 operation corresponds to 
rotation by 120° around the C; axis which passes through the boron atom and 
is perpendicular to the plane of the molecule (Fig. 10.12). 


Figure 10.12 


Using the orbital numbering shown in Fig. 10.12, the matrix representatives 
for the o, and C3 operations were found in Exercise E10B.1(a) and Exercise 


E10B.3(b) 


E10B.1(b) to be 


-10 0 0 1000 
0-10 0 0001 
D0) =| 9 9 -1 0 and D(C3)=| 9 1 99 
00 0 4 0010 


The matrix representative of the operation C30; is found by multiplying the 
matrix representatives of C3 and oy. Basic information about how to handle 
matrices is given in The chemist’s toolkit 24 in Topic 9E on page 373. 


1000\/-10 0 0 a 0 
0001]}] 0-10 0 i 0 6 =i 
D(Cs)D(on) =| 1 00]1 0 0 -1 0 |=] 0 -1 0 0 
0010/\0 0 0 -1 0 0-10 


The operation corresponding to this representative is found by considering its 
effect on the starting basis 


-10 0 0 


0 0 0-1 
(Pi P2 P3 Ps) 0-10 0 =(-Ppi -P3 —P4 —P2 ) 


The operation C30}, therefore changes the sign of p;, and converts p2, p3 and 
p4 into —p3, —p4, and —p» respectively. This is precisely the same outcome 
as achieved by the |S3 operation}, that is, a 120° rotation around the C3 axis 
followed by a reflection in the o, plane. Thus, D(C3)D(on) = D(S3). 


Fig. 10.13 shows BF3, an example of a molecule with D3, symmetry. The three 
C, axes are labelled C,, C, and C7’, and likewise for the o, mirror planes. 


= C2! ,0y' 


4 vw ~y 


a ae ‘eA “4 é 
Co Oy ; 3 Co,6y Co" oy" r Co, 0y Co,6y 
Gy aCe = a, Cal, = 0" Cre Gs S09 
Figure 10.13 


The criteria for two operations R and R’ to be in the same class is given by 
[10B.1-398], R’ = S~'RS where S is another operation in the group. The task is 
therefore to find an operation S in D3, such that this equation is satisfied when 
Rand R’ are two of the o, planes. 
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E10B.4(b) 


E10B.5(b) 


Referring to the first diagram in Fig. 10.13, to show that o, and oj are in the 
same class consider the operation C)/"'o, C4’. Start at the arbitrary point 1, and 
recall that the operations are applied starting from the right. The operation C4 
moves the point to 2, and then o, moves the point to 3. The inverse of a C2 
rotation is itself, C/~' = CY, so the effect of C’/~! is to move the point to 4. 
From the diagram it can be seen that 4 can be reached by applying o/ to point 
1, thus demonstrating that C~!o,C%’ = o/ and hence that oy and o/ belong to 
the same class. 


In a similar way the second diagram in Fig. 10.13 shows that Cy! o/C2 = o/’ and 
hence that a; and o,’ belong to the same class, while the third diagram shows 
that o{’ and o, belong to the same class. 


The orthonormality of irreducible representations is defined by [10B.7-402], 


0 fori +j 


1 fori=j (10.1) 


1 @ G) 
REM? Ox? =| 
where the sum is over all classes of the group, N(C) is the number of operations 


in class C, and h is the number of operations in the group (its order). re (C) 
is the character of class C in irreducible representation I’), and similarly for 
vo? ( en 

The character table for the point group D3p is given in the Resource section. The 
operations of the group are {E, on, 2C3, 283, 3C3, 30,}, and h = 12. There are 
6 classes and the values of N(C) are the numbers multiplying the operations 
listed. 


The irreducible representation E’ has characters {2, 2, -1, —1, 0, 0}. With r® = 
E/ andr) = Aj, which has characters {, 1, 1, 1, 1, 1}, eqn 10.1 evaluates as 


{1x2x1 + 1x2x1 + 2x(-1)x1 + 2x(-1)x1 + 3x0x1 + 3x0x1} =0 


With [ = B’ and Pr) = AS, which has characters {1, 1, 1, 1, -1, —1}, the sum 
is 


ap {1x2x1 + 1x2x1 + 2x(-1)x1 + 2x(-1)x1 + 3x0x(-1) + 3x0x(-1)} =0 


With [ = E’ and TY) = BE”, which has characters {2, —2, -1, 1, 0, 0}, the sum 
is 


J {1x2x2 + 1x2x(-2) + 2x(-1)x(-1) + 2x(-1)x1 + 3x0x0 + 3x0x0} = 0 


These results confirm that the E’ irreducible representation is orthogonal to Aj, 
Aj, and E”. 


The D4, character table is given in the Resource section. As explained in Sec- 
tion 10B.3(a) on page 402, an s orbital on a central atom always spans the totally 
symmetric representation of a group, which in D4, is|Ajg} as it is unchanged 
under all symmetry operations. The symmetry species of the p and d orbitals 


E10B.6(b) 


E10B.7(b) 


are found using the information on the right hand side of the character table. 
The position of z in the table shows that p,, which is proportional to z f(r), has 
symmetry species |A2,|in D4. Similarly the positions of x and y in the char- 
acter table shows that p, and p,, which are proportional to x f(r) and yf(r) 
respectively, jointly span the irreducible representation of symmetry species 
Euk 
In the same way the positions of z”, x” — y*, and xy in the character table 
show that d,2, dy2_y2, and d,y have symmetry species |Aig|, |Big, and |Bog 
respectively, while the positions of yz and zx show that d,, and d,, jointly 
span |Eg| 


As explained in Section 10B.3(c) on page 404, the highest dimensionality of 
irreducible representations in a group is equal to the maximum degree of de- 
generacy in the group. The highest dimensionality is found by noting the max- 
imum value of y(E) in the character table. An icosahedral nanoparticle has I, 
symmetry, the character table for which is given in the Online resource centre. 
The maximum value of y(E) is 5, corresponding to the H irreducible represen- 
tations. Therefore the maximum degeneracy of a particle inside an icosahedral 
nanoparticle is |five}. 


As explained in Section 10B.3(c) on page 404, the highest dimensionality of any 
irreducible representation in a group is equal to the maximum degree of de- 
generacy in the group. The highest dimensionality is found by noting the max- 
imum value of y(£) in the character table. 1,4-dichlorobenzene has D2, sym- 
metry, and from the D2, character table in the Resource section the maximum 
value of y(E) is 1, that is, all irreducible representations are one-dimensional. 
Therefore the maximum degeneracy of the orbitals in 1,4-dichlorobenzene is 
1}, 


Solutions to problems 


P10B.2 


Fig. 10.14 shows that a C2 rotation followed by a reflection in a mirror plane 
perpendicular to the C2 axis is equivalent to an inversion i. Hence oC? = i. 


OP) 


Figure 10.14 


Because criterion 3 of the definition of a group given in Section 10B.1 on page 
397 specifies that RR’ is equivalent to a single member of the group, it follows 
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P10B.4 


that ifa group has both a C, operation and a o;, operation it must also have the 
operation o,C2, which as shown above is i. 


The methane molecule and H1s orbitals are shown in Fig. 10.15, along with one 
operation of each class. Note that different operations in the same class may 
give different representatives, but these representatives will necessarily all have 
the same trace. 


Figure 10.15 


The C; operation shown in Fig. 10.15 leaves s, unchanged but converts sp into 
Sc, Sc into sp, and sp into sp: (sa Sc Sp SB) < (Sa $B Sc Sp ). This is written 
using matrix multiplication as 


(sa Sc Sp Sp) = (Sa SB Sc Sp) 


ooo fF 


The matrix D(C3) is the representative of the C3 operation in this basis. Sim- 
ilarly, the C, operation shown in Fig. 10.15 exchanges sq and sp, and also ex- 
changes sc and sp. This is written using matrix multiplication as 


D(C2) 
——ro 
0 1 0 0 
1 0 0 0 
(Sp Sa Sp Sc) = (Sa 8p Sc Sp) 0001 
0 0 1 0 


The og operation shown in Fig. 10.15 leaves s, and sp unchanged and exchanges 
Sc and sp; this gives 


D(o4) 
—___—_— 


(Sa Sp Sp Sc) = (Sa Sp Sc Sp ) 


ooor 
ooroe 
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The S, operation shown in Fig. 10.15 converts s4 to Sp, Sg tO Sc, Sc to Sa, and 
Sp to sp, giving 


sentative is simply the identity matrix 


D(E) 
1 0 0 0 
0 1 0 0 
(Sa Sp Sc Sp ) = (Sa Sp Sc Sp ) 0 0 l 0 
0 0 0 1 
P10B.6 In the previous exercise, the representatives were found to be 
1000 0001 0100 0010 
_[0100 xy _] 0010 y\_} 1000 2_| 0001 
ae 0010 IG) 0100 Gy) 0001 D(Cz)= 1000 
0001 1000 0010 0100 
0010 1000 0100 0001 
. _|0001 xy | 0100 yey | 1000 xzy | 0010 
DH) = goo} POP )=| 0010} PO? =] 0001} P=] 0100 
0100 0001 0010 1000 
The group multiplications are verified by multiplying the corresponding matrix 
representatives 
D(C3) D(C) D(C3) 
OO OOM®« Oa eeem—'/—_——a 
00410 0100 0001 
0001 1000 0010 
Z vy = _ x 
D(C2)D(C;) = 1000 ooo1l] {0100 = D(C) 
0100 0010 1000 
D(o**) D(C3) D(C}) 
—e TF — TF 
0001 0010 0100 
iia LOTTA COO 1] EO O oO) on 
Do™)P(2)=1o 1001/1000 |=] 0001 |7PO@ 
1000 0100 0010 
D(i) D(C?) D(o**) 
—\— "''—™eoa— Oo 
0010 0100 0001 
0001 1000 00410 
; y\ = = XZ 
D)P(C)=1 1 o 0 0}/o00117|010017 2% ) 
0100 0010 1000 
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P10B.8 


P10B.10 


Performing the matrix multiplications gives 


vol "a)(s8)(Ca)om om-(ta) 8) -(8a)-0 
v8) (8) (4a) om oo (68)(18)-(Sa) 
sa(S2)(28)=(28)aa ana (28)(82)=(58)-« 
wo (si)Ga)Ca)om smo (8)(82)(88)- 
ool eae 


The RR’ multiplication table is therefore 


RIL R= oy Oy Oz 00 
Ox 00 io, -idy Ox 
Oy -id; 00 idx Oy 
Oz idy —-id~ 00 Oz 
00 Ox Oy Oz 00 


The four matrices do [not] form a group under multiplication. This is because 
they do not satisfy criterion 3 in Section 10B.1 on page 397, that the combination 
RR’ must be equivalent to a single member of the collection. For example, 
0x 0y = ia;, but ia, is not one of the four matrices. 


The two wavefunctions are shown schematically in Fig. 10.16, where the shading 
indicates the sign of the wavefunction. 


It is clear from Fig. 10.16 that a Cj rotation, taken to be 90° anticlockwise, 
converts W7,3 into y3,. and 3,7 into -W2,3: ( W3,2 —W2,3 ) <— (W2,3 W3,2 ). Sim- 
ilarly Cz transforms (—-wW3,2 W2,3 ) <— (2,3 W3,2 ), Cz changes the sign of both 
wavefunctions, while E leaves both unchanged. Writing these using matrix 
multiplication gives 


D(E) 


For Cz: (-¥3,2 ¥2,3) = (¥2,3 ¥3,2 ( -1 0 


D(C2) 
-1 0 
For Co: (-W2,3 -W3,2 ) = (W2,3 W3,2 ( 0 -l 


The characters are 


ME) =2 x(Cz)=0 x(Cz)=0 x(Cr) = -2 


Noting that Cf and Cj are in the same class and appear in the column labelled 
2C4, the C, character table in Table 10B.3 on page 405 shows that the basis 
of w2,; and w3. spans the doubly degenerate irreducible representation E. It 
follows that these two wavefunctions are degenerate. 


10C_ Applications of symmetry 


Answers to discussion questions 


D10C.2 


The key point is that only orbitals (or combinations of orbitals) which transform 
as the same symmetry species (irreducible representation) can overlap to form 
molecular orbitals. The first step is therefore to classify the valence orbitals 
according to symmetry. Usually, it is possible to identify sets of such orbitals 
which are interconverted by the operations of the group and so can be consid- 
ered separately from other sets. Having classified a set of orbitals according to 
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symmetry the projection operator is then used to construct symmetry-adapted 
linear combinations (SALCs) each of which transforms as a single symmetry 
species (irreducible representation). The molecular orbitals are formed from 
the overlap of these SALCs. 


Solutions to exercises 


E10C.1(b) 


E10C.2(b) 


E10C.3(b) 


As explained in Section 10C.1 on page 406 an integral can only be non-zero if 
the integrand spans the totally symmetric irreducible representation, which in 
D3p is A}. From Section 10C.1(a) on page 407 the symmetry species spanned by 
the integrand p, zp, is found by the forming the direct product of the symmetry 
species spanned by p,, z, and p, separately. These are read off the D3), character 
table by looking for the appropriate Cartesian functions listed on the right of 
the table: x and hence p, spans E’, while z and hence p, both span AY’. The 
direct product required is therefore E’ x AY x AY. 


The order does not matter, so this is equal to Ay’ x A‘ x E’. This is equal to 
Aj, x E’ because, from the second simplifying feature listed in Section 10C.1(a) 
on page 407, the direct product of an irreducible representation such as A¥ 
with itself is the totally symmetric irreducible representation A‘. In turn, Aj, x 
E’ is simply equal to E’ because, from the first simplifying feature listed in 
Section 10C.1(a) on page 407, the direct product of the totally symmetric irre- 
ducible representation with any other representation is the latter representation 
itself: A, xT = ©, The integrand therefore spans E’. This is not the totally 
symmetric irreducible representation, therefore the integral is [zero]. 


As explained in Section 10C.3 on page 411, an electric dipole transition is forbid- 
den if the electric transition dipole moment j/,,4 is zero. The transition dipole 
moment is given by [10C.6-41]], Mg: = —e f we qwidt where q is x, y, or z. 
The integral is only non-zero if the integrand contains the totally symmetric 
irreducible representation, which from the Dg, character table is Aj,. 


For a transition Aj, > E2,, the symmetry species of the integrand is given by 
the direct product Aj, x (9) x Ey. The order does not matter so this is equal 
to Aig x Enu x 1‘), which is simply equal to E2, x I‘) because, from the first 
simplifying feature listed in Section 10C.1(a) on page 407, the direct product of 
the totally symmetric irreducible representation with any other representation 
is the latter representation itself. Therefore Aj, x Ex, = Epu. 


The direct product E>, x [4 contains the totally symmetric irreducible repre- 
sentation only if 4) spans Ey, because, according to the second simplifying 
feature listed in Section 10C.1(a) on page 407, the direct product of two irre- 
ducible representations contains the totally symmetric irreducible representa- 
tion only if the two irreducible representations are identical. The Dep, character 
table shows that none of x, y or z span Ey, so it follows that the integrand does 
not contain Aj, and hence the transition is |forbidden|. 


As explained in Section 10C.1(a) on page 407 the symmetry species of xyz is 
determined by forming the direct product between the irreducible representa- 
tions spanned by x, y and z individually. Inspection of the D2), character table 


E10C.4(b) The OF, molecule and the two combinations of p, orbitals are shown in Fig. 10.17. 


E10C.5(b) 


shows that x spans B3,, in D3, while y and z span B>, and B,, respectively. The 
direct product is 


E CX C2 C2 i o%% 0% o% 


Bag lt =-l -1 2 =i i =-1 1 
Bax {-l 2-1 <1 Y 2 =1 
Buu ee es ae ae a a re 
product 1 1 1 1-1 -1 -1 -1 


The characters in the product row are those of symmetry species A, thus con- 
firming that the function xyz has symmetry species Ay in D2p. 


>: Co Oy v Co Oy 
io! og lov ;, ~ | 
e5:'80 -—-)» Cee —y 
1 PvlB) | PA) Bodes Desi 
Py(A) + py(B) Py(A) — py(B) 


Figure 10.17 


The first combination, py(A) + py(B), is left unchanged by E and oJ, but has 
its sign changed by the C2 and o, operations. Its characters are therefore 


ME)=1 x(Ca)=-1 xy) =-1 (oy) = 1 


Inspection of the C2, character table shows that these are the characters of the 
B, irreducible representation, so py(A) + py(B) spans |B2 . 


The second combination, p,(A) — p,(B), is unchanged by all of the operations 
of the group and therefore spans the totally symmetric irreducible representa- 
tion |A,| 


As explained in Section 10C.2(a) on page 409, only orbitals of the same sym- 
metry species may have a nonzero overlap. Inspection of the C,, character 
table shows that the oxygen |2s| and |2p,| orbitals both have A, symmetry, so 
they can interact with the p,(A) — p,(B) combination of fluorine orbitals. The 
oxygen |2p, | orbital has B, symmetry, so it can interact with the py(A) +p,(B) 
combination of fluorine orbitals. The oxygen 2p, orbital has B; symmetry, so 
cannot interact with either combination of fluorine orbitals. 


As explained in Section 10C.2(a) on page 409, only orbitals of the same symme- 
try species may have a nonzero overlap. Inspection of the D3, character table 
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E10C.6(b) 


E10C.7(b) 


shows that the boron 2s and p, orbitals span Aj and A‘ respectively, while the 
px and p, orbitals jointly span E’. Therefore [pz |can interact with the AY SALC, 
while none of the boron valence orbitals have the correct symmetry to interact 
with the E” SALC. 


The character table also shows that d,2 spans Aj, d,2_,2 and dx, jointly span E’, 
and d,, and d,, jointly span E”. Therefore the none of the d orbitals have the 
correct symmetry to interact with the AY SALC, but |d,, and d,, | can interact 
with the E’” SALC. 


As explained in Section 10C.3 on page 411, a transition from a state with sym- 
metry T to one with symmetry I) is only allowed if the direct product 
rx r@ x r© contains the totally symmetric irreducible representation, 
which in Coy is Ay. In this case P = B; and ra) = TO) = By because, from 
the C,, character table, y spans B,. The required direct product is therefore 
rf) x By x B,. The product Bz x B, is evaluated by multiplying the characters 
of the two representations. 


EC, vw o 
Bp 1 -1 -l 
By 1 -l 1 -l 
product 1 1 -1 -l 


The characters of the product row correspond to those of A», therefore Bz xB; = 
A» and hence rf) x Bo x By = re) Ao. If this product is to span A; then 
the symmetry of the upper state rf) must be [A] because, according to the 
second simplifying feature of direct products listed in Section 10C.1(a) on page 
407, the direct product of two irreducible representations only spans the totally 
symmetric irreducible representation if the two irreducible representations are 
identical. 


The number of times n(T) that a given irreducible representation I occurs in a 
representation is given by [10C.3a-408], n(T) = (1/h) Ne N(C)x(C) x(C), 
where h is the order of the group, N(C) is the number of operations in class C, 
y) is the character of class C in the irreducible representation I, and y(C) is 
the character of class C in the representation being reduced. In the case of D2, 
h=4. 


m(Ar) = 5 (N(E)xxO9(E)x x(E) + N(C3)xx@? (C3) xx(C3) 
+ N(Cz)xx@9 (CZ) xx(C}) + N(CZ)xx@” (CZ) x x(C3)) 


4 (1x1x6 + 1x1x(-2) + 1x1x0 + 1x1x0)=1 


E10C.8(b) 
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Similarly 


n(Bi) = 5 (1x1x6 + 1x1x(-2) + 1x(-1)x0 + 1x(-1)x0)=1 
n(Bz) = (1x16 + 1x(-1)x(-2) + 1x1x0 + 1x(-1)x0) =2 
n(B3) = ; (1x1x6 + 1x(-1)x(-2) + 1x(-1)x0 + 1x1x0) =2 


The representation therefore spans |A,; + B, + 2B, + 2B3|. 


The number of times n(T) that a given irreducible representation I occurs in a 
representation is given by [10C.3a-408], n(I) = (1/h) Ne N(C)y(C) x(C), 
where hi is the order of the group, N(C) is the number of operations in class C, 
yf) is the character of class C in the irreducible representation I’, and y(C) is 
the character of class C in the representation being reduced. In the case of Oy, 
h = 48. 


Because the representation being reduced has characters of zero for all classes 
except E, C4, ee op and og, only these latter five classes make a non-zero 
contribution to the sum and therefore only these classes need be considered. 
The number of times that the irreducible representation Aj, occurs is therefore 


n(Aig) = ag (N(E) xx (E) xx(E) + N(Ca) xx) (Ca) x x(Ca) 
+ N(Cz) xx (CZ) xx(Ci) + N(on)x x4") (on) x x(on) 
+ N(oa)xx@™ (oa) xx(oa)) 
= 7 (1x1x6 + 6x1x2 + 3x1x2 + 3x1x4 + 6x1x2) =1 


Similarly 


n(Azg) = qq (1x1 x6 + 6x (-1)x2+3x1x2+ 3x1x4+6x(-1)1x2) =0 
n(Eg) = gg (1x2x6 + 6x0x2 + 3x2x2 + 3x2x4+6x0x2) =1 

n(Tig) = gg (1x3x6 + 6x1x2 + 3x(-1)x2 + 3x(-1)x4+6x(-1)x2) =0 
n(T2g) = gg (1x3x6 + 6x(-1)x2+3x(-1)x2+3x1x4+6x1x2) =0 
n(Aiu) = zy (1x 1x6 + 6x12 + 3x1x2 + 3x(-1)x4 + 6x(-1)x2) =0 
n(Azu) = gg (1x 1x6 + 6x(-1) x2 + 3x1x2 +3x(-1)x4+6x1x2) =0 
n(Eu) = 7 (1x2x6 + 6x0x2 + 3x2x2 + 3x(-2)x4+6x0x2) =0 
n(Tiu) = gg (1x3 x6 + 6x12 + 3x (-1)x2+3x1x4+ 6x1x2) =1 
n(Tau) = zy (1x3 x6 + 6x (-1)x2+3x(-1)x2 + 3x1x4 + 6x(-1)x2) =0 


The representation therefore spans |Aj, + Ey + Tyu} 


E10C.9(b) As explained in Section 10C.3 on page 411, a transition from a state with sym- 


metry’ to one with symmetry I“ is only allowed if the direct product [ x 
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(4) x T® contains the totally symmetric irreducible representation, which 
for both molecules is Aig. The ground state is totally symmetric, implying 
that it transforms as Aig. Therefore the direct product becomes r) xr x 
Aig. This is simply I x P( because, from the first simplifying feature of 
direct products listed in Section 10C.1(a) on page 407, the direct product of the 
totally symmetric representation A, with any other representation is the latter 
representation itself. 


fr) x FM is to be Aig, then Tr) must equal I‘ because, from the second 
simplifying feature of direct products listed in Section 10C.1(a) on page 407, 
the direct product of two irreducible representations only contains the totally 
symmetric irreducible representation if the two irreducible representations are 
identical. 


(i) Anthracene belongs to point group D2). The D2, character table in the 
Resource section shows that x transforms as B3,, y transforms as B2,, and z 


transforms as B,,. Therefore anthracene can be excited to/B3,, Bou, or Biy 


states by x, y, and z polarised light respectively. 


(ii) Coronene belongs to point group Dey. The Dep character table in the 
Online resource centre shows that shows that z transforms as Azy, and x 
and y together transform as E,,. Therefore light polarized along z can 
excite coronene to a/A»,|state, and x or y polarised light can excite it to 
an |E),| state. 


Solutions to problems 


The distorted molecules are shown in Fig. 10.18 together with some of the sym- 
metry operations. 


Figure 10.18 


(a) In the C3, distorted case sq is unaffected by any of the operations of the 
group and is not mixed with the other H1s orbitals. It therefore transforms 
as the totally symmetric irreducible representation Aj. 

The irreducible representations spanned by sg, sc, and sp are identified 
by forming the representatives of the operations with this basis. Only one 
operation in each class needs to be considered. The C3 operation converts 


sg into Sc, Sc into sp, and Sp into sg: (Sc Sp Sp ) < (Sp Sc Sp ). This is 
written using matrix multiplication as 


D(C3) 
0 0 1 
(sc Sp Sp ) = (SB Sc Sp ) 1 0 0 
0 1 0 


Similarly 


1 0 0 
For oy: (Sp Sp Sc)=(spscsp)| 0 0 1 
0 1 0 


1 0 0 
For E: (sp Sc Sp ) = (Sp Sc Sp ) 0 1 0 
0 0 1 


The characters of the representatives are 
X(E)=3 x(C3)=0 x(ov) =1 


This result can be arrived at much more quickly by noting that: (1) only 
the diagonal elements of the representative matrix contribute to the trace; 
(2) orbitals which are unmoved by an operation will result in a 1 on the 
diagonal; (3) orbitals which are moved to other positions by an operation 
will result in a 0 on the diagonal. The character is found simply by count- 
ing the number of orbitals which do not move. In the present case 3 are 
unmoved by E, none are unmoved by C3, and 1 is unmoved by o,. The 
characters are therefore {3, 0, 1}. 

This representation is decomposed using the method described in Sec- 
tion 10C.1(b) on page 408. The number of times n(T) that a given irre- 
ducible representation I occurs in a representation is given by [10C.3a- 
408], 


ml) = 5 ENC (C(O) 


where h is the order of the group, N(C) is the number of operations in 
class C, y) is the character of class C in the irreducible representation I, 
and y(C) is the character of class C in the representation being reduced. 
In the case of C3,, h = 6. The number of times that the irreducible 
representation A, occurs is 


n(A1) = $(N(E)xx@A0(E)xx(E) + N(C3)x x4? (C3) xx(Cs) 


+ N(o)xxA(o,)x x(ov)) 
= 4 (1x1x3 + 2x1x0 + 3x1x1)=1 
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(b) 


Similarly 


n(Az) = 4 (1x1x3 + 2x1x0 + 3x(-1)x1) =0 
n(E) = ¢ (1x2x3 + 2x(-1)x0 + 3x1x1)=1 


The three H1s orbitals sg, sc, and sp therefore span A, + E; adding this to 
the result from above that s, spans A; gives 2A; + E. 

As explained in Section 10C.2(a) on page 409, only orbitals of the same 
symmetry species may have a nonzero overlap. The C3y character table 
also shows that the d,2 orbital spans A; in C3y, dyy and d,2_,2 jointly 
span E, and d,, and d,, also jointly span E. It follows that dz. can form 
molecular orbitals with the A; combinations of hydrogen orbitals while 
the other d orbitals can all form molecular orbitals with the E combi- 
nations of hydrogen orbitals. So [yes more d orbitals can be involved in 
forming molecular orbitals than in the case of tetrahedral methane where, 
as shown in the previous exercise, only dx, dy, and d,, are able to form 
molecular orbitals. 


The irreducible representations spanned by the Hls orbitals in the C2, 
distorted molecule, shown in the right-hand side of Fig. 10.18, are found 
in the same way as above. It is convenient to consider s,4 and sg separately 
from sc and sp. This is because sq and sg are mixed with each other but 
not with sc or sp by the operations of the group. Similarly sc and sp are 
mixed with each other but not with sq or sg. For sq and sg the matrix 
representatives are 


mer-(5 2) mer-( 8) 


ra)=(j ) D(o! -(; 


for which the characters are 


X(E)=2 x(C2)=0 xlov)=2 x(a) =0 


As before, this result is obtained with much less effort by simply counting 
the number of orbitals which are not moved by each operation. Using 
the decomposition formula, or simply by inspection of the C2, character 
table, this representation decomposes to A; + B;. Analysing sc and sp in 
the same way gives the representatives as 


mey=(4 7) moar=(9 6] 
0 
1 


D(0) = ( 


or 
—— 
— 
ok 
Ss 
Il 
aes 
or 


The characters are 


y(E)=2 yx(Cr)=0 y(o,)=0 y(o%) =2 


P10C.4 


P10C.6 


which decomposes to A; + Bo. 


Combining these results, the four H1s orbitals therefore span 2A, + B, + 
Bz. Inspection of the Czy character table indicates that z’, and hence 
d,2, spans Aj, so this orbital can form molecular orbitals with the A; 
combinations of hydrogen orbitals. Because both x” and y? span Ay, x” — 
y’ and hence d,2_,2 also spans A; and can therefore also form molecular 
orbitals with the A; combination of hydrogen orbitals. The orbitals d_, 
and d,, span B, and By respectively, so can form molecular orbitals with 
the B, and Bz combinations of hydrogen orbitals. However, d,y spans Az 
and therefore remains non-bonding because the hydrogen orbitals do not 
span Ap. 


Therefore [yes], more d orbitals can form molecular orbitals than for tetra- 
hedral methane, but not as many for the C3, distorted molecule where all 
five d orbitals could be involved in forming molecular orbitals. 


The character table for the J, point group is available in the Online resource 
centre. 


(a) 


(b) 


As explained in Section 10C.3 on page 411, a photon-induced transition 
froma state with symmetry ' to one with symmetry“) is only allowed 
if the direct product P) x r@ x Pr contains the totally symmetric 
irreducible representation, Aig. Because the ground state is Aj, the direct 
product becomes F() x 1(4) x Aig. This is simply Tr) x PC because the 
direct product of the totally symmetric irreducible representation with 
any other representation is the latter representation itself. 


If the product I xP is to be Aig, then r) must equal I because the 
direct product of two irreducible representations only contains the totally 
symmetric irreducible representation if the two irreducible representa- 
tions are identical. However, inspection of the I, character table shows 
that r(@ = Ti, because x, y and z together span the T), irreducible rep- 
resentation. Because neither of the lowest-lying excited states are of T1y 
symmetry, photon-induced transitions to these states are |not allowed. 


If the centre of inversion is removed then the distorted molecule has I 
symmetry. For this point group the character table in the Resource section 
shows that I‘) spans T,. By the same reasoning as above it follows that 
transitions to an excited state with symmetry |T) are allowed| but transi- 
tions to a state with symmetry |G are not]. 


As explained in Section 10C.3 on page 411, a photon-induced transition from 
a state with symmetry [ to one with symmetry I“? is only allowed if the 
direct product P x r(? x P© contains the totally symmetric irreducible 
representation, Aj,. For a transition from an Aj, ground state to an E, excited 
state the direct product becomes E, x TO) xA, g- This is simply E, x T\ because 


the direct product of the totally symmetric irreducible representation Aj, with 


any other representation is the latter representation itself. 


345 


346 


P10C.8 


This product only contains Aj, if T() = E, because the direct product of 
two irreducible representations only contains the totally symmetric irreducible 
representation if the two irreducible representations are identical. Inspection 
of the D4, character table shows that x and y jointly span Ey, and therefore 
the transition |is allowed] provided q = (x, y), that is with x and y polarised 
radiation. 


The tetrafluoroethene molecule is shown in Fig. 10.19. 


Pz orbitals Px orbitals 


Figure 10.19 


(a) The representation for the four p, orbitals could be determined by finding 

the representatives using the method in Section 10B.2(a) on page 398, and 
then finding the traces of each of the representatives. The same result can 
be arrived at much more quickly by noting that: (1) only the diagonal 
elements of the representative matrix contribute to the trace; (2) orbitals 
which are unmoved by an operation will result in a +1 on the diagonal; 
(3) orbitals which are unmoved by an operation by are changed in sign 
will result in a —1 on the diagonal; (4) orbitals which are moved to other 
positions by an operation will result in a 0 on the diagonal. The character 
is found simply by counting +1 for orbitals which do not move and —1 for 
orbitals which do not move but which do change sign. 
Referring to Fig. 10.19 it is seen that 4 orbitals are unaffected by E, all of the 
orbitals are moved by each of the C2 operations and i. The reflections o”” 
and o** move all of the orbitals, but o*” leaves all four orbitals unmoved, 
but with a sign change. The characters are therefore 


PoC C a oo «* 
40 0 00-4 0 0 


This representation is decomposed using the method described in Sec- 
tion 10C.1(b) on page 408. The number of times n(T) that a given irre- 
ducible representation I occurs in a representation is given by [10C.3a- 


408}, 
n(T) = (1/h) DN(C)AM(C)C) 
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where h is the order of the group, N(C) is the number of operations in 
class C, y) is the character of class C in the irreducible representation I, 
and y(C) is the character of class C in the representation being reduced. 
For the point group D2y, h = 8. Because the representation to be reduced 
has characters of zero for all classes except E and o*”, only these latter 
two classes will make a non-zero contribution to the sum. The number of 
times that the irreducible representation A, occurs is 


n(Ag) = 5 (N(E)xx“0(E)xx(E) + N(o*”) xy) (o*”)xy(0*”)) 
= 3 (1x1x4+1x1x(-4)) =0 


Similarly 


n(Big) = 5 (1x1x4 + 1x1x(-4)) =0 
n( Bog) = 5 (1x1x4 + 1x(-1)x(-4)) =1 
n(B3g) = g (1x1x4 + 1x(-1)x(-4)) =1 
n(Ay) = ¢ (1x1x4 + 1x(-1)x(-4)) =1 
n( By) = 3 (1x1x4 + 1x(-1)x(-4))=1 
n( Boy) = 3 (1x1x4 + 1x1x(-4)) =0 


n(B3y) = 3 (1x1x4 + 1x1x(-4)) =0 


The four p, orbitals therefore span |By, + B3g + Ay + Bru}. 


(b 


eS 


The SALCs of Bzg, B3g, Au and Bjy symmetries are generated by applying 
the projection operator to the p, orbital using the method described in 
Section 10C.2(b) on page 409. 


Row Be ee ae 
1 effect on pa Pa Pc PB ~Pp ~Pc ~Pa PB_ Pp 
2  charactersforBj,, 1 -—-1 1 -1 1 -1 1 -1 
3. rowl x row2 Pa -Pc -PpB Pp -Pc Ppa ps Ppp 
4  charactersforB3, 1 -1l -l 1 1 -1 1 -1 
5 rowl x row4 PA -Pc Ppp —-Pp —Pc Ppa Pps —Pp 
6  charactersforA, 1 1 1 1 1 1 1 1 

7  rowlxrow6 Pa Pc —PB -Pp Pc Pa PB —Pp 
8 charactersforB,, 1 1 1 1 1 1 1 1 

9 rowlxrow8 Pa Pc Ppp Pp Pc Pa PB Ppp 


The SALCs are formed by summing rows 3, 5, 7, and 9 and dividing each 
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by the order of the group (h = 8). 


Row 3: y{2) = (Pa — Pc - Pp + Pp — Pc + Pa — PB + Pp) 
=|4(Pa - pp - Pc + po) 


Row 5: ys) = ¢(Pa-Pct+Ps-Pp —-Pc t+ pat Psp- Pp) 
=|4(Pa + pp - Pc - pv) 


Row 7: yA») = (pa + Pc - ps — Pp + Pc + Pa — PB - Pp) 


=|4 (Pa - Pp + Pc - pp) 


Row 9: yr) = (pa +Pc +pg+pp+Ppc+Ppa+ Ppt Pp) 
= i (Pa - PB + Pc - pp) 


(c) The 2p, orbitals, shown in the right-hand half of Fig. 10.19, are analysed 


in the same way. The characters are found by noting that under the E 
operation the four p, orbitals are not moved so y(E£) = 4. Similarly under 
the C$ operation the orbitals are all moved so y(C3) = 0. Using this 
approach the characters are written down as 


E Cl CY CE i o% of of 


4 0 0 0 0 4 0 0 


Using the decomposition formula, or simply by inspection of the charac- 
ter table, this is decomposed to |A, + By, + Bay + B3y} Use of the projec- 
tion operator then gives 


Row Be CoC? 4 ae ee oe 


1 effect on pa Pa ~Pc —PB Pp ~—Pc Pa —PB_ Ppp 


characters for A, 1 1 1 1 1 1 1 1 


row 1 x row 2 Pa -Pc -Pp Pp -Pc Pa —Pps Ppp 
characters for Bj, 1 1 -l1 -l 1 1 -1 -l1 


2 
3 
4 
5 rowlxrow4 Pa -Pc psp -Pp -Ppc Pa Pps -Ppp 
6 
7 
8 
9 


charactersforB,, 1 -1 1 -l1 -1 1 1 -1 


row 1 x row6 Pa Pc -PsB -Pp Pc Pa -Ps -Ppp 

characters forB},, 1 -1 -1 1 —1 1 -l 1 

row 1 x row8 Pa Pc Psp Pp Pc Pa Psp Pp 
Hence the SALCs are 


ws) = 7 (Pa-Pa-Pc+Pp)| |W = +(pa+PB-Pc-Pp) 


yP) = 7 (pa-pa+Pc-pp)| |¥®) =F (pat+pat Pc+ Pp) 


6.2 Molecular Spectroscopy 


11A General features of molecular spectroscopy 


Answers to discussion questions 


DIIA.2 


Doppler broadening. ‘This contribution to the linewidth is due to the Doppler 
effect which shifts the frequency of the radiation emitted or absorbed when the 
molecules involved are moving towards or away from the detecting device. In 
a gas, molecules have a wide range of speeds in all directions and the detected 
spectral line is the absorption or emission profile arising from the resulting 
Doppler shifts. The shape of a Doppler-broadened spectral line reflects the 
Maxwell distribution of speeds in the sample. 


Lifetime broadening. This kind of broadening is a quantum mechanical effect 
which predicts that for a state with a lifetime 7 there is an energy uncertainty 
6E given by SE x h/t. This uncertainty in the energy translates to absorption 
(or emission) over a range of frequencies and hence a linewidth. The lifetime 
of a state may be limited by the rate of spontaneous emission from the state, in 
which case the resulting broadening is called natural line broadening. 


Collisions between molecules are efficient at changing their rotational and vi- 
brational energies, and therefore the lifetimes of such states are limited by the 
the collision rate. The resulting line broadening is called collisional or pressure 
line broadening. 


The rate of spontaneous emission cannot be changed; hence its contribution is 
the same regardless of phase. Doppler broadening is expected to contribute in a 
similar way for both gases and liquids. The higher density of liquids compared 
to gases implies that collisions will be more frequent and hence the collisional 
line broadening will be greater for a liquid. 


Solutions to exercises 


EIA.1(b) 


The ratio A/B is given by [11A.6a-420], A/B = 8nhv*/c*; the frequency v is 
related to the wavelength though v = c/A. 


(i) For radiofrequency radiation with v = 500 MHz 


A 8nhv? 81x (6.6261 x 10°**Js) x (500 x 10° s"')? 
B 3 (2.9979 x 108 ms~!) 
7.73 x10" Jsm? 
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EIA.2(b) 


ENA.3(b) 


EIA.4(b) 


EIIA.5(b) 


(ii) For microwave radiation with 1 = 3.0 cm 


A 8nh(c/A)*>  8mh _ 8m x (6.6261 x 10-**Js) | 62x10 Jem 


B ce Ap (3.0 x 10-7 m)? 


The Beer-Lambert law [11A.8-421], I = Ip10~‘U]" relates the intensity of the 
transmitted light I to that of the incident light Io. 


3 


i/Tg = 107 U]L = 107 (227 dm? mol! cm! )x(2.52x 107 mol dm7~*)x(0.200 cm) 


= 0.768... 
Using this, the percentage reduction in intensity is calculated as 100(Ip—I) /Ip = 


100(1-I/Io) = 100(1 —0.768...) = [23.2%], Note the conversion of L to cm and 
[J] to mol dm ® in order to match the units of e. 


The Beer-Lambert law [11A.8-421], I = Ip10~‘U]" relates the intensity of the 
transmitted light J to that of the incident light Ip. If a fraction T of the incident 
light is transmitted through the sample, I = TIp and hence I/Ip = T; T is the 
transmittance. It follows that log T = —e[J]L hence ¢ = —(log T)/[J]L. If 61.5% 
of the light is transmitted, T = 0.615 


€ = —(log T)/[J]L = —[log(0.615)]/(0.717 x 10°? moldm~*) x (0.250 cm) 


= 1.17... x 10° dm? mol! cm7! 
Note the conversion of L to cm and [J] to moldm® in order to give the usual 
units of e. To convert the molar absorption coefficient to cm* mol”! simply 


multiply the above value by 10° to convert dm? to cm®. The units are then 
1 


cm? mol! cm™! = cm? mol™!. Hence |e = 1.18 x 10° cm? mol7!|, 


The Beer-Lambert law [11A.8-421], I = Ip10~*!1! relates the intensity of the 
transmitted light I to that of the incident light Ip. If a fraction « is absorbed, 
thena fraction T = 1—a of the incident light passes through the sample, I = TI 
and hence I/Iy = T; T is the transmittance. It follows that logT = —e[J]L 
hence [J] = —(logT)/eL. If 48.3% of the light is absorbed, a = 0.483 and 
T = 1-0.483 = 0.517 


[J] = —(log T)/eL = -[log(0.517) ]/(423 dm? mol! cm™') x (0.650 cm) 


= 1.04... x 107? moldm™? =[1.04 mM 


Note the use of L in cm. 


The transmittance T is the ratio I/Ip, hence the Beer-Lambert law [11A.8-421] 
can be written T = I/Ip = 10~°VJ!. It follows that log T = —e[J]L and hence ¢ = 
—(log T)/[J]L. With this, the following table is drawn up, with L = 0.250 cm. 
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[dye]/(moldm™*) 0.0010 0.0050 0.0100 0.0500 


T/% 68 18 37 61.03% 10 
T 0.68 0.18 0.037 1.03 x 10-7 
e/(dm*> mol 'cm=!) 670 596_~——573 559 


The molar absorption coefficient is clearly not independent of the concentra- 
tion; this may indicate that the dye molecules are interacting with one another 
at higher concentrations. 


E11A.6(b) The transmittance T is the ratio I/Ip, hence the Beer-Lambert law [11A.8-42]] 
can be written T = I/Iy = 10-*U]". It follows that log T = —e[J]L and hence 
e = —(log T)/[J]L. With the given data, T = 0.29 and L = 0.500 cm, the molar 
absorption coefficient is calculated as 


e = —(log 0.29)/[(18.5x10-* moldm~*)x(0.500 cm) ] = 58.1...dm° mol”? cm"! 


!| Fora 


The molar absorption coefficient is therefore |e = 58 dm? mol”! cm= 
path length of 0.250 cm the transmittance is 


T= 107 (58-1 dm? mol™’ cm7!)x (0.250 cm)x(18.5x107? moldm~*) = 0.538... 


Hence |T = 54%]. Note the conversion of the concentration to moldm ”. 


E11A.7(b) The ratio of the incident to the transmitted intensities of light after passing 
through a sample of length L, molar concentration [J], and molar absorption 
coefficient € is given by [11A.8-421], T = I/Ip = 10-VJ", Tt follows that log T = 
—e[J]L, which rearranges to give L = —(log T)/e[J]. 


The missing piece of information (in fact misplaced to Exercise El1A.7(a)) is 
that the concentration of the absorber is 10 mmoldm *. The light intensity is 
reduced to half when T = 0.5, hence the thickness of the sample is calculated 
as 


L = —(log0.5)/[(30 dm? mol! cm) x (0.010 moldm~*)] = [1.0 em 


The light intensity is reduced to one tenth when T = 0.1 


L = —(log0.1)/[(30 dm’ mol! cm) x (0.010 moldm™*)] = [3.3.cm 


E11A.8(b) The integrated absorption coefficient is given by [11A.10-423], A = f,,.4 €(¥) di, 
where the integration is over the band, and % = 1“! is the wavenumber. The 
band extends from 167 nm, corresponding to 7 = (167 x 10°” cm)! = 5.98... x 
10* cm™', peaking at 200 nm, # = (200 x 10°? cm)7! = 5.00 x 104 cm™!, and 
ending at 250 nm, # = (250 x 10°” cm)! = 4.00 x 10* cm". 


EIIA.9(b) 


El1A.10(b) 


The given equation of the parabolic lineshape, ¢(7) = €max{1—k(#— max )?] is 
conveniently rewritten as (x) = €max[1 — kx], where x = 1 — )max. The edges 
of the lineshape are at the wavenumber at which e(x) = 0 


0 = Emax[1 — kx] hence goag i 


The area under the lineshape is therefore 


Ko? 


+k? + 
A= f Smack l= kx") dx = Cnie (x - kx? /3)| ap 


k-1/2 
= Emax(2k7'/? — (2/3) k x k77/?) = (4/3) emaxk 


For the specified lineshape, ¢(¥) goes to zero at 5.98... x 10* cm! and at 4.00 x 
10¢ cm™|, It follows that 2k~!/? = (5.98... — 4.00) x 10¢ cm! and hence 


A = (4/3) x (3.35 x 10* dm? mol") 
x £ x [(5.98... - 4.00) x 104 cm™"] 


4.44 x 108 dm? mol! cm7! 


The Doppler linewidth is given by [11A.12a-424], Svop5 = (2vo/c)(2kT In 2/m)!/?; 
division of both sides by the speed of light converts Svop; and vp to wavenum- 
bers, allowing the expression to be written Sip; = (2¥0/c)(2kT In2/m)'/?. 
The mass of 'H!”’I is taken as 128 m,. With these data the linewidth is calcu- 
lated as 


, 2 x 2308 cm! (? x (1.3806 x 10723 J K~!) x (400 K) x ma)" 
SVobs = x 


2.9979 x 108ms7! 128 x 1.6605 x 10-?” kg 


=|2.92 x 1073 cm! 


2 


where 1 J = 1 kgm’ s~? is used. 


If a light source of frequency vo is approached at a speed s, the Doppler shifted 
frequency v, is [11A.1la—423], 


l+s/c _ 
Va=Vv 
eo i s/c 
Writing the frequencies in terms of the wavelength as v = c/A and then invert- 


ing before sides gives 
1-s/c ‘2 
Aa = Ao | ——— 
lt+s/c 


Solving this for the speed s leads to 


— (1=-QalAo)? 
a (a 


E1A.11(b) 


E1A.12(b) 


Hence, to achieve a doppler shifted wavelength of 530 nm, the speed needs to 
be 


1 — (530 nm/680 nm)? 
s=cx = (0.244...) xc 
1 + (530 nm/680 nm)? 


Hence, for this large Doppler shift, the speed of approach needs to be at 24.4% 
of the speed of light, which is |7.31 x 107 ms7'|. 


The uncertainty in the energy of a state with lifetime 1 is 5E » h/t. Therefore a 
spectroscopic transition involving this state has an uncertainty in its frequency, 
and hence a linewidth, of the order of 6v = 5E/h » (2nr)~'. This expression 
is rearranged to give the lifetime as t = (2n5v)~'; expressing the linewidth as 
a wavenumber gives T = (276%c)"!. 


(i) For dv = 200 MHz 


T = [2m x (200 x 10° Hz)]~! = 7.95... x 107'° s = [796 ps 


(ii) For 69 = 2.45 cm™! 


T = [2m x (2.45 cm™') x (2.9979 x 10'°cms”!)]7? = 2.16... x 107!” s 
=|2.17 ps 


The uncertainty in the energy of a state with lifetime 7 is 5E » h/t. Therefore a 
spectroscopic transition involving this state has an uncertainty in its frequency, 
and hence a linewidth, of the order of 5v = 5E/h » (2nr)"'. If each collision 
deactivates the molecule, the lifetime is 1/(collision frequency), but if only 1 
in N of the collisions deactivates the molecule, the lifetime is N/(collision fre- 
quency). Thus t = N/z, where z is the collision frequency. The linewidth is 
therefore Sv = (2nN/z)7!. 


(i) If each collision is effective at deactivation, N = 1 and with the data given 


dv = [2m x 1/(1.0 x 10? s-*)]! = 1.59 x 10° Hz = [0.16 GHz 


(ii) If only 1 in 10 collisions are effective at deactivation, N = 10 


dv = [2 x 10/(1.0 x 10’ s-')]7! = 1.59 x 10’ Hz = [16 MHz 


Solutions to problems 


PIIA.2 


The argument takes the same steps as in How is that done? 11A.1 on page 421 
up to the derivation of dI/I = —x[J] dx. This expression is integrated as before, 
but instead of [J] being constant, it is given by [J] = [J]oe*/”° 


fam are foe” dx 


In(I/Ip) = —«[J]o(-xoe*/**) | = -K[J]oxo(1 = gti) 
hence Ig(I/Ip) = —(x/1n 10) [J]oxo(1 - e//**) 
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PIIA.4 


P11A.6 


For this case the Beer-Lambert law is |lg(I/Ip) = —e[J]oxo(1 — e-!/*°) |, where 
e=x/1n10. 


In the limit L > xo, e~!/*° + 0 and hence [Ig(I/Io) = —€[J]oxo|. In this limit 
the absorption is independent of the length of the sample. If x9 > L then 
the exponential may be expanded up to the linear term to give (1 — e~4/*°) » 
(1-14 L/xo) » L/xo. Then |lg(I/Io) = —e[J]oL) which is the form of the 
Beer-Lambert law for a constant concentration. 


Suppose that species A and B associate to give a complex AB according to the 
equilibrium: A + B == AB. Suppose that species A absorbs at a particular 
wavelength with absorption coefficient ¢4, and that species AB absorbs at the 
same wavelength but with absorption coefficient ¢,4; B does not absorb at this 
wavelength. The absorbance at this wavelength is 


A) = ea[AJL + €ap[AB|L 


If the initial amount of A is [ A]o and at equilibrium the amount of AB is [ AB]., 
mass balance requires [A] = [A]o — [AB]. It follows that 


A) = Ea ({A]o - [AB].) L+ €ap[AB]_L = éa[A]oL + (Ean = €4)[AB]_L 
Se 
term 1 term 2 


As the amount of added B is changed, term 1 remains the same, but in gen- 
eral term 2 will change because of the resulting change in [AB]-. However, if 
the wavelength is chosen such that e,4g = €,, term 2 will go to zero and the 
absorbance will be invariant to the amount of B added. This is the isosbestic 
point. 


Because only the area under the absorption band is of interest it can be as- 
sumed, without loss of generality, that the band is centred on # = 0. The band- 
shape is then given by e(7#) = Emaxe*” , where the parameter a determines the 
width. This parameter is found by finding the wavenumbers #,/2 at which e has 
fallen to half its maximum value 

5 bmax = Emaxe 2072)” 


hence In $ = -a(4/2)? 


hence (1/2)? = In2/a 


where to go to the last line In 5 = —In2 is used. The wavenumbers of the points 
at which ¢ has fallen to half its maximum value are therefore +(In2/a)'/?, and 
hence the separation between these is 2(In 2/a)!/*. This separation is the width 


at half-height Av, /2 


4|n2 


AV, /2 = 2(In2/a)/? hence a= Ci? 
1/2 
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Having established the relationship between the parameter a and the width at 
half-height, the integral over the band is computed 


+co +co ~2 
A= f[ e(ido= ff Emaxe *” di = Emax(tt/a)'/? 


co 


The integral needed is of the form of Integral G.1 with k = a. Now the expres- 
sion for a derived above is used to give 


s 1/2 
m(AV1/2)* Tl 1/2 
—~ ©max —~ ©max Av 
am ( 4In2 : (Gua ne 


= Emax(1.0645) AV; /2 


Making measurements from the plot in the text gives émax = 9.8dm° mol”! cm™! 


and Av, /2 = 4500 cm™', hence A = 4.7x 10* dm? mol~’ cm”. If several points 
are measured from the plot these can be used as the input data to a non-linear 
least-squares fitting procedure, most conveniently done using mathematical 
software. With such an approach the best-fit gaussian line is (omitting units 
for clarity) 

e(7) = 9.704 e7 (1405x1077) x (9-2.814x 10")? 


Integrating this function gives A = 4.5 x 10* dm?’ mol”! cm””. A better fit is 
obtained by using the sum of two gaussians, each with separate parameters: 


e(¥) = 5.757 e7 (1310x1077) x (F-2.916x 10")? +5 807 e7 (3-180 10"7)x(9-2.725x10")? 


Integrating this function gives A = 4.6 x 10* dm’ mol”! cm”. 


PIA.8 (a) The lines from the star are all at longer wavelength, and hence lower fre- 
quency, than for the Earth-bound observations, therefore the object is 
receding| The ratio f is computed as f = v,/v = A/A, because the 
frequency is inversely proportional to the wavelength. Writing x = s/c 
gives 


_y\l2 _ 2 
f-() hence f?(1+x)=(1-x) hence “Th 


It follows that s = c[1- (A/A,)*]/[1 + (A/A,)?]. With this expression s is 
computed for each of the lines 


1,/nm 438.882 441.000 442.020 
A/nm 438.392 440.51 441.510 
s/(10° ms“') | 3.34894 3.33285 3.46095 


The average of these measurements is |3.38 x 10° ms_’|, The spread of 
values is much larger than the apparent precision of the data. 
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P11A.10 


PIIA.12 


(b) The radial velocity of the star with respect to the Sun could be computed 
if the Earth’s speed with respect to the Sun along the Sun-star vector at 
the time of the spectral observation is known. This could be estimated 
from quantities available through astronomical observation: the Earth's 
orbital velocity times the cosine of the angle between that velocity vector 
and the Earth-star vector at the time of the spectral observation. (The 
Earth-star direction, which is observable by Earth-based astronomers, 
is practically identical to the Sun-star direction, which is technically the 
direction needed.) Alternatively, repeat the experiment half a year later. 
At that time, the Earth’s motion with respect to the Sun is approximately 
equal in magnitude and opposite in direction compared to the original 
experiment. Averaging f values over the two experiments would yield f 
values in which the Earth’s motion is effectively averaged out. 


The Doppler lineshape is given in How is that done? 11A.2 on page 423: I = 
Ae“ (»-v0)"/2¥0kT, where A is a constant of proportionality. It is convenient 
to rewrite this in terms of the dimensionless parameter x = (v—vo)/vo, to give 
I= Ae“ * /2kT. The derivative lineshape, D(x) is 
dl -2xmc? 
= e 


re mc? 22 
D(x) =—=A me x" /2kT _ _A eome x /2kT 
) dx 2kT = 


It is convenient to define a = mc? /KkT, giving 
D(x) = -Aax er 


This lineshape is plotted in Fig 11.1 for different values of «. The lineshape goes 
to zero as x — +00 on account of the exponential term, is zero at x = 0, and 
has a negative-going minimum at positive x and a positive-going maximum, 
symmetrically placed, at negative x. As T increases (a decreases) the maximum 
and minimum decrease in size and the line becomes broader. 


The positions of the maximum and minimum are found by differentiating once 
more with respect to x and setting the result equal to zero. 
dD(x) 


= 2 = 2 
= =Aqe a Ao xe PF 
x 


This derivative is zero when x = +a~/*: these values correspond to the posi- 
tions of maximum and minimum. The separation between these two is 2a~!/?: 
this goes as T'/?, 


Figure 11.2 shows plots the interferogram which would arise from a monochro- 
matic beam sampled at different distance increments 6 (expressed as a multiple 
of #p). The solid line shows the underlying continuous function which, for the 
values chosen, goes through three complete cycles. 


The points indicated with open and closed triangles indicate the values which 
would be recorded for the two smallest increments. These points on their own 


arb. units 


Figure 11.1 


provide a pretty good approximation to the curve: the minima and maxima 
are sufficiently well defined that it is clear that there are three cycles, and so the 
wavenumber is correctly represented. 


The points indicated by the open circles just capture the minima and maxima, 
and no other detail; they are just sufficient to imply that there are three cycles. 
In fact these measurements correspond to the Nyquist condition which states 
that at least two data points are required per cycle in order to measure the 
wavenumber correctly. The filled circles have the largest value of the increment, 
and it is clear from the digram that they are spaced too widely to represent the 
waveform correctly - in fact they are consistent with a curve at one third of the 
wavenumber shown by the complete curve. 


This diagram illustrates that in order to infer the wavenumber correctly it is 
necessary to sample the interferogram such that there are at least two data 
points per cycle. Therefore, the upper limit on the wavenumber which can be 
correctly measured using an interferometer is set by the amount by which the 
mirror is moved in each step. 


11B Rotational spectroscopy 


Answers to discussion questions 


DIIB.2 


DI11B.4 


DIIB.6 


Centrifugal distortion increases the moment of inertia and hence decreases the 
rotational constant. Therefore, the separation between levels is decreased. 


This is discussed in Section 11B.2(a) on page 435. 


BeF, is linear; !°F has spin ; and is therefore a fermion. The argument is 


therefore exactly the same as for 'H), and so the molecule does indeed exist 
in ortho and para forms. The Be atom has no effect on the argument as it is at 


the centre of symmetry. 
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DI11B.8 
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4 A 46=0.11 
LA A A A A 2 | 
\ yl 46 = 0.23 
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Figure 11.2 


"H> molecules can exist in two forms: the para form has antisymmetric nuclear 
spin wavefunctions and the ortho form has symmetric nuclear spin wavefunc- 
tions. As discussed in Section 11B.4 on page 439, it follows that because of 
these arrangements of the nuclear spins the ortho form must have rotational 
wavefunctions restricted to odd J values. Ortho hydrogen therefore cannot 
exist in the J = 0 state and hence it always has some rotational energy: that 
is, it has rotational zero-point energy. 


Solutions to exercises 


E1IB.1(b) 


EB.2(b) 


Expressions for the moments of inertia are given in Table 11B.1 on page 431; 
PH; is a symmetric rotor and the second entry under symmetric rotors is the 
required one. The moment or inertia about the threefold axis is I) 


I = 2my(1 - cos 0)R? 
= 2[(1.0078) x (1.6605 x 10-?” kg) ] x (1 — cos93.5°) x (142 x 107!? m)? 


= 7.16... x 1074” kgm? =|7.16 x 10-4” kgm? 


The corresponding rotational constant is given by [11B.13b-433] 


- oh 1.0546 x 10°**Js 
4ncl 4m x (2.9979 x 10!°cms~!) x (7.16... x 10-47 kgm”) 


=|3.91 cm7! 


There is an error in the Exercise: the molecule is AB,, not AB3. The required 
expressions are the first listed under symmetric rotors in Table 11B.1 on page 
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ma(mpa + ma) 


I, = mafi(@)R’ + 7 fr(O)R* 


+ “ {(3ma + mp)R’ + 6maR[4f(8)]"7} R’ 
I; = 2mafi(O)R? 


Note that the molecule described by these relationships is BA3C, which be- 
comes BA, by letting C=A; the question refers to a molecule AB,, but for con- 
sistency with the main text the exercise will be continued with BA,. Let mc = 
ma and R’ = pR to give 

ma(mg + 


I, = maf, (0)R? + MA) 6 (g)R? 


m 
+ os {(3ma + mg) pR + 6maR[! fo(0)]!/7} pR 


with m = mpg + 4my,. At the tetrahedral angle cos O;¢1 = -1; hence f; (ter) = : 
and f2 (Stet) = ai this gives 
ma(mg+m 
I, = ma$R° + malt + Ma) 1 p2 
m 


+ a {(3ma +mp)pR+ 6maR[+ x 1712) oR 


ma(mp + my) 


m 
=m,tR + iR? + — {(3m, + mp)pR+2m,R} pR 


I; = 2m, SR 


To simplify the expression somewhat let mp = ama. This gives m = am, + 
4ma = (4+ a)ma 


mi(at+1),_5 
(4+a)ma 
eerie 
Lao eee toe 

4(4+a)+(1+a)+3[(3+a)p+2p] 17+5a+15p+3pa 
7 3(4+ a) 7 3(4+ a) 


I, = my$R* + ; 


{(3 + a)pm,R+2m,R}pR 


Ty/(maR*) = § 


A useful check at this point is to set p = 1 which gives I,/(m,R*) = §, the 
expected values for a tetrahedral BA, molecule. 


The variation of the moments of inertia with p are shown in Fig. 11.3; I, isshown 
for three representative values of a. As expected, J, and I) converge onto the 
same value when p = 1. I| is independent of p as this axis passes along the bond 
with length R’, and so the moment of inertia is unaffected by variations in R’. 
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EB.3(b) 


EIIB.4(b) 


I/m,R? 


2.5 | | | | 
1.0 1.2 1.4 1.6 1.8 2.0 


Figure 11.3 


To be a symmetric rotor a molecule most possess an n-fold axis with n > 2. (i) 
Ethene has three two-fold axes, but no axes with n > 2 and so is an asymmetric 
rotor. (ii) SO; is trigonal planar; it has a three-fold axis and so is a symmetric 
rotor. (iii) CIF3 is “T-shaped’ and has a two-fold axis; it is an asymmetric rotor. 
(iv) N2O is a linear rotor. 


In order to determine two unknowns, data from two independent experiments 
are needed. In this exercise two values of B for two isotopologues of OCS are 
given; these are used to find two moments of inertia. The moment of inertia of 
a linear triatomic is given in Table 11B.1 on page 431, and if it is assumed that 
the bond lengths are unaffected by isotopic substitution, the expressions for 
the moment of inertia of the two isotopologues can be solved simultaneously 
to obtain the two bond lengths. 


The rotational constant in wavenumber is given by [11B.7-432], B= h/Ancl; 
multiplication by the speed of light gives the rotational constant in frequency 
units B = h/4mI, which rearranges to I = h/4nB 


Tocs = (1.0546 x 10°**Js)/[4m x (6081.5 x 10° Hz)] = 1.37... x 10° kgm? 
Tocsr = (1.0546 x 10-**Js)/[4m x (5932.8 x 10° Hz)] = 1.41... x 10° kgm? 


In these expressions the isotopologue with *’S is denoted S and that with *’S is 
denoted S$’. It is somewhat more convenient for the subsequent manipulations 
to express the moments of inertia in units of the atomic mass constant my and 
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nm. 
2 

10° nm lm 
Tocs = (1.37... x 10749 kgm?) x x : 
ocs = ( ae aa ae 1.6605 x 10-27 kg 

= 0.831... my, nm? 

On GE es ed rr . a, 
ce ahe Im 1.6605 x 10-27 kg 


= 0.851... m, nm? 


Using the expressions from Table 11B.1 on page 431, the moments of inertia 
are expressed in terms of the masses and bond lengths, where the former are 
expressed as multiples on my. In this case A = '°O, B= ’C and C= S or *4S 


(moR - msR’)* 
Mot+tMmet+ms 
(15.9949R — 31.9721R’)? 
15.9949 + 12.0000 + 31.9721 
(15.9949R — 31.9721R’)? 
59.967 
(moR = mg R’)? 
Mo+mo+my 
(15.9949R — 33.9679R’)? 
15.9949 + 12.0000 + 33.9679 
(15.9949R — 33.9679R’)? 
61.9628 


Tocs = MoR? + msR” 


= 15.9949R? + 31.9721R” 


= 15.9949R* + 31.9721R” 


Tocs = MoR? + my R? 


= 15.9949R* + 33.9679R” 


= 15.9949R? + 33.9679R” 


These two equations need to be solved simultaneously for R and R’, but be- 
cause they are quadratics this is a very laborious process by hand: it is best 
achieved using mathematical software. This gives the resulting bondlengths as 
R= Roc = 0.1161 nm|and|R’ = Res = 0.1561 nm|. 


E11B.5(b) The centrifugal distortion constant is given by [11B.16-434], D y= 4B /¥?. With 
the given data D; = 4(0.0809 cm™!)3/(323.2 cm™!)? =|2.028 x 10-8 cm=!}, 


The rotational constant is inversely proportional to the moment of inertia of 
the molecule, I = mer;R* where R is the bond length and meg is the effective 
mass. Assuming that isotopic substitution does not affect the bond length, it 
follows that B « mz;;. Assuming that isotopic substitution does not affect 
the force constant, the vibrational frequency is proportional to m,! *. Thus 
Dx (my)?/ (m;! *)? = m2. For this estimation it is sufficient to use integer 
masses, and because a ratio is involved these can be expressed as multiples of 
My. 


= [0.98 


79 x 81 esl) 


~ ~ 2 
Daigy, /Dsipr7pr = (Mege s1Br7Br/Meff 8 Br, ) = (= +81 x 81x81 
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EIIB.6(b) 


E1B.7(b) 


EIIB.8(b) 


EIIB.9(b) 


For a molecule to show a pure rotational (microwave) absorption spectrum is 
must have a permanent dipole moment. |All] of the molecules given satisfy this 
requirement. 


The wavenumbers of the lines in the rotational spectrum are given by [11B.20a- 
436], 9(J) = 2B(J + 1); the J = 2 < 1 transition is therefore at (1) = 2B(1 + 
1) = 4B. The rotational constant is given by [11B.7-432], B = h/4ncl, and the 
moment of inertia is given by merrR*, where mere = mim2/(m, + m2). 


(12.0000 x 15.9949) m2 , 16605 x 10°*’ kg x (112.81 x 10"? m)? 
~ (12.0000 + 15.9949) my, 1 my , 


= 1.44... x 107% kgm” 
we AS 1.0546 x 10°**Js 
4ncl 4m x (2.9979 x 10!9 cms-!) x (1.44... x 10-46 kg m’) 


= 1.93...cm7! 


The transition occurs at 4B = 4 x (1.93... cm™!) = |Z729 cm7!|, Expressed in 
frequency units this is 4cB = 4 x (2.9979 x 10'°cms"') x (1.93... cm™!) = 
2.31. 10"? Hz =|23L7 GHz| 


Centrifugal distortion will lower the frequency. 


The wavenumbers of the lines in the rotational spectrum are given by [11B.20a- 
436], 1(J) = 2B(J + 1). The J = 1 < 0 transition is therefore at (0) = 2B(0 + 
1) = 2B, hence B = (16.93/2) cm™!. The rotational constant is given by [11B.7- 
432], B = h/4ncI, and the moment of inertia is given by Met¢R?, where Mere = 
mm>/(m, + m2). It follows that R = (h/4ncmegB)"”. 


(1.0078 x 80.9163)m2 1.6605 x 10°?’ kg 
“i = 


Met = 1.65...x 10°’ k 
“(1.0078 + 80.9163) my Im, ° 

- 1.0546 x 10734Js We 
An x (2.9979 x 101° cms~!) x (1.65... x 10-27 kg) x [(16.93/2)cm7!] 

=|141.4 pm 


The wavenumbers of the lines in the rotational spectrum are given by [11B.20a- 
436], 0(J) = 2B(J +1); the lines are therefore spaced by 28, it therefore follows 
that B = (1.033/2) cm™!. The rotational constant is given by [11B.7-432], 
B = h/4ncI, and the moment of inertia is given by megpR*, where mere = 
mm /(m, + m2). It follows that I = h/4ncB and R = (1/mest)'/. 


I=h/4ncB 


1.0546 x 10°734Js 


= =|5.420 x 10°46 kgm? 
An x (2.9979 x 101° cms~!) x [(1.033/2) cm7!]) . 


(34.9688 x 18.9984)m, 1.6605 x 107°” kg | 


x 2.04... x 107° kg 
(34.9688 + 18.9984) m, 1 my 


Meff = 


R = (I/mege)/” = [(5.420... x 1074 kg m?) /(2.04... x 10776 kg) ]!/? 
=|162.8 pm 


E11B.10(b) The most occupied J state is given by [11B.15-434], Jax = (kKT/2hcB)'/? - ‘. 


E1B.11(b) 


E11B.12(b) 


E11B.13(b) 


(i) At 25 °C, 298 K, this gives 


Tmax = 
(1.3806 x 10723 JK7!) x (298 K) eS 
2x (6.6261 x 10-34J s) x (2.9979 x 10!° cms!) x (0.0809 cm-!) 2 
=|35 


(ii) At 100 °C, 373 K, this gives 


Tmax = 
=23 7-1 1/2 
(1.3806 x 1077? JK~') x (373 K) Ff 
2x (6.6261 x 10-34Js) x (2.9979 x 10!° cms!) x (0.0809 cm-!) : 
= [40 


For a molecule to show a pure rotational Raman spectrum it must have an 
anisotropic polarizability. With the exception of spherical rotors, all molecules 
satisfy this requirement. Therefore |CH2Cl,, CH3;CH3 and N2O| all give rota- 
tional Raman spectra. 


The Stokes lines appear at wavenumbers given by [11B.24a-438], ((J+2 < J) = 
¥; — 2B(2J + 3), where the wavenumber of the incident radiation is 7;, and J is 
the quantum number of the initial state. With the given data 


0(4 < 2) = 20623 cm! — 2 x (1.4457 cm™!)(2 x 2 +3) =|20603 cm! 


The Stokes lines appear at wavenumbers given by [11B.24a-438], i(J+2 < J) = 
¥, — 2B(2J +3), where the wavenumber of the incident radiation is 9;, and J is 
the quantum number of the initial state. It therefore follows that the separation 
between adjacent lines is 4B, hence B = (3.5312/4) cm™!. 

The rotational constant is given by [11B.7-432], B = h/4mclI, and the moment 
of inertia is given by merrR*, where mege = m1m2/(m, + m2). It follows that 
I = h/4ncB and R = (1/mest)'/?. 


I =h/4ncB 
_ 1.0546 x 10°**Js 
An x (2.9979 x 10!°cms-!) x [(3.5312/4) cm7!] 


= 3.17...x 10°“ kgm? 
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E1IB.14(b) 


For a homonuclear diatomic the effective mass is simply mere = 5m 


L 
2 


3.17... x 107*° kgm” “ 
+ x 18.9984 x (1.6605 x 10-27 kg) 


R= (I/ mee)? = ( 


=/141.79 pm 


Cs, is a linear molecule; the carbon atom has no effect on the nuclear statis- 
tics as it is at the centre. **S has spin zero, so the behaviour is analogous to that 
of C!°O,: only even J levels are permissible. 


Changing the carbon to °C has not effect as this atom is at the centre. 


Solutions to problems 


P11B.2 


PIIB.4 


Suppose that the centre of mass is at a distance x from B, and therefore (R -~x) 
from A and (R’ + x) from C. Balancing moments gives 


R- R’ 
ma(R-x) = mpgx+mc(R’+x) hence x = ra IS 
m 


where the total mass is m = ma + mp + mc, the moment of inertia is therefore 
IT=ma(R-x)* + mpx? + mc(R’ +x)? 
first gather terms in powers of x 


= maR* + mcR? — 2x(maR—-mcR’) + x*(mat+mp+mc) 


= maR* + mcR”? — 2x(maR-mcR’)+x*m 
the substitute for x 


T= m,R? + mcR? —2(maR- mcR’)(maR- mcR’)/m 
+ (maR-mcR')*m/m? 
= maR* + mcR”? — 2(maR- mcR’)*/m+ (maR-mcR’)?/m 


= maR* + mcR? —(maR-mcR’)?/m 


The wavenumbers of the lines expected for a diatomic are given by [11B.20a- 
436], (J) = 2B(J + 1); the separation of the lines is 2B. The spacing between 
adjacent lines in the given data is not constant, but varies between 20.3 cm™! 
and 20.8 cm™!, with an average of 20.5 cm™'; a reasonable first guess at the 
value of B is therefore } x (20.5 cm™!) = 10.25 cm™!. With this estimate it 
is then possible to assign the lines, that is determine the value of J associated 
with each. From 7 = 2B(J + 1) it follows that J = +/2B — 1. For the first line 
J = (83.32 cm™')/(20.5 cm™!) — 1 = 3.1 which indicates that this is likely to 


be the line #(3); similar calculations for the other lines indicates that they are 
0(4)...0(10). 
The variation in the spacing is attributed to the effects of centrifugal distortion. 
In this case the wavenumbers of the lines are given by [11B.20b-436], #(J) = 
2B(J + 1) - 4D;(J + 1)>. Division of both side of this expression by (J + 1) 
indicates that a plot of #(J)/(J + 1) against (J + 1)* should be a straight line 
with slope —4D, and intercept 2B 
intercept slope 

WD). Ge aa 2 

———= 2B -4D +1 

Jel jU+1) 
The data are tabulated below; 6 is the difference between successive lines. The 
plot is shown in Fig. 11.4. 


Dem! dfem! J [HD /+ Jem (+1)? 
83.32 3 20.83 16 
104.13 20.81 4 20.83 25 
124.73 20.60 5 20.79 36 
145.37 20.64 6 20.77 49 
165.89 20.52 7 20.74 64 
186.23 20.34 8 20.69 81 
206.60 20.37 9 20.66 100 
226.86 20.26 10 20.62 121 


20.9 
7 
iS 
YL 20.8 
= 
> 
™—~ 
Ss 20.7 
cam 

20.6 

0 20 40 60 80 100 =120 
(J+1)? 
Figure 11.4 


The data are quite a good fit to the line 
[6(J)/UJ +1) ]/em™! = -2.0534 x 107° x (J +1)? + 20.866 


The value of the rotational constant is found from the intercept: (B/cm™!) = 
+ x intercept. Some elementary statistics on the best-fit line indicates an error 
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of about 0.005 cm™! in the intercept, so the best estimate for the rotational 
constant is B = 10.433 + 0.002 cm™'. The slope is (-4D,/cm™'), hence D; = 
5.13 x 10-4 cm™. 


The rotational constant is given by [11B.7-432], B = h/4ncI; it follows that 
I=h/4ncB 


1.0546 x 10°34Js 


I= =|2.6832 x 1074” kgm” 
An x (2.9979 x 101° cms7!) x (10.433 cm7!) . 


The moment of inertia is I = me¢R?, where mere is the effective mass, Mere = 
MymMc/ (my + mcr). It therefore follows that 


1/2 
I(my + mc1) / 
myMC] 


R= (1/me)'” = ( 


(2.6832 x 10-47 kgm?) x (1.0078 + 34.9688) \/” 
= = |128.4 pm 


(1.0078 x 34.9688) x (1.6605 x 10-27 kg) 


Note the factor 1 m, = 1.6605 x 107” kg used to convert the masses to kg. If 
the average spacing is used as an estimate for B the resulting bond length is 
129.6 pm, which is significantly different. 


To predict the corresponding lines in the spectrum of *H*°Cl it is necessary 
to know the values of the rotational constant and the centrifugal distortion 
constant. The rotational constant is inversely proportional to the effective mass. 
Therefore, assuming that the bond length is the same in the isotopologues, B 
for 7=H*Cl is computed from ratio of effective masses 


Boyssqy/Buysci = Mess, 435C1/Meff,2H35C1 


Baysscy = Biysscy X Meee, 1H35C1/Metf,2H35C1 
Miy_Ms5c] My + M35c] 
x 


= Biys3scy x 
Miy + Msc] M2yM35¢C] 


1.0078 x 34.9688 re 2.0140 + 34.9688 
1.0078 + 34.9688 2.0140 x 34.9688 


= (10.433 cm!) x 


= 5.367 cm! 


As explained in Exercise E11B.5(b), the D; « mz. Because this term only has 
a small effect it is sufficient to assume that the values of the effective masses of 
'HCland *HClare dominated by the much lighter 'H or 7H to give mege,1435¢] ¥ 
1 my and mM ege24735c) ¥ 2 My, thus 


Dy2usci = Dyyascy x (1/2) = (5.13 x 10-4 em™) x ¢ = 1.28 x 1074 cm"! 


With these values of B and D, the wavenumbers of the lines in the spectrum of 
°H*°Cl are computed using i(J) = 2B(J+1)-—4D;(J +1)? to give the following 


3 4 5 6 7 8 9 10 
42.90 53.61 64.29 74.96 85.61 96.23 106.83 117.39 


J 
9VJ)/cm"! 


P11B.6 


P1I1B.8 


The wavenumbers of the lines expected for a diatomic are given by [11B.20a- 
436], 0(J) = 2B(J + 1); the separation of the lines is 2B. From the data given 


the average spacing is 6027.69 MHz, and hence 


B = 3013.8 MHz). The preci- 


sion of this value is likely to be lower than the apparent precision of data: for 
example, the two separations measurable from the spectrum differ by 0.2 MHz, 
indicating that there must be some scatter on the data at this level. 


The rotational constant is given by [11B.7-432], B = h/4ncI. Expressed in 
frequency units this is B = h/4m1. It follows that I = h/4nB 


1.0546 x 107**Js 


I=h/4nB = 


The effective mass is 


4n x (3013.8... 


Mo3cyM7py _ 62.9296 x 78.9183 


x 10° Hz) 


Meff = 


Meo3scy + M79py 62.9296 + 78.9183 


Because I = me¢R? it follows that 


R= (1/mege)"” 


= {(2.78... x 107 kg m?) /(35.0114 x [1.6605 x 10-2” kg])}"” = [219 pm 


=3,78..% 10 ~ ken 


= 35.0114 my 


The data are tabulated below and the plot is shown in Fig. 11.5. 


Diem" J [HO /2T+V]/em™" (+1)? 
3.845033 0 1.922517 1 
7.689919 1 1.922.480 4 
11.534510 2 1.922.418 9 
15.378 662 3 1.922 333 16 
19.222223 4 1.922 222 25 


The data are a good fit to the line 


[6(J)/U + 1)]/em™! = -1.225 660 x 107° x (J +1)? + 1.922529 


The value of the rotational constant is found from the intercept: (B/cm™!) = 
intercept. Some elementary statistics on the best-fit line indicates an error of 
about 10~” cm“! in the intercept (which seems improbably small); using this, 


the rotational constant is quoted as 


B = 1.922529 cm7! 


. The slope is related 


to the centrifugal distortion constant as (-2D,;/cm™'), and the error is about 


10-® cm™! hence|D, = 6.128 x 10~° 


cm7!}, 
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P11B.10 


1.922 60 


1.92250 


1.922 40 


[6(J)/2U + 1)]/em! 


1.922 30 


1.922 20 
0 


(+1)? 


Figure 11.5 


(a) The selection rules are AJ = +1, AK = 0. An allowed absorption transi- 
tion from (J, K) to (J + 1, K) has wavenumber 
0 =F(J+1,K)-F(,K) 
= B(J +1)(J +2) + (A- B)K? - D,(J +1)?(J +2)” 
— Dyx(J +1)(J +2) K? — Dg K* 
- [BJ +1) + (A-B)K*- BP +1)? 
- ByxJ(J + 1)K? - Dek*] 
= 2B(J +1) -D,[J +1) +2" -PU+1)7] 
— DyxK* [J +1) +2) -JU+1)] 
= 2B(J +1) - D,[(? +27 +1)" +47 +4) - PU? +27 +1)] 
— DyxK*[f? +37 +2-P -J] 
= 2B(J +1) - Dj[4+ 12) + 12)? + 4°] - Dj K" [2] +2] 
= 2B(J +1) - Dj4( + 1)° - Dyx2K* (J +1) 


The wavenumber of the lines in the absorption spectrum are given by 


6, K) = 2B(J +1) -4D,(J +1)? - 2Dyx(J + 1)K? (11.1) 


(b) It is first helpful to compute the separation between the lines 


51.0718 102.1408 102.1426 153.2076 153.2103 
Ww Ww 


Ww Ww 
51.069 0.0018 51.065 0.0027 


Recall that B >> D. The separation of about 51 GHz is likely to correspond 
to 2B; if this is so then, ignoring centrifugal distortion, the expectation is 
v(0) = 2B = 51 GHz, v(1) = 4B = 102 GHz, and v(2) = 6B = 153 GHz. 


From eqn 11.1 it is seen that for each transition (J + 1 < J) there are 
separate lines for each value of K?. The K quantum number takes values 
from —J to +J in integer steps, and so has (2J + 1) values. However, the 
energy goes as K*, of which there are only (J + 1) distinct values. The 
transition 1 < 0 has J = 0 and hence K = 0 only: there is one line. The 
transition 2 < 1 has J = 1 and hence K = 0, 1: there are two lines, and 
because the term in K” is negative, the line for K = 1 is at lower frequency 
that that for K = 0. The transition 3 « 2 has J = 2 and hence K = 0, 1, 2 
: there are three lines, running to lower frequency as K increases. 

The following table indicates the quantum numbers for each line and their 
frequencies expressed in terms of the various constants. 


line observed freq/GHz J K _ v(J,K) 


1 51.0718 0 0 2B-4D, 
2 102.1408 1 1 4B-—32D,;-4Djx 
3 102.1426 1 0 4B-—32Dy; 
not given 2 2 6B-108D;- 24Djx 
153.2076 2 1 6B-108D,;-6Djx 
5 153.2103 2 0 6B -108D, 


The assignment of lines 4 and 5 needs some comment. With the assign- 
ment given the separation of lines 4 and 5 is 6Djx, and the separation of 
lines 2 and 3 is 4D;x; these separations are therefore expected to be in the 
ratio 6/4 = 1.5. From the data the ratio is (153.2103-153.2076)/(102.1426- 
102.1408) = 1.5, which is consistent with the assignment. Such consis- 
tency is not achieved with any other values of K for lines 4 and 5. 

With this assignment it is possible to find the constants but taking dif- 
ferences between multiples of the frequencies of different lines from the 
table: 


line 3 — line 2 = 4Djx = 102.1426 — 102.1408 = 0.0018 GHz 


hence Djx = 4 x 0.0018 GHz = [0.45 MHz]. 


line 3 — 2 x line 1 = —24D, = 102.1426 — 2 x 51.0718 = —0.0010 GHz 


hence Dy = 4 x 0.0010 GHz = [0.042 MHz], A different choice gives a 
different value, indicating that the accuracy of the data is perhaps lower 
than it appears 


2 x line 5 — 3 x line 3 = -120D, = 2 x 153.2103 — 3 x 102.1426 
= -0.0072 GHz 


hence Dy = ;55 x 0.0072 GHz = [0.060 MHz}. 


line 3 — 8 x line 1 = -12B = 102.1426 — 8 x 51.0718 = —306.43 GHz 


1 
hence B = io x 306.4 GHz = |25.536 GHz 
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PIB.12 


P1IB.14 


It is not possible to find A, nor is it possible to find Dx, as these constants 
do not affect the frequencies of the lines. 


The issue here is whether or not the rotational transitions of the molecule have 
wavenumbers which overlap the range for which the black-body radiation is 
significant. The cosmic microwave background corresponds to about 2.7 K, and 
the wavelength of the maximum radiation density can be found using Wien’s 
law, [7A.1-238], AmaxT = 2.9 x 10°? mT. Expressing this as a wavenumber 
gives 


1/Amax = T/(2.9 x 107° m T) = (2.7 K)/(2.9 x 107° mT) = 931 m™! 
The peak in the energy density of the black body is therefore at around 9.31cm7!. 


The rotational constant of CN is 1.891 cm™!, so the first line occurs at 2B = 


3.782 cm~', and subsequent lines at 7.564 cm“!, 11.346 cm”! and so on. The 
first few of these fall conveniently close to the maximum of the black-body 
radiation. In contrast, for CH the first line is at 28.38 cm™!, which is already at 
a much higher wavenumber than the maximum of the black-body radiation. 
Thus, in order to study the energy distribution by looking at the lines from a 
molecule, CN is much more useful than CH as the CN spectrum overlaps the 
region of interest. 


The first step is to find an expression for the moment of inertia of benzene about 
any axis in the plane; as long as the axis lies in the plane and passes through the 
centre its location can be chosen freely. Consider the arrangement shown below 
in which the axis (shown by the horizontal line) is chosen to pass through two 
carbon atoms on opposite sides of the ring. Recall that the distance from the 
centre to the vertices is equal to the length of the sides; let this length be R. The 
perpendicular distance d from one atom to the axis is R sin 60° = R\/3/2. The 
four carbon atoms which are away from the axis are all at the same distance 
and so their contribution to the moment of inertia is therefore 4mc(3/4)R* = 
3mcR?’; the other two atoms lie on the axis and so make no contribution. 


Now consider the six hydrogen atoms. These also form a hexagon, but with 
a larger side, which is denoted R’. Starting from the centre, the distance to a 
carbon atom is R, and the distance to a hydrogen atom in the same direction is 
R’. It follows that Rcy = R’ — R, and as has already been established Rcc = R. 
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The contribution that the hydrogen atoms make to the moment of inertia is, by 
analogy with the discussion above, 3myR”. Therefore I = 3mcR* + 3myR? 
and Ip = 3mcR* + 3mpR”. 


To find R multiply I by mp, and Ip by my to give 
Mply = 3mpmcR? + 3mpmyR? mylp = 3mymcR? + 3mympR” 
Then, subtract the two expressions and rearrange 


mply — myIp 


mply - Mylp = 3mpmcR* -3mymcR? hence R? = 
3mc(mp = my) 


With the data given 


ge (2.0140) x (1.4759 x 10°*° kg m?) — (1.0078) x (1.7845 x 10°-*° kg m?) 
3 x (12.0000) x (2.0140 — 1.0079) x (1.6605 x 10-27 kg) 
= 1.95... x 10°79 m? 


Therefore the CC bond length is |139.7 pm|. 


The value of R’ is obtained by subtracting Ij; from Ip so as to eliminate the 


term in R? 

Ip -I 

Ip —Iy=3R?(mp-—my) hence R”? = = 
3(mp _ my) 


With the data given 


_ (1.7845 x 10° kg m*) — (1.4759 x 10° kg m?) 
3 x (2.0140 — 1.0079) x (1.6605 x 10-27 kg) 
=G15...% 10° me 


R? 


Therefore R’ = 248.1 pm and hence Rcy = R’ — R = 248.1 - 139.7 = |108.4 pm 


11C_ Vibrational spectroscopy of diatomic molecules 


Answers to discussion questions 


DIIC.2 The rotational constant depends inversely on the moment of inertia, which in 
turn depends on the square of the bond length. However, because the molecule 
is vibrating, the bond length is constantly changing. Vibration is much faster 
than rotation, so for the purposes of calculating the moment of inertia it is 
generally a good approximation to take an average over the vibrational motion 
and use (R’) in place of R’. It follows that B « 1/(R?). 


If the vibration is assumed to be harmonic (R*) increases with increasing vi- 
brational energy. However, for a typical anharmonic vibration there is a much 
greater effect on (R*) arising from the asymmetry of the potential. Put simply, 
instead of the molecule oscillating symmetrically about the equilibrium posi- 
tion, the bond stretches more than it is compressed, resulting in the average 


372 


D1C.4 


bond length increasing. As the vibrational energy increases the potential curve 
becomes shallower for bond extension and the average bond length increases 
further. 


The value of 1/(R*) therefore decreases as the vibrational quantum number v 
increases, and as a result the rotational constant B is a decreasing function of 
the v. For typical molecules, this effect of the anharmonicity is dominant, and 
it is not unusual for the rotational constant to decrease by 1-2 per cent when 
going from the v = 0 to the v = 1 vibrational level. 


Because bonding is principally a matter resulting from electrostatic interac- 
tions, the addition of a neutral particle to the nucleus is not expected to alter the 
geometry of a molecule (bond lengths, bond angles), nor is it expected to alter 
the force constants which describe the stretching of bonds. However, rotational 
spectra, and the rotational fine structure which is associated with vibrational 
spectra, depend on the rotational constants, and in turn these depend on the 
effective mass. Likewise, vibrational frequencies also depend on the effective 
mass, and so they too will be affected. 


Different isotopes may have different nuclear spins and this can affect the pat- 
tern of intensities of lines arising from different rotational states. 


Solutions to exercises 


ElIC.1(b) 


ENIC.2(b) 


The vibrational frequency of a harmonic oscillator is given by [7E.3-274], w = 
(ke/m)"/; w is an angular frequency, so to convert to frequency in Hz, v, use 
w = 2nv. Therefore 2rnv = (k¢/m)/?. Rearranging this gives the force constant 
as ke = m(2nv)* 


ke = (0.0010 kg) x (2m x 10.0 Hz)” =|3.95 Nm! 


where 1 N = 1kgms~ and 1 Hz = 1s"! are used. 


The vibrational frequency, expressed as a wavenumber, of a harmonic oscillator 
is given by [11C.4b-443], > = (1/2mc)(k,/mege)'/?, where meg is the effective 
mass, given by Meg = ™1M2/(m + m2). Assuming that the force constants of 
the two isotopologues are the same, ¥ simply scales as (megr) “1/2 The fractional 
change is therefore 


Vip3scl — V2H37C1 1 Vac I (mwa) ° 
™M eff,?H37Cl 
1.0078 x 34.9688 2.0140 + 36.9651 \" oes 
1.0078 + 34.9688 2.0140 x 36.9651 


Vipp3sc] Vipz3sc] 


The fractional change, expressed as a percentage, is therefore |28.38%|. 


E1IC.3(b) 


ElIC.4(b) 


E11C.5(b) 


The wavenumber of the fundamental vibrational transition is simply equal to 
the vibrational frequency expressed as a wavenumber. This is given by [11C.4b- 
443], > = (1/2nc)(k¢/mere)'/?, where mer is the effective mass, given by met = 
m m2/(m, + mz). It follows that kr = mer¢(2mcv)”. With the data given 
ee 78.9183 x 80.9163 (1.6605 x 1072” kg) 
78.9183 + 80.9163 
x [2m x (2.9979 x 10'° cms”*) x (323.2 cem™')]? 


=|245.9Nm7! 


Note the conversion of the mass to kg. 


The wavenumber of the fundamental vibrational transition is simply equal to 
the vibrational frequency expressed as a wavenumber. This is given by [11C.4b- 
443], > = (1/2nc)(k¢/mer)'/?, where megz is the effective mass, given by met = 
mmy/(m ,+mz). Assuming that the force constants of the two isotopologues 
are the same, ¢ simply scales as (mets)~!/?. Therefore 


2 1/2 1/2 
V2HxX Meff, HX P p Meff, HX 
. = [| — hence 24x = Vigx X | ———— 
Vinx ™M eff ,2HX Meff,2HX 


Using these relationships, the following table is drawn up 


nyR "E> C] ny8lpr nyy277 
Siyx/em™! 4141.3 2988.9 2649.7 2309.5 
mett,ux/My 0.9570 0.9796 0.9954 0.9999 
Mern2ux/My 1.8210 1.9043 «1.9651 _—_—+1.9825 
doyx/cm! 3002.3 2143.7 1885.8 1640.1 


The terms (energies expressed as wavenumbers) of the harmonic oscillator are 
given by [11C.4b-443], G(v) = (v + 4) %; these are wavenumbers and so can 
be converted to energy by multiplying by hc to give E(v) = (v + +)hc%. The 
first excited state has v = 1, and the second has v = 2. The relative popula- 
tion of these levels is therefore given by the Boltzmann distribution, n/n, = 
e (Fx-E: kT The energy difference E,—E, = hcv, and hence n/n, = e hee /kT. 
It is convenient to compute the quantity hci/k first to give 


(6.6261 x 10°**Js) x (2.9979 x 10'° cms) x (321 cm") 
1.3806 x 10-23 JK! 


hco/k = 
= 461.8...K 


It follows that n/n, = e 461-8. K)/T 


(i) At 298 K, no/ny = e7~ (461-8 K)/(298 K) — 19.919 
(ii) At 800 K, no/n, = e~ (461-8 K)/(800 K) _ [561 
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E11C.6(b) 


ENIC.7(b) 


As expected, the relative population of the upper level increases with tempera- 
ture. 


Note: the data in the Exercise are in error, the transitions should be at 2329.91 cm“, 
4631.20 cm“, and 6903.69 cm“. 


Taking ye = 0 is equivalent to using the terms for the Morse oscillator, which 
are given in [11C.8-444], G(v) = (v+ 3) —(u+ 4)’ 0xe. The transition v < 0 
has wavenumber 


=[(v+ B= (v4 4)*¥x.] = [0+ D)P- (0+ LF] 
v 
Data on three transitions are provided, but only two are needed to obtain values 


for # and x,. The AG(v) values for the first two transitions are 


1<0 9 —20x~ = 2329.91 cm! 
2<0 29 — 60x- = 4631.20 cm 


Multiplying the first expression by 3 and subtracting the second gives 


3(0 — 20x_e) — (20 - 69x.) = 0 


hence = 3 x (2329.91 cm™') — (4631.20 cm™') = [2358.5 cm™! 


This value for 7 is used in the first equation, which is then solved for x, to give 
Xe = } — (2329.91 em™')/[2 x (2358.53 cm™')] =|6.07 x 107°}. 


The strategy here is to see if the data can be modelled by the energy levels of the 
Morse oscillator. This is tested by using the result from [11C.9b-445], AG, ,.1/2 = 
¥—2(v + 1)xed, where AG,,1/2 = G(v + 1) —- G(v). This implies that a plot 
of AGya4 /2 against (v + 1) will have slope —2x.% and intercept . The data are 
shown in the table and the plot in Fig. 11.6. 


G,fem™ AGyyiy/em™ uv + 
1144.83 2230.07 1 
3 374.90 2150.61 2 
3 
4 


5525.51 2071.15 
7 596.66 1991.69 
9588.35 


BP wWN KF OC] 


The data are a good fit to the line 


AG y41/2/cm | = -79.46 x (v + 1) + 2309.5 


E1IC.8(b) 
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Figure 11.6 


This confirms that the data are well-described by the Morse levels. From the 
slope 


xev/em™' = -4 x slope = -}(-79.46) hence x-¥ = 39.73 cm”! 


and from the intercept 


1 


¢/cm™! = intercept = 2309.5 hence #=2309.5cm'! 


The depth of the well, D, is then found using [11C.8-444], x. = 9/4D-. rear- 
ranged to D, = 7/4x. = #7/4x-. The dissociation energy is Dp = D. — G(0) 
(Fig. 11C.3 on page 444), hence 


=), 


Do = D. - G(0) = —— - G(0) 


€ 
_ (2309.5 cm™)? 
4 x (39.73 cm7!) 


(1144.83 cm™') = [3.24 x 104 cm™! 


To convert to eV, the conversion 1 eV = 8065.5 cm! from inside the front cover 
is used to give | Do = 4.02 eV}, 


The result is only quoted to modest precision because in effect the dissociation 
limit is extrapolated from just a few levels near to the bottom of the potential 
energy well. 


The wavenumber of the transition arising from the rotational state J in the P 
branch (AJ = -1) of the fundamental transition (v = 1 < v = 0) is given 
by [11C.13a-447], ip(J) = 7 — 2BJ. In this case # = 2648.98 cm™! and B = 
8.465 cm! hence 


(2) = (2648.98 cm™') — 2 x (8.465 cm™') x 2 = |2615.1cm7! 
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Solutions to problems 


P11C.2 


P11C.4 


The potential energy function for a Morse oscillator is given by [11C.7-444], 
V(x) = hcD.(1 —e-**)’, and the force constant is defined in [11C.2b-442] as 
ke = (d*V /dx*)o. 


d, . 7 i 
a hcD.(1-e7%*)? = 2hcD.(1 - e**)(ae~**) = 2hcD,a(e™™ — e7**) 


d? d : ° 
——V(x) = —2hcD,a(e™™* — e***) = 2hcD,a(-ae™™* + 2ae-7**) 
dx? dx 


Evaluation the second derivative at x = 0 gives 


ke = (d?V /dx?)o = 2hcD,a(-a + 2a) =|2hcD, a? 


The quoted vibrational terms, G(v) = (uv + 4) - (v + $)?xe#, are those of a 
Morse oscillator. Therefore [11C.9b-445] applies, AG,,1/2 = ¥ — 2(v + 1)xe, 
where AG,,1/2 = G(v + 1) — G(v), applies. It is therefore expected that a plot 
of AG,,1/2 against (v + 1) will have slope —2x.% and intercept . The data are 
shown in the table and the plot in Fig. 11.7. 


v G,/em! AGyyiy/em™! v+1 
0 142.81 284.50 1 
1 427.31 283.00 2 
2 710.31 281.50 
3 991.81 
285 
_ 284} : 
| 
= | : 
~<a 
g 283 |- | 
z 
= . = 
282 | 4 
281 ! ! ! ! ! 
0.5 1.0 1.5 2.0 2.5 3.0 3.5 
v+1 


Figure 11.7 


The data are a good fit to the line 


AGy41/2/cem | = -1.500 x (v + 1) + 286.00 


P11C.6 
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This confirms that the data are well-described by the Morse levels. From the 
slope 


xe¥/em™' = -4 x slope = -4(-1.500) hence x-% = 0.750 cm”! 
and from the intercept 


¥/cm™' = intercept = 286.00 hence 7 = 286.00 cm! 


The zero-point energy is G(0), which is, from the data given, |142.81 cm7!|, 
The depth of the well, D, is then found using [11C.8-444], x. = 0/4D-. rear- 
ranged to D, = 0/4x. = 9°/4%x.. The dissociation energy is Dy = D. — G(0) 
(Fig. 11C.3 on page 444), hence 


“2, 


Do = D. - G(0) = 


G(0) 


e 


(286.00 cm7')* 
~ 4x (0.750 cm~!) 


(142.81 cm™') = [2.71 x 104 cm7} 


To convert to eV, the conversion 1 eV = 8065.5 cm™! from inside the front cover 
is used to give |Do = 3.36 eV|. The result is only quoted to modest precision 
because in effect the dissociation limit is extrapolated from just a few levels 
near to the bottom of the potential energy well. 


In the harmonic limit the vibrational frequency is given by [11C.4b-443], v = 
(1/21c)(ke/ mere)”, with the effective mass given by mer = m1m2/(m +m). 
It follows that ke = meg¢(20cv)?. 


22.9898 x 126.9045 27 
ke = x (1.6605 x 10 “’ kg) 
22.9898 + 126.9045 


x [2m x (2.9979 x 10!° cms™') x (286.00 cm7') }* 
= |93.8 Nm! 


The Morse potential is given by [11C.7-444], V(x) = hcD,(1 - e-**)?, where 
a = (meg? /2hcD,)'/. The task is to relate the constant a to the given values 
of # and ix,.. This is done by starting with [11C.8-444], x. = 0/4D., hence 
D,. = 9/4x-; using 7 = w/(2mc) this becomes D, = w/81cxe. This is then used 
in the expression for a to give 


Mesp W7 ne MefpW*  81CX~ ie 
= 5 = x 
2hcDe 2he 7) 
_ = a Metf4x~(21cP) ie _ 817 CMesfXeV we 
h h h 
where w = 2mcv is used once more. With the data given 
84.9118 x 1.0078 
Mett = x (1.6605 x 10 *” kg) = 1.65... x 10-7” kg 
84.9118 + 1.0078 
8n? (2.9979 x 10'° cms!) x (1.65... x 1077” kg) x (14.15 cm7!) ce 
a= 
6.6261 x 10-34Js 


=9.14...x 10? m7? =9.14...nm7! 
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P1I1C.8 


The well depth D, is computed using D, = 9/4x, = #7/4x.%; with the given data 
D, = (936.8 cm~')?/(4 x [14.15 cm™']) = 15505 cm™!. With these values of 
aand D,, and using x = R — Re, the potential is plotted in Fig. 11.8. 


30000 
T 
— 20000} 
Sasa 
ms 
= | 
= 
a4 
~ 10000 }- 
a 
0 | 
200 400 600 800 
R/pm 
Figure 11.8 


If rotation is included the potential is modified to V* = V + hcBJ(J +1), which 
is conveniently rewritten as V*/hc = V/hc + BJ(J +1) so that the value of 
V*/hc is plotted as a wavenumber. Because B « R~”, the value of B at any R is 
related to its value at the equilibrium bond length as 


R? ~ ~ R2 
7) hence B(R) = B(Re) 55 


The effective potential function to plot is therefore 
- ~a(R-R.)\2 , B ce 
V*/he = D.(1-e ““*?) + B(Re) BJU +1) 


This is plotted in Fig. 11.8 for the indicated values of J. It is seen that as J 
increases the depth of the potential well decreases, and that for J = 100 there is 
no minimum in the potential, implying that the molecule is not bound. 


The vibrational terms of the Morse oscillator are [11C.8-444], G(v) = (v + 
5)% —(v+ 5) ter Because of the term in x., which goes as v”, the energy levels 
get closer together and eventually the spacing goes to zero at the dissociation 
limit. This spacing is given by [11C.9b-445], AGy41/2 = 9-2(v+1)x., where 
AGy41/2 = G(v + 1) - G(v). The quantum number of the state at which the 
spacing goes to zero is therefore found by solving AG». 44 /2=90 


¥—2(Umaxt1)xe¥=0 hence |Umax = 1/2x.-1 


P1IC.10 


An alternative approach is say that G(v) reaches a maximum value at the dis- 
sociation limit, and therefore to find this limit by solving dG(v)/dv = 0 


£ [(v +3)0-(u+ 5) xe¥| =9-2(vt 5)xev 


du 


solving 0 = %-2(Umax + +) xed gives |Umax = 1/2xe - 


L 
2 


The difference between this result and that previously obtained is not significant 
because Umax is an integer, whereas both of the expressions derived treat vu as 
a continuous variable; it will therefore be necessary to round to the nearest 
integer. 


Yet another approach is to seek the value of v at which the energy of the term 
reaches D. 
(Umax + $)0— (Umax + 5) xe =D. 


This is most easily solved by letting y = (Umax + >) to give the quadratic 


0= y’xei- yi + De 
hence y= (1/2x.%) [+ + (7 - 4x.0D.)"!7] 


Using x. = 9/4D, from [11C.8-444] gives 


y = (1/2x.0) [9 + (7 - #)"?] = 1/2x. 


hence |Umax = 1/2Xe - $ . 


The rotational constant is given by [11B.7-432], B = h/4mclI, and the moment 
of inertia is given by mer¢R?, with meg = mim z/(m, + m2). It follows that 
R= (h/4ncmepB)'?. 


12.0000 x 15.9949 
~ 12.0000 + 15.9949 


Mert x (1.6605 x 1077 kg) = 1.13... x 107° kg 


For the v = 0 state B = 1.9314 cm~! and hence 


R = (h/4ncmegB)'” 
- 1.0546 x 10-*4Js - 
An x (2.9979 x 1019 cms-!) x (1.13... x 10726 kg) x (1.9314 cm7!) 
=|112.8 pm 


Repeating the calculation for the v = 1 state B = 1.6116 cm"! gives [123.5 pm|. 


In fact the data are in error: the rotational constant for v = 0 is 1.9225 cm™ 
giving R = 113.1 pm, and for v = 1 it is 1.9050 cm”! giving R = 113.6 pm. This 
variation by a fraction of a percent is more typical. 
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P11C.12 


P11C.14 


The expectation is that the separation between the lines in the P and R branches 
will be approximately constant at 2B; however the separation of the first line of 
the R branch, %,(0), from the first line of the P branch, #p(1), is approximately 
4B. Examination of the data shows that the separation between the lines at 
2906.25 cm™! and at 2865.14 cm“! is approximately twice that between the 
other lines. Therefore 2906.25 cm? is assigned as the first line of the R branch, 
the transition J = 1 < 0, and 2865.14 cm”! is assigned as the first line of the P 
branch, the transition J = 0 < 1. The assignment of the other lines follows by 
working out from these. 


In the method of combination differences, lines sharing a common upper (or 
lower) J level are identified and a plot is made of the difference between the 
wavenumbers of these pairs of lines against J. According to [11C.15b-448] a 
plot of #x(J) — #p(J) against (J + +) will have slope 4B,, and according to 
[11C.15a-448] a plot of ip(J — 1) - Hp(J + 1) against (J + +) will have slope 
4By. The data are shown in the tables and the corresponding lines are plotted 
in Fig. 11.9. 


J ixV)/em™ tpVJ)/em™ [ixVJ) — Hp) J/em™ J+ 5 

0 2906.25 0.5 

1 2925.92 2865.14 60.78 1.5 

2 2944.99 2 843.63 101.36 2.5 

3. 2963.35 2 821.59 141.76 3.5 

4 2981.05 2799.00 182.05 4.5 

5 2998.05 
J 9x()/em™ op(J)/em™! [Px(J-1) - p41) J/em™! J+ 5 
0 2906.25 0.5 
1 2925.92 2865.14 62.62 1.5 
2 2944.99 2 843.63 104.33 2.5 
3. 2963.35 2 821.59 145.99 3.5 
4 2981.05 2799.00 4.5 
5 2998.05 


Both plots show good straight lines. For the plot of #g(J) — ?p(J) the slope 
is 40.42 and hence B, = (slope/4) cm™! = [10.11cm™!}. For the second plot 
of ip(J — 1) — dp(J +1) the slope is 41.68 and hence By = (slope/4) cm™! = 
10.42 cm7"|. 


For a harmonic potential the virial theorem ([7E.14-278]) states that (V) = 
(E\.). The total energy is the sum of the kinetic and potential energies, therefore 
Etot = (V) + (Ex). It therefore follows that Eyo¢ = 2(V). 


P1IC.16 
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For a harmonic oscillator Eyot = (v + +)h(ke/m)'/? and V = 4k¢x? hence 


2x (4k ex?) =(v+ 1i(ke/m)'? 
hence (2?) = Kj! (u+ $) (kfm)! 
= (v + $)h(1/kem)'”? 


The average of x* therefore increases with the vibrational energy (is indicated 
by the quantum number v). 


The rotational constant is given by B= h/4ncl = h/ AncmerpR*. Because the 
bond is vibrating much faster than the molecule is rotating, the term R? is 
replaced by the average (R*) over a vibration. It is shown in Problem P11C.13 
that (R) = R2 + (x?). Therefore, because (x*) increases with v, so does (R*) 
and therefore the rotational constant B decreases with v. 


If the potential is anharmonic the vibration is no longer symmetric about the 
equilibrium separation: the average of R is greater than R, because the bond 
stretches more than it compresses. The greater the vibrational energy, the more 
asymmetric the vibration becomes and hence the greater (R) becomes. As a 
result the rotational constant decreases with increasing vibrational quantum 
number. Usually this effect is much greater than that expected for a harmonic 
potential. 


If the centrifugal force balances exactly the force due to extending the bond 
from R, to R,, the following applies 


ke(Ro — Re) = meppw*R, hence (R.— Re) = meppw”R¢/ke (11.2) 


It is helpful to recall the steps for converting a classical expression for the rota- 
tional energy into the corresponding quantum expression. The (kinetic) energy 
of a body with moment of inertia J rotating at (angular) velocity w is E = $I w. 
The rotational angular momentum 7 is given by 7 = Iw. It therefore follows 
that E = $(Iw)*/I = J?/2I. 
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The classical angular momentum 7 is then replaced by the quantum expression 
UU +1)]'h to give E = J(J + 1)h?/21, where J is the rotational quantum 
number. This expression is written E = J(J + 1)hB where B = h/4nI = h/8n7I, 
the rotational constant in frequency units. 


The aim of the derivation is to generate an expression which can be compared 
with E(J) = hBJ(J + 1) - hDjJ?(J + 1)’; the first term is recognised as orig- 
inating from a classical term 7° (as in the above discussion), and the second 
term is recognised as originating from a classical term 7*. 


The first step is to write the rotational energy as a sum of two terms 


E, 
parce E, 
i 
E= vie. k¢(Re — Re)? (11.3) 


The first term is the rotational energy of a rigid rotor, the second term is the 
energy that arises from stretching the bond from R, to R,: it is simply the 
harmonic potential energy. From now on attention is focused on this second 
term. The expression for (R, — R.) from eqn 11.2 is inserted to give 


2 4p2 2 4p2 
Mey @ Re MepW Re 


2 1 
Ey = 1kg(Re — Re)? = Ak; 2 - 


Because the aim is to generate a term of the form 7* = (Iw)*, rewrite w* as 
(Iw)*/I*. Then recognise that I = meg¢R2 and cancel one factor of I 


merg(I@)*RE _ mese(Iw)*(metrR2) _ mese(Iw)* 
OkT4 EF kB 


E, = 


Fora harmonic oscillator the vibrational frequency is given by Wyo = (ke/ mere) i. 
hence (mege/k¢) = 1/w710; using this gives 


7 (Iw)* 7 TJ* 


20ngk 2026! 


2 


To create the quantum expression replace 7 with [J(J + 1)]!/7h to give 


2 244 2\3 3 
+1)°h h 8 4(hB 
p= 70+ m -Prusy($) Dh2 2 = Puss 2) 
WHO WHO WHO 
> 
(hB)? 


To write the expression in wavenumbers, divide both sides by hc to give 


4(hB)? 


4(hB)? 
ch3 wiio/4n? 


A _ 72 2 = 2 2 
E, = E,fhe = (J +1) uae PU +i) 


P1IC.18 
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Finally, note that the harmonic frequency can be expressed as a wavenumber: 
0 = wyo/2nc, hence wij, = 4n*c* i”, and that the rotational constant can also 
be expressed as a wavenumber B = cB 


4(hcB)? 4B? 


= 72 2 _ a 24D" 
Bee Ae) ch3(4n2c? 07) /4n2 Fey) y 


If follows that D; = 4B°/77, as required. 


For completeness it is necessary to consider the term E, in eqn 11.3 in some 
more detail. This term contains the moment of inertia which, as a result of the 
stretching of the bond, is given by I = Meg R2. 


ie i 
20 : 2mMep R2 


1= 


From eqn 11.2 R. = Re/(1 — merpw*/k¢). It therefore follows that 


FT? (1— megpw?/ke)? 
2Meff R2 


If it is assumed that megw*/ke <«< 1 (which is the case for typical molecules), 
then this term may be ignored and hence 


ae Sie 
os WmMereR2 ~ 2Teq 


where Ig is the moment of inertia corresponding to the equilibrium separation 
- that is, in the absence of any centrifugal distortion. 


According to [11C.15b-448] jp(J) - ip(J) = 4Bi(J + 5), and according to 
[11C.15a-448] ip(J - 1) - bp(J + 1) = 4Bo(J + 4). Hence 


dp(1) —9p(1) =6B, and %g(0) —Hp(2) = 6Bo 


Therefore 


B, = [(2150.858 cm7!) — (2139.427 cm™')]/6 = [1.905 cm! 
Bo = [(2147.084 cm™') — (2135.548 cm™!)]/6 = [1.923 cm7! 


Because only data from a few lines have been used, high precision is not war- 
ranted. 
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11D Vibrational spectroscopy of polyatomic molecules 


Answers to discussion questions 


DUD.2 


The gross selection rule for vibrational Raman scattering is that for a particular 
normal mode to be active the vibration must result in a change in the polar- 
izability as the molecule vibrates about the equilibrium position. The origin 
of this rule is that such an change in the polarizability will result in the dipole 
induced in the molecule by the electric field of the incident radiation being 
altered as the molecule vibrates. It is this modulation of the dipole that results 
in Raman scattering. 


Solutions to exercises 


EIID.1(b) 


ElD.2(b) 


El1D.3(b) 


EIID.4(b) 


El1D.5(b) 


With the exception of homonuclear diatomics, all molecules have at least one 
infrared active normal mode. Of the molecules listed, |CH3CH3, CH4,| and 
CH;Cl| have infrared active modes. 


According to [11D.1-451], a non-linear molecule has 3N — 6 vibrational normal 
modes, where N is the number of atoms in the molecule; a linear molecule has 
3N — 5 normal modes. 


(i) CsHe is non-linear, has N = 12 and hence |30| normal modes. 


(ii) C6H;CH3 is non-linear, has N = 15 and hence |[39| normal modes. 
(iii) HC = C-C = CH is linear, has N = 6 and hence |13| normal modes. 


According to [11D.1-451], a linear molecule has 3N — 5 normal modes, where 
N is the number of atoms in the molecule. There are 36 atoms in this linear 
molecule, and so there are 3(36) — 5 = [103] normal modes. 


According to [11D.1-451], a non-linear molecule has 3N — 6 vibrational normal 
modes, where N is the number of atoms in the molecule; therefore SO, has 
3 normal modes. The terms (energies expressed as wavenumbers) for normal 
mode q are given by [11D.2-452], G,(v) = (vg +4)¥q, where v, is the quantum 
number for that mode and #, is the wavenumber of the vibration of that mode. 
These terms are additive, so the ground state term corresponds to each mode 
having v, = 0 


G1 (0) + G2 (0) + G3(0) =|4 (41 + Hp + ¥3) 


A planar AB3 molecule has no permanent dipole moment, but in the normal 
mode in which the central atom is displaced vertically out of the plane of the 
molecule, a dipole will be induced in this direction. During the vibration, the 
A atom passes back and forth through the plane of the molecule, resulting in 
an oscillating dipole: the normal mode will therefore be |infrared active]. 


E11D.6(b) 


E11D.7(b) 


This mode is in fact|not Raman active}, something which is best deduced using 
the symmetry arguments discussed in Topic LIE. The rule of mutual exclusion 
does not apply. 


The benzene molecule has a centre of symmetry, so the rule of mutual exclusion 
applies. The molecule has no permanent dipole moment but if it is distorted 
into a boat-like shape the expectation is that there will be an induced dipole 
and that therefore the mode will be [infrared active}. 


According to the rule of mutual exclusion, such a mode is [not Raman active]. 


The exclusion rule applies only to molecules with a centre of symmetry. C2H4 
does possess such symmetry, and so the exclusion rule |does apply}. 


Solutions to problems 


PUD.2 


NO,* is isoelectronic with CO2, so the molecule is linear. Around the central 
N there are four electron pairs, arranged as two double bonds. 


The normal modes of NO," are analogous to those of CO, shown in Fig. 11D.2 
on page 452. The one Raman active normal mode at 1400 cm is the symmetric 
stretch (v;). The lowest frequency mode at 540 cm! is the (doubly degenerate) 
bend (v3): typically, bends are a lower frequencies than stretches. The infrared 
active mode at 2360 cm! is the asymmetric stretch (v2). 


The weak absorption at 3735 cm”! is likely to be either an overtone or a com- 


bination band. The most likely candidate is for one quantum to be excited 
into each of the modes v, and v2; such a transition would have wavenumber 
1400 cm™! + 2360 cm™! = 3760 cm™'. The numbers do not agree exactly due 
to the effects of anharmonicity. 


11E Symmetry analysis of vibrational spectroscopy 


Answer to discussion question 


Solutions to exercises 


EIE.1(b) 


Note that there is an error in the Exercise: the displacements span Aj, + 2Aj, + 
2Eqy + Eig. 


The displacements include translations and rotations. For the point group Doh, 
(x,y) and z transform as E;, and Ajy, respectively. The rotations (Rx, Ry) 
transform as Ej,; for a linear molecule there is no rotation about the inter- 
nuclear axis and so the symmetry species for R, is not taken away. Taking 
these symmetry species away leaves just the symmetry species of the normal 
modes as |Ajg + Ain + Ejy}. Theses correspond to 4 normal modes, which is 
the number expected for a linear triatomic (the E, is doubly degenerate). 
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ENE.2(b) 


EE.3(b) 


A mode is infrared active if it has the same symmetry species as one of the 
functions x, y, and z; in this point group these span E,, + Aiy. A mode is 
Raman active if it has the same symmetry as a quadratic form; in this group 
such forms span Aj, + Ey + Eg. 


Therefore the |Ai, and E,,| normal modes are |infrared active}, and the |Ai, 


mode is |Raman active|, The rule of mutual exclusion applies. 


(i) HzO belongs to the point group Czy. Rather than considering all 9 dis- 


(ii) 


placement vectors together it is convenient to consider them in sub-sets 
of displacement vectors which are mapped onto one another by the op- 
erations of the group. The x, y, and z vectors on the oxygen are not 
mapped onto the displacements of the H atoms and so can be considered 
separately. In fact, because these displacement vectors are attached to the 
principal axis, they transform as the cartesian functions x, y, and z as 
listed in the character table: that is as B; + Bz + Aj. 

Assuming the same axis system as in Fig. 1IE.1 on page 456, the two x 
displacements on the H atoms map onto one another, as do the two y 
displacements, as do the two z displacements: however, the x, y, and z 
displacements are not mixed with one another. For the two z displace- 
ments the operation E leaves both unaffected so the character is 2; the C2 
operation swaps the two displacements so the character is 0; the o,(xz) 
operation swaps the two displacements so the character is 0; the a/(yz) 
operation leaves the two displacements unaffected so the character is 2. 
The representation is therefore (2, 0,0,2), which is easily reduced by in- 
spection to A, + Bp. For the two y displacements the argument is essen- 
tially the same, resulting in the representation (2, 0, 0,2), which reduces 
to Aj + Bo. 

For the two x displacements the operation E leaves both unaffected so 
the character is 2; the C2 operation swaps the two displacements so the 
character is 0; the oy(xz) operation swaps the two displacements so the 
character is 0; the o/(yz) operation leaves the two displacements in the 
same position by changes their direction, so the character is —2. The rep- 
resentation is therefore (2,0, 0, —2), which is easily reduced by inspection 
to Ap + By. 

The 9 displacements therefore transform as 3A, + Az + 2B; + 3Bp. 

The displacements include translations and rotations. For the point group 
Cry, x, y, and z transform as B;, Bz, and Aj, respectively. The rotations 
R,, Ry, and R, transform as Bz, B;, and Ag, respectively. Taking these 
symmetry species away leaves just the normal modes as|2A, + Ba}. 


A mode is Raman active if it has the same symmetry as a quadratic form; 
in this group such forms span A; + Az + B; + Bz. Therefore [all] of the 
normal modes are Raman active. 


H,CO isa straightforward extension of the case of H,O as both molecules 
belong to the point group C,. The H2C portion lies in the same position 
as H,O, with the carbonyl O atom lying on the z axis (the principal axis). 
The analysis therefore includes three more displacement vectors for the 


O, and as they are connected to the principal axis they transform as the 
cartesian functions x, y, and z, that is as B; + Bz + Ay. The tally of 
normal modes is therefore those for H2O plus these three in addition: 
3A, + B, + 2B,|. All these modes are Raman active. 


Solutions to problems 


PHE.2 


It is helpful to tabulate the given data 


band in infrared/cm™! | 870 1370 2869 3417 
band in Raman/cm™! | 877 1408 1435 3407 


Bands which are are described as deriving from the same normal mode are 
listed in the same column. It is evident that the rule of mutual exclusion does 
not apply, therefore the molecule cannot have a centre of symmetry. 


(i) 
(ii) 


(iii) 


If the molecule were linear it would have 3 x 4 — 5 = |7| normal modes. 


Assuming 1 is planar the molecule possesses a centre of symmetry, a mir- 
ror plane in which the molecule lies, and a C, axis perpendicular to the 
plane of the molecule and passing through the mid-point of the O-O 
bond. The point group is therefore | Cy |. 


Assuming 2 is planar the molecule possesses: a C2 axis lying in the plane 
of the molecule, passing through the mid-point of the O-O bond and 
perpendicular to this bond; and two mirror planes, one in the plane of 
the molecule and one perpendicular to this and containing the C, axis. 
The point group is therefore |C2, | 


3 has a C; axis passing through the mid-point of the O-O bond and 
bisecting the dihedral angle formed between the two O-H bonds. The 
point group is therefore |C|. 


This part of the question can be answered without determining the sym- 
metry species of the normal modes in each case. As has already been 
noted, the data indicate that the rule of mutual exclusion is not obeyed, 
so this immediately rules out structure 1. 

In the point group C2, (x, y, z) span the symmetry species A and B, and 
the quadratic forms span the same species. Therefore all normal modes 
(which have to transform as either A or B, the only two symmetry species 
in the group) are in principle both Raman and infrared active. This is 
inconsistent with the data, which shows modes which are only seen in 
either the Raman or the infrared. 

In the point group Coy, (x, y, z) span the symmetry species A; + B} + Bo, 
but the quadratic forms span A; + Az + B; + By. This means that any 
mode active in the infrared is also active in the Raman, which is again 
inconsistent with the data. 

The data do not appear to be consistent with any of the three structures. 
However, it must be kept in mind that the prediction of whether or not a 
normal mode is active in the infrared or Raman is simply a prediction in 
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principle. It may be that for other reasons a particular normal mode gives 
a band with such low intensity that it cannot be detected. The consensus 
view for HO; is that it has structure 3. 


For reference the symmetry species of the normal modes are: 1 3A, + Ay + 2By; 
2 3A) + A, +2B,;3 4A + 2B. 


11F Electronic spectra 


Answers to discussion questions 


DUE2 


DILE4 


DI1LF.6 


This is explained in Section 11F.1(c) on page 462. A progression is set of transi- 
tions arising from a common vibrational level in one electronic state to succes- 
sive vibrational levels in another electronic state. If the potential energy curve 
of the upper electronic state is displaced to a shorter or longer equilibrium bond 
length than that of the ground state, then the Franck-Condon factors are likely 
to make it possible to see a vibrational progression arising from the v = 0 level 
in the ground electronic state (for small molecules only this level is likely to be 
populated). 


Colour can arise by the emission, absorption, or scattering of electromagnetic 
radiation by an object. Many molecules have electronic transitions that have 
wavelengths in the visible portion of the electromagnetic spectrum. When 
a substance emits radiation, the perceived colour of the object will be that 
of the emitted radiation, and it may be an additive colour resulting from the 
emission of more than one wavelength of radiation. When a substance absorbs 
radiation its colour is determined by the subtraction of those wavelengths from 
white light. For example, absorption of red light results in the object being 
perceived as green. Scattering, including the diffraction that occurs when light 
falls on a material with a grid of variation in texture or refractive index having 
dimensions comparable to the wavelength of light (for example, the plumage 
of a bird), may also form colour. 


The electronic configuration of Zn?* is ... 3s 3p° 3d!°. The 3d sub-shell is full, 
so no transitions involving the rearrangement of these electrons is possible. 


Solutions to exercises 


EIIE.1(b) 


The term symbol indicates |A| = 1, which means that one electron must have 
A = 0 and one have A = +1, implying that one electron is ina o and one ina 1 
orbital. The total spin, S, is 1, meaning that the two electrons must have parallel 
spins. The overall symmetry with respect to inversion is u, which implies one 
H 


electron has g and one has u symmetry. The configuration is therefore |o, Tt | 


EIIE.2(b) 


EIIE3(b) 


E1F.4(b) 


EIIE5(b) 


Filled orbitals make no contribution to A and S, and so can be ignored. The 
electronic configuration of O; is ... ie so that of O27 is ... it. With three 
electrons in a pair of degenerate orbitals two of the spins must be paired, so 
the overall spin S is s, and hence (2S + 1) = 2. The degenerate nt orbitals have 
A = +1. Therefore two electrons are in the orbital with 1 = +1 and one in the 
orbital with A = —-1 to give A = +1+ 1-1 = +1, or two have A = —1 and one has 
A = +1 to give A = -1—1+1=~-1. Overall, A = +1, which is represented by 
II. The symmetry with respect to inversion is g x g x g = g. The term symbol is 
therefore |*IT,| 


The electronic configuration given is 10; 10; 1m; 1m. The filled orbitals, 1o; 
and 1o2, make no contribution to A and S, and so can be ignored. With two 
electrons in a pair of degenerate 7, orbitals, the spins may either be paired or 
parallel. Likewise, the two electrons in the degenerate m, orbitals may either be 
paired or parallel. The overall result is that the maximum number of parallel 
spins is 4 x ; = 2, corresponding to S = 2; it is also possible for all the spins to 
be paired up giving S = 0. The intermediate value S = 1 is also possible. The 
spin multiplicities are therefore [5|, [3] and [0|. 


The two electrons in the m, have overall symmetry with respect to inversion 
(parity) ux u=g. The two electrons in the mg have overall symmetry with 
respect to inversion (parity) g x g = g. Thus the overall symmetry with respect 
to inversion is [g}. 


(i) Allowed 
(ii) Allowed 
(iii) Symmetry forbidden 


Note: there is an error in the Exercise. The second function should be y{ = 
Ni (x = xq en ae—¥0)"/2, 


To evaluate the normalizing factor for the function ed 


+00 2 
f[ e * dx 
—co 


which is of the form of Integral G.1 with k = a and evaluates to (n/a)!/?. The 
normalizing factor is therefore No = (a/m)'. 


requires the integral 


To evaluate the normalizing factor for the function (x-xo) e-a(2-H0)"/2 requires 
the integral 

+00 2 
7 (x — x9)?e7**-*) dx 


co 


The substitution y = x—xo makes this of the form of Integral G.3 with k = a and 
evaluates to 4(m/a°)'/?, The normalizing factor is therefore N; = (4a°/n)'/*. 
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E11EF.6(b) 


The Franck-Condon factor is given by [11F 5-464] and involves the square of 
integral of the product of the two wavefunctions 


I=N,\No i en 12 (x — xq en 802)? dx 
= (a)n) (4a fn) f mc ~ x) el P2440) 12) gy 
= (2a2/n)"? [Onna ree ree a 
= (2a2/n)"/? ic ~ xp) a #804812] ay 


+co 2 2 
= (2a7/n)1? [ (x = 46, e 4%0/4 dx 


the final equality above is verified by expanding out the square and recombining 
the terms. The next step is to take out the constant factors and split the integral 
into two using (x — xo) = (x — x9/2) -— xo/2 


2 0° 2 
T= (2a7/m) 7 e-4%0/4 Bi (x _ xp )e 2(*-*0/2) dx 
= (2a2/n)"2¢~a%0/4 


Foe 2 +00 5 
x[ fen x0f2)e tH" de — (0/2) fi eto? ax] 


The first integral is of an odd function over a symmetric interval and so is zero. 
The second integral is of the form of Integral G.1 with k = a and evaluates to 
(n/a)'/? (it does not matter that it is centred at x rather than 0). Hence 


I= —(2a?/n)"2e~*0/4 (x /2) (n/a)? _ ~(2a)"/?(xq/2)e 0/4 


The Franck-Condon factor is |? = (ax2/2)e~**/?|. As expected, this factor is 
zero when Xo = 0as then the two wavefunctions align and have zero overlap on 
account of one being even and one being odd. By taking the derivative of I” with 
respect to Xo it is easily shown that the Franck-Condon factor is a maximum 
at x9 = +(2/a)"?. 


The Franck-Condon factor is given by [11F 5-464] and involves the square of 
integral of the product of the two wavefunctions. The region over which both 
wavefunctions are non-zero is from L/2 to L: this is the domain of integration 


r=) i , sin(nx/L) sin(n[x — L/2]/L) dx 


Note that sin(m[x - L/2]/L) = sin(nx/L - 1/2) = -cos(nx/L), this gives a 
useful simplification 


I= -(2/L) I. sin(mx/L) cos(mx/L) dx 


ENE7(b) 


ENE8(b) 


Next define 0 = mx/L so that the limits are 0 = m/2 to 0 = m, and dx = (L/m)d0 
= —(2/L)(L/m) id sin 6 cos 6 dO 
1/2 


The integral is evaluated by noting that d/d6(sin* @) = 2 sin 0 cos 0 


= ~(2/L)(L/n)} |sin® 0|",, = -(2/L)(L/n)$(0 = 1) = A/n 


The Franck-Condon factor is |I* = 1/m?| numerically this is 0.318. 


The wavenumbers of the lines in the R branch are given in [I1F.7-465], vp(J) = 
0+ (B’ + B)(J + 1) + (B’ - B)(J + 1)”. The band head is located by finding 
the value of J which gives the largest wavenumber, which can be inferred by 
solving dig (J)/dJ = 0. 

d 


ay [> + (B’ + B)(J +1) + (B’ - B)(J + 1)’] = (B' + B) + 2(7 + 1)(B' - B) 


Setting the derivative to zero and solving for J gives 


Jhead = SST — 


—(B’ +B) | B- 3B’ 
2(B’ - B) 2(B’ - B) 


A band head only occurs in the R branch if B’ < B. 


Because B’ > B a band head will occur in the P branch. 


The wavenumbers of the lines in the P branch are given in [IIF.7-465], vp (J) = 
> — (B’ + B)J + (B’ - B)J’. The band head is located by finding the value 
of J which gives the smallest wavenumber, which can be inferred by solving 


dip (J)/dJ = 0. 
& [PB +B) + BBP] =-(B +B) +21(8"-B) 


Setting the derivative to zero and solving for J gives 


ei= B'+B 
head 2(B! _ B) 
With the data given 


10.470 + 10.308 


= = 64.1 
Inead = 549.470 ~ 10.308) 


Assuming that it is satisfactory simply to round this to the nearest integer the 
band head occurs at |J = 64|. 
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ENE.9(b) 


ENF.10(b) 


E1E.11(b) 


The fact that a band head is seen in the P branch implies that B’ > B. It is shown 
in Exercise El1F.7(a) that the band head in the P branch occurs at 


hea B'+B eis 
head 2(B’ = B) . 
This rearranges to 
~, »~ 2Jt+1 
B’=Bx J (11.5) 
2J-1 


A band head at J = 25 might arise from a value of J determined from eqn 11.4 
anywhere in the range 24.5 to 25.5, followed by subsequent rounding. Using 


these non-integer values of J in eqn 11.5 gives B’ in the range [5.65 cm7!| to 
5.66 cm"'. 


The bond length in the upper state is |shorter| than that in the lower state (a 
shorter bond means a smaller moment of inertia and hence a larger rotational 
constant). 


Assuming that the transition corresponds to that between the two sets of d 
orbitals which are split as a result on the interaction with the ligands (Sec- 
tion 11F.2(a) on page 467), the energy of the transition is the value of A,. Hence 
A, = 1/(305 x 10-7 cm) = [3.28 x 104 cm™!] or [4.07 eV]. This value is very 
approximate as it does not take into account the energy involved in rearranging 
the electron spins. 


A rectangular wavefunction with value h between x = 0 and x = a is normal- 
ized if the area under the square of the wavefunction is equal to 1: in this case 
1 = ah?, hence h = a~/*. For the wavefunction which is non-zero between 
x = caand x = a the height is likewise h’ = [a(1 — c)]~'/?. The region where 
the wavefunctions are both non-zero is x = ca to x = a (because c < 1); this is 
the domain of integration. The transition moment is 


a 1 1/2 a 
J. eee (— a5) I. ae 


1 /2 1 1/2 
a (cee 17] eee (ce 1/2 2,2 
(aang) Bele-(aarq) Hee 


l=c? a 
(1-c)/22 


For c « 1 it is possible to approximate 1 — c? » 1 and (1—c)~!/? » 1+ c¢/2. The 
transition moment is then given by (1 + c/2)(a/2). The moment is a/2 when 
c = 0, that is when the two wavefunctions are the same; for small c the moment 
increases linearly with c. 


EI1F12(b) 


EIEF.13(b) 


As c approaches 1 the evaluation of the transition moment is made easier by the 
following manipulations 
l-c? — (1=c?)(1+ce)? = (1=c?)(1+c)? — (1=c?)(1 +c)? 
(l-c)¥2 (1=c)¥2(14+c)¥/*%  [(1-c)(1+c¢)]!? (1 = c?)}/2 
=(1=0?)4(146)¥? = (1=c)?G4c) 040) = (1-0)? 40) 


In the limit that c = 1 this term, and hence the transition moment, goes to zero. 
The value of c for which the moment is a maximum is found by differentiation 


<a ~)140)= 2-40) + (1-0)? 


setting the derivative to zero and multiplying by (1 — c)'/? gives 
0=-5(1+c)+(1-c) hence c=% 


The maximum transition moment occurs at c = 4, and has the value (8/27) Ma 
x 0.544. 


ax? /2 


The Gaussian functions are written e~ , where the parameter a determines 


the width. To evaluate the normalizing factor for the function gale 


the integral 
+co 2 
f[ e °* dx 


which is of the form of Integral G.1 with k = a and evaluates to (n/a)!/*. The 
normalizing factor is therefore N = (a/m)!/*. The other Gaussian has half 


requires 


the width of the first, so is of the form e~*** /?, and the normalizing factor is 
N' = (4a/n)'/4. 


The transition moment is given by the integral 


+c0o0 2 2 
I= (20/n)1/? [ xe ot /[2—-4ax'/2 ay 


+co 2 
= (20/n)1/? [ xe? dy 


The integrand is odd and the integral is over a symmetric interval, therefore the 
integral, and hence the transition moment is [zero]. 


The absorption at 320 nm is likely to be due to an mn” < n transition. The 
wavelength is typical for such transitions, and they are weak because they are 
symmetry forbidden. 


The absorption at 213 nm is likely to be due to a 1* < 7 transition. Of the two 
transitions it is the stronger and it is at a somewhat longer wavelength than for 
an isolated m bond as a result of the conjugation with the carbonyl 1 bond. 
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Solutions to problems 


PIIF.2 The relevant selection rules are AS = 0, AA = 0,41,+ <@ +,-@-,uog. 


The ground state has S = $, A = 0, + symmetry, and has parity u (that is, it 
is odd with respect to inversion). Transitions to other doublet states with A = 
0 or 1, with + symmetry (where relevant), and parity g are allowed, therefore. 


Thus the allowed transitions are to he and to|7ITg|. 


PIIF4 The dissociation energy of the upper state is found using a Birge-Sponer extrap- 
olation (Section 11C.3(b) on page 445). Figure 11.10 shows that the difference 
between two successive lines of the progression from v = 0 corresponds to the 
quantity AG ysi/2 identified in Fig. 11C.5 on page 446: 


AG yr41/2 = Vo,v'+1 — Vou" 


Having found these values of AGyra1 j2 they are plotted against v! + $ and the 
line extrapolated until it intersects the horizontal axis, as in Fig. 11C.6 on page 
446. The enclosed area is Dj, the dissociation energy of the upper state. The 
data are given in the following table and the Birge-Sponer plot is shown in 
Fig. 1.1L. 


Figure 11.10 


v' Vo u/em™ AGyyi2/em) v' +1/2 
0 50 062.6 662.8 0.5 
1 50 725.4 643.6 1.5 
2 51 369.0 619.6 2.5 
3 51 988.6 590.4 3.5 
4 52 579.0 564.4 4.5 
5 53 143.4 536.2 3D 
6 53 679.6 497.4 6.5 
7 54177.0 464.8 7.5 
8 54 641.8 436.4 8.5 
9 55 078.2 381.8 9.5 
10 55 460.0 343.1 10.5 
11 55 803.1 304.2 11.5 
12 56 107.3 253.0 12.5 
13. 556360.3 209.7 13.5 
14. = 56570.0 
600 |- 
4 i 
= 400 }- 
oO 
<I 200} 
0 ! ! ! 
0 5 10 15 
v’ + 1/2 
Figure 11.11 


The data are a good fit to the quadratic 


AG yr41/2/em™ | = 1.1247 x (v + 1/2)” - 19.423 x (v + 1/2) + 674.16 
The extrapolation is shown by the dotted curve, and by setting the above quadratic 


to zero it is found that the intersection with the horizontal axis is at (v’ + 1/2) = 
17.33. The area under the curve, D9, is found from the integral 


. 17.33 
Di = Ff [-1.1247 x (v + 1/2)? - 19.423 x (v + 1/2) + 674.16] d(v + 1/2) 
0 


which evaluates to 


Dj = 6815 cm”! = 0.8450 eV}, 
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P1IR6 


Figure 11.10 also shows the relationship between the dissociation energy of the 
ground electronic state, that of the excited electronic state, the energy difference 
AE, between the atomic states into which the two electronic states dissociate, 
and the energy of the ¥o,9 transition. It follows from the diagram that 


Do + AEat = 90,0 + Dj 
hence Dp = %o,9 + Dg — AEat 
= (50062.6 cm™') + (6815 cm™') 
lcm! 
(1.9864 x 10-23 J) x (6.0221 x 1023 mol) 


=|4.10 x 10* cm™! = 5.08 eV 


— (190 x 10° Jmol") x 


where the conversion factor between cm™! and J from inside the front cover is 
used. 


(a) The photoelectron spectrum involves a transition from the ground state 
of the molecule to an electronic state of the molecular ion. The energy 
needed for the transition is measured indirectly by measuring the energy 
of the ejected electron, but in all other respects the spectrum is interpreted 
in the same way as electronic absorption spectra. 


A spacing of 0.41 eV corresponds to (0.41 eV) x (8065.5 cm™')/(1 eV) = 
3307 cm™!. This is comparable to the vibrational frequency of the sym- 
metric stretch in neutral H2O, so the observed spacing in the band can be 
associated with a vibrational progression involving transitions to excited 
states of this normal mode. That such transitions are observed implies 
that they have favourable Franck-Condon factors, and this means that 
the equilibrium geometry of the ion must be different from that of the 
molecule. In particular it implies that the change in geometry is at least 
in part similar to the change in geometry associated with the symmetric 
stretch. From this it is possible to infer that the electron which has been 
ionized is responsible for bonding along the direction of the symmetric 
stretch - presumably O-H o-type bonding. (In fact only a modest vibra- 
tional progression is seen for this band, indicating that the electron which 
is ionized has only a small effect on the bonding). 


(b) A spacing of 0.125 eV corresponds to (0.125 eV) x(8065.5cm~')/(1eV) = 
1008 cm™!. This is roughly comparable to the vibrational frequency of the 
bending mode in neutral H,0, so the observed spacing in the band can be 
associated with a vibrational progression involving transitions to excited 
states of this normal mode. In contrast to (a), for this band there is a long 
vibrational progression which implies that the geometry of the ion must 
be significantly different to that of the neutral molecule. Furthermore, 
this change must involve a change in the equilibrium bond angle as this is 
the change in geometry associated with the bending mode. The implica- 
tion is that the electron which is ionized is a bonding electron, and from 
an orbital which has a strong influence on the bond angle. 


PUES 


PIIF.10 


PHE12 
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The fact that the vibrational frequency is lower in the ion than in the 
neutral molecule is a result of the removal of a bonding electron: the ion 
is less tightly held, and so has lower vibrational frequencies. 


The energy levels of a particle in a one-dimensional box are E,, = n*h?n?/2mL?*. 
The linear triene has 6 1 electrons which will occupy levels 1, 2 and 3 (pairwise), 
so the HOMO-LUMO transition is from n = 3 ton = 4. If the average C-C 
bond length is taken as d, then the triene is modelled as a box of length L = 5d. 
The transition energy is therefore 

(4 -37)hen? 7h? x? 


AF, = Hy By = s 
tn 4S 9m. (5d)? «50med? 


The energy levels of a particle on a ring of radius R are given by [7F.4-283], 
Em = m*h* /2mR*, where m = 0, +1, +2 .... The cyclic triene has 6 7 electrons 
which will occupy levels 0, +1 (pairwise), so the HOMO-LUMO transition is 
from m = 1 to m = 2. If the average C-C bond length is taken as d, then the 
radius of the circle into which a hexagon with this side can be inscribed is also 
d. The transition energy is therefore 


(27-17)h? 3h? 
2m,.d2 2m,.d? 


AE cyc oe E, = E, = 


The ratio between the transition energies is 


AE-ye 3h? — 50m.d? 75 


x % 1.09 
AE\in 2med* T7h?n? = 7n? 


On going from the linear to the cyclic polyene the energy gap therefore |increases|. 


Tryptophan (Trp) and tyrosine (Tyr) show the characteristic absorption of a 
phenyl group at about 280 nm. Cysteine (Cys) and glycine (Gly) lack the phenyl 
group, as is evident from their spectra. 


(a) The ground state of O; is a spin triplet, with So = 1. An oxygen atom 
has the configuration ...2p*, which means that two of the electrons must 
be paired up in a single p orbital, but that the other two can be arranged 
to have parallel spins, S = 1, or paired spins S = 0. 

According to the Clebsch-Gordon series, [8C.6-333], combining Satom,1 = 
1 with Satom,2 = 1 gives an overall spin of 2, 1, 0. Thus, the two oxy- 
gen atoms could both have S = 1 and combine to give S,,.) = 1 for the 
molecule. 

Similarly, combining Satom,1 = 1 with Satom,2 = 0 gives an overall spin of 1 
only. Thus, one of the oxygen atoms could have S = 1 and one could have 
S = 0, and give Smo1 = 1 for the molecule. 


The molecule could dissociate into atoms which are a|singlet and a triplet 


or into |two triplets]. 
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(b) The ground state of N; is a spin singlet, with S,,,) = 0. A nitrogen atom 

has the configuration ... 2p*; these electrons can be configured to give a 
total spin of S = 3 or S = ‘. 
According to the Clebsch-Gordon series, [8C.6-333], combining Satom,1 = 
: with Satom,2 = 5 gives an overall spin of 3, 2, 1, 0. Thus, the two 
nitrogen atoms could both have S = 3 and combine to give Sino) = 0 
for the molecule. 


Similarly, combining Satom,1 = 5 with Satom,2 = 5 gives an overall spin 
of 1, 0. Thus, the two nitrogen atoms could both have S = a However, 


combining Satom,1 = ; with Satom,2 = 3 gives an overall spin of 2, 1, but 
not zero. 


The molecule could dissociate into atoms which are |two quartets] or into 


a|two doublets]. 


11G_ Decay of excited states 


Answers to discussion questions 


D1G.2 


D11G.4 


The characteristics of fluorescence which are consistent with the accepted mech- 
anism are: (1) it ceases as soon as the source of illumination is removed; (2) 
the time scale of fluorescence, 107 s, is typical of a process in which the rate 
determining step is a spontaneous radiative transition between states of the 
same multiplicity; (3) it occurs at longer wavelength (lower frequency) than 
the exciting radiation; (4) its vibrational structure is characteristic of that of a 
transition from the ground vibrational level of the excited electronic state to the 
vibrational levels of the ground electronic state; and (5) the observed shifting, 
and in some instances quenching, of the fluorescence spectrum by interactions 
with the solvent. 


Referring to Fig. 11G.8 on page 473 it is seen that the point at which predisso- 
ciation starts (and the spectrum becomes blurred) is at the energy at which the 
dissociative electronic state crosses the bound electronic state. The observation 
of the wavenumber of this point gives the energy separation between the lower 
electronic state and this crossing point. 


Solutions to exercises 


ElG.1(b) 


Naphthalene does not absorb at 360 nm, but benzophenone does (as stated in 
Exercise E11G.1(a)). Presumably in the solid solution there are interactions be- 
tween the benzophenone and naphthalene molecules which allow the transfer 
of energy from electronically excited benzophenone to naphthalene. The latter 
then emits photons as it returns to its ground state: this is the phosphorescent 
transition. 
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El1G.2(b) ‘This observed increase in the linewidth is a result of predissociation, as il- 
lustrated in Fig. 11G.8 on page 473. Where the dissociative 'Z* state crosses 
the bound upper electronic state the possibility exists that molecules in the 
upper electronic state will undergo radiationless transitions to the dissociative 
state leading to subsequent dissociation. This process reduces the lifetime of 
the excited states and so increases the linewidth of the associated transitions 
(lifetime broadening, see Section 11A.2(b) on page 425). 


Solutions to problems 


PHG.2 (a) The Beer-Lambert law is [11A.8—421], I = Ip 107]. It follows that 


Iays(¥) = In(¥) — I(¥) 
= Ip(¥) - In (9) 10- MIE = Ty(9) 1 — 107M] 


(b) The problem states that the intensity of fluorescence I(¥¢) is proportional 
to dr and I,y3(¥), hence 


I(¥_) o< Gelo(#) {1 - 10-8 UIE} 


For weak absorbance, ¢(¥)[J]L « 1, the expansion 10~* * 1—x1n(10) is 
used to give 


I(¢) o< Gelo(#) {1 - 1 + In(10)e(#) [J]L} 
c belo(ve(V) IL 


which is the required result 


P11G.4 (a) The coherence length is given by Ic = A*/2AA. With the data given 


_ (633 x 10-9 m)? 
2x 2.0x 10-!2m 


=|0.10 m 


Cc 


This is very much larger than the coherence length for a light bulb. 
(b) In the limit that AA > 0 the coherence length becomes infinite. 


P11G.6 Each photon with wavelength 1 has energy hc/A, therefore N such photons 
have energy Nhc/A. If the laser delivers a power P for time t, the energy is 
Pt. Equating these two expressions gives Pt = Nhc/A and hence t = Nhc/AP. 
With the data given 


_ 10° x (6.6261 x 10°**Js) x (2.9979 x 10° ms") 


= (0.41 ns 
(488 x 107? m) x (1.0 x 10-3 W) 
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Figure 11.12 


Integrated activities 


Tl1.2 


(a) 


(b) 


The geometry of the molecule is illustrated in Fig. 11.12. 


The moment of inertia about the axis parallel to the symmetry axis, that 
is the axis passing through the middle of the molecule and perpendicular 
to the plane of the molecule, is given by 


I = mir; =3myd? 
1 


where r; is the perpendicular distance from the axis to mass m;. From 
the diagram is follows that (R/2)/d = cos30° = \/3/2, hence d = R/V/3 


Iy = 3my(R/V3)? =| myR? 


The moment of inertia perpendicular to the symmetry axis is indepen- 
dent of where this axis is located provided it passes through the centre of 
the molecule and lies in the plane of the molecule: one such convenient 
choice is the dashed line shown in the figure. 


I, = 2my(R/2)? =|4myR? 


As expected, qj, = 21. 


The moment of inertia is related to the rotational constant through [11B.7— 
432], B=h /4ncI,; note that the rotational constant Bis always associated 
with the moment of inertia perpendicular to the symmetry axis. It follows 
that I, = h/4ncB and hence, using the result above, $myR? = h/4ncB. 
This rearranges to give the following expression for R 


h 1/2 
R= {| ——~ 
2mmycB 
1.0546 x 10734Js 


1/2 
7 (a x 10-27 kg) x (2.9979 x 10!°cms-!) x (43.55 =] 
= |87.64 pm 


where the mass in kg is given by (1.0079 m,) x (1.6605 10-*” kg)/(1 my) 
= 1.67... x 10°’” kg. An alternative value for R is found from the other 
rotational constant. Here C = h/4ncl and hence myR? = h/4ncC. 


1/2 
oo 
4nmycC 
1.0546 x 10774Js 


1/2 
7 (as x 10-7 kg) x (2.9979 x 101° cms7!) x (20.71 =) 
= |89.87 pm 


(c) With the given value of R, the rotational constant is computed from B= 
h/4ncl, = h/2nmycR* 


a 1.0546 x 10°**Js 
2n(1.67... x 10-27 kg) x (2.9979 x 1010 cms~!) x (87.32 x 107! m)? 
= |43.87 cm! 


The other rotational constant is just half of this, |C = 21.94 cm7! 


(d) For a harmonic oscillator the vibrational frequency goes as mz! - where 
Mere is the effective mass. The value of the effective mass depends on the 
vibration in question, but in this case as all the atoms are the same it is 
reasonable to assume that the effective mass of H3* will be proportional 
to my, and that of D3* will be proportional to mp. It therefore follows 


that 
2 7 (a 
Vp = VH | ——_ 
mp 


1.0079 \1/? s 
"|= [1783.8 cm 
2.0140 


= (2521.6 cm") x ( 


The rotational constants are inversely proportional to the moment of in- 


ertia, and for this molecule all the atoms are the same so the rotational 


constant goes as m™!. 


a ~ My 
Bp = By» — 
mp 


1.0079 _ 


=|21.79 cm7! 
2.0140 


= (43.55 *) x 


A similar calculation gives Cp = 10.36 cm™'|, 


111.4 (a) For a harmonic oscillator the vibrational frequency goes as mea! *, where 
Mere is the effective mass; for a diatomic the effective mass is simply $m. 
It therefore follows that 

M169 1/2 


Vi80, = Vi6Q, (= 
oO 


15.9949 \1/ — 
= |796 cm 
17.9992 


= (844 cm™') x ( 
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(b) The bond order of O, is 2, and to form the anions electrons are added 
to the anti-bonding mn, molecular orbital, thereby decreasing the bond 
order to 1.5 for O27 and1 for 07>. The steady decrease in the bond order 
is matched by the steady decrease in the vibrational frequency. There is 
thus a correlation between bond strength and vibrational frequency, as 
expected. 


(c) The observed vibrational frequency of O2 bound to haemerythrin most 


closely matches that for O.”~, so of the alternatives offered |Fe;*O”~ 
seems the most likely. 


(d) The observation of two bands attributable to O-O stretching implies that 
the O, is bound is such a way that the two oxygen atoms are no longer 
equivalent. If this is the case, when the isotopologue '°O'%O is used, 
two different frequencies will result because the two ends of the oxygen 
molecule are now distinguished. This eliminates structures 7 and 8. 


111.6 Expressed in terms of the absorbance A the Beer-Lambert law is given by [1A.9c- 
422], A = e[J]L. To convert the given absorbance into a molar absorption 
coefficient requires [J] in moldm™*, which is computed using the perfect gas 
law, pV = nRT, rearranged to n/V = p/RT. Assuming that the quoted com- 
position of COg, ‘2.1 per cent, refers to a mole per cent, xco, = 0.021, so 
Pco, = 0.021x(1.00 bar) = 0.021 bar. In the calculation of n/V itis convenient 
to use R = 8.3145 x 10-* dm? bar K™! mol"! 


nm op 0.021 bar 
V RT (8.3145 x 10-2 dm? bar K~! mol!) x (298 K) 
= 8.47...x 10-* moldm > 


The given expression for A(¥) is therefore converted to an expression for the 
molar absorption coefficient using 


e(¥) = A(#)/[J]L = A()/[(8.47... x 1074 moldm™*) x (10 cm)] 
= (1.17... x 10? mol”! dm? cm”) x A(#) 


(a) Graphs of A(?) and e(#) are shown in Fig. 11.13. This band is likely to be 
due to the fundamental transition of the antisymmetric stretching normal 
mode of CO>, which has #2 = 2349 cm™!. The broad features are the 
unresolved P and R branches; no Q branch is expected for this mode. The 
principal contribution to the linewidth of an infrared transition is likely 
to be pressure broadening. 


(b) Expressions for the wavenumbers of the lines in the P and R branches are 
given in [11C.13a—447] and [11C.13c-447] 


bp(J) = 0- 2B] dp(J) = 6+ 2B(J + 1) 


Here # = 2349 cm”!. As described in Section 11B.4 on page 439, because 
'6O is a boson, only even rotational states are occupied (and, in fact, odd 
rotational states in the first excited vibrational state of the anti-symmetric 


403 


T 
2.0 =I 
| = Boe 
_ 15 - | E | 
= aad |X y00fF 
0.5 + | ¢ ; 
| aa 
0.0 : = a 7 
2300 2350 2400 w 2300 2350 2 400 
9/cm7! 9/cm“! 
Figure 11.13 
stretch), so in the above expression J takes the values 0, 2,4 .... The 


rotational constant is computed from [11B.7-432], B = h/4ncI, where 

I = 2moR°*. With the data given 

I =2 x (15.9949 m,) x (1.6605 x 107°” kg) x (116.2 x 107’? m)/(1 my) 
=717..3010 > ke 


a 1.0546 x 10°**Js 
An x (2.9979 x 10!9 cm s7!) x (7.17... x 10-46 kg m?) 


= 0.3903 cm™! 


The intensity of the transition from level J is proportional to the popula- 
tion of that level, taking into account the degeneracy 


intensity « (2J + pe 


Using these expressions the positions and intensities of the lines in the P 
and R branches are computed and a synthetic spectrum constructed by 
assuming a linewidth and lineshape (here arbitrarily taken as a Gaussian). 
Two such spectra are shown in Fig. 11.14: in (a) the linewidth has been 
chosen so that the lines are well resolved; in (b) a much wider line is used 
so that the lines in the P and R branches merge into a broad contour. The 
spectrum in (b) is roughly similar to that in Fig. 11.13, but the asymmetry 
between the two branches is not reproduced by the calculation. 


(a) (b) 


2300 2320 2340 2360 2380 2400 2300 2320 2340 2360 2380 2400 
V/cm" v/cm 


Figure 11.14 


(c) The transmittance T is defined as I/Ip and hence from the Beer-Lambert 
law [11A.8-42]], T = e VIE, it follows that log T = —A. The concentration 
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of CO, is computed as in (a) using [CO2] = xco,Patm/RT; both the 
atmospheric pressure and temperature vary with the height, and therefore 
so will the concentration. The pressure varies with height according to 
p(h) = poe "/, where the scale height H is about 8000 m. The total 
absorbance up to height hp is therefore given by integral 


ho ho 
a= f [C02] dh =e [ XCOoP ap 
0 0 RT 
ho xco, poe /# 
0 R(288 — 0.0065h) 


ho e h/H 


dh 
R(288 — 0.0065h) 


= €XCO, Po 


where h is in m. 


This integral cannot be solved by hand, but some work with mathematical 
software and a typical value of ¢ shows that the absorbance exceeds 1 by 
the time 4 = 30 m. Over such a small height it is safe to assume that the 
pressure and temperature are constant, in which case the calculation of 
the absorbance is much simpler 


XCO.P 
A =eé|CO,|hyp = e—~h 
el 2] o=é RT 0 


= [e/(mol™! dm? cm™')] 
. (3.3 x 1074) x (1 bar) ones 
(8.3145 x 10-2 dm* bar K-! mol) x (288 K) 


= (1.378 x 107°) x [e/(mol™’ dm? cm™')] x (Ao/cm) 


The transmittance is T = 1074. 


Figure 11.15 shows plots of the transmittance as a function of height for 
some representative values of the molar absorption coefficient. For the 
maximum value of ¢ seen in this absorption band (refer to Fig. 11.13) the 
transmittance drops to 0.1 after less than 5 m. Fora value of e more typical 
of the average (say e = 100 mol”' dm? cm’), the transmission drops to 
0.1 after about 75 m. Even for values of ¢ typical of the extremities of 
the band, the transmission has fallen to 0.1 within 20 m or so. A surface 
plot of the transmission as a function of both wavenumber and height is 
shown in Fig. 11.16. 


The electronic ground state of a closed-shell molecule transforms as the totally 
symmetric irreducible representation. This is because all of the orbitals are 
doubly occupied by spin paired electrons. The overall symmetry of a filled 
orbital is found from the direct product I xP, where F is the irreducible 
representation as which the orbital transforms. When multiplied out, such a 
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product always includes the totally symmetric irreducible representation and it 
is this symmetry species which needs to be combined with the anti-symmetric 
spin function for two spin-paired electrons. 


(a) Ethene belongs to the point group D2: assume that the molecule lies 
in the xy-plane, with the C-C bond along x. The m bonding molecular 
orbital transforms in the same way as the cartesian function z, that is as 
Byy. The m* anti-bonding molecular orbital transforms in the same way 
as the cartesian function xz, that is as By,. The excited state ()! (1*)! 
therefore has symmetry Bj), x Bz, = B3, (the direct product is found by 
multiplying together the characters of the two irreducible representations, 
as described in Section 10C.1(a) on page 407). 
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The transition moment is given by { w,¢* iy; dt, and the symmetry species 
of the integrand is found using the direct product; fi transforms as x, y, or 
z, which in this case is B3y, Boy, or Biy. The integral is only non-zero if the 
integrand transforms as the totally symmetric irreducible representation, 
which is the case here when the component of the dipole is along x 


We Ax Wi 
B3y x Bay x Ag = Ag 


Thus the m > n”* transition is symmetry allowed, with the transition 
dipole along [x]. 


(b) A carbonyl group (as exemplified by that in methanal) is assumed to be- 

long to the point group Czy: assume that the H,CO fragment lies in the 
xz-plane, with the C-O bond along z. The n* anti-bonding molecular 
orbital transforms in the same way as the cartesian function y, that is as 
Bo. 
A non-bonding electron on oxygen is usually considered to be in a 2p, 
orbital which transforms as B,. When an electron is promoted from n to 
m*, the excited state has symmetry B, x B] = A). The symmetry of the 
integrand for the transition moment is 


We fl Wi 
SN Oe 


Az x Tx,y,2 X Ar = A2 x Ty,y,z 


Because I’, y,, # Az this product is never A;, so the integral is zero and 
the transition is |forbidden|. 


The energy of the HOMO, Exomo, is reported in the table below, based on 
calculations performed with Spartan 10 using the DFT/B3LYP/6-31G* method. 
The experimentally determined energy of the I,-aromatic hydrocarbon charge 
transfer bands is also given. 


Figure 11.17 shows a plot of Eyomo against hvmax; the best-fit straight line is 
also shown. There is a modest correlation between the two quantities. 


hydrocarbon = hvmax/eV Enomo/eV 


benzene 4.184 —6.70 
biphenyl 3.654 -5.91 
naphthalene 3.452 —5.78 
phenanthrene = 3.288 —5.73 
pyrene 2.989 —5.33 


anthracene 2.890 —5.23 
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Figure 11.17 
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fr Magnetic resonance 


12A General principles 


Answers to discussion questions 


D12A.2 


The energy levels associated with the interaction between magnetic nuclei and 
an applied magnetic field scale directly with the field, with the constant of 
proportion depending on the identity of the nucleus. The interaction between 
an electron and an applied magnetic field behaves in the same way, but the 
interaction is much greater, by a factor of the order of 1000. 


Solutions to exercises 


E12A.1(b) 


E12A.2(b) 


E12A.3(b) 


The nuclear g-factor gy is given by [12A.4c-489], g7 = ynh/ wn, where pn is the 
nuclear magneton (5.051 x 10°?” JT~') and yy is the nuclear magnetogyric 
ratio, the value of which depends on the identity of the nucleus. The units of fi 
are Js and g; is a dimensionless number, so the nuclear magnetogyric ratio yy 
has units (JT~')/(Js) = Ts". 

In SI units, 1 T = 1 kgs? Av! hence yy has units (kgs * A7!)7! x (s7!) = 
Askg '|, 


The magnitude of the angular momentum is given by [I(I + 1)]'/?/ where 
I is the nuclear spin quantum number. For a MN nucleus, I = 1, hence the 


magnitude of the angular momentum is [1(1 + 1)]!/7h =|/2h|, 


The component of the angular momentum along the z-axis is mh where my = 
I,I-1,...,—-I. Fora ‘*N nucleus, the components along the z-axis are|0, +f|and 
the angle between angular momentum vector and the z-axis takes the values 


+h 
6 =0,+cos' { —— ] = |0, +0.7854 rad (or 0°, +45.00°) 
J2h 


The NMR frequency is equal to the Larmor precession frequency, vy, which 
is given by [12A.7-489], v_ = ynBo/2n, where By is the magnitude of the 
magnetic field and yy is the nuclear magnetogyric ratio. Use Table 12A.2 on 
page 289 in the Resource section for the value of yy. Hence, 


ynBo (25.177 x 10? T"!s~!) x (17.1 T) 
wie _ 
‘ 2m 2m 


= 6.85 x 10° Hz = [685 MHz 


410 


E12A.4(b) 


E12A.5(b) 


E12A.6(b) 


The energies of the nuclear spin states in a magnetic field are given by [12A.4d- 
489], Em, = —g14#NBomr where g; is the nuclear g-factor, fy is the nuclear 
magneton, Bo is the magnitude of the magnetic field, and the component of 
the angular momentum on a specified axis is m;h where m, = I,I - 1,...,—I. 
Therefore, since the possible values of my are 0, +1, the energies of nuclear spin 
states are 


Em, = ~g1UnBom 
= —(0.404) x (5.0508 x 10°?” J T™') x (10.50 T) x m; 
= (-2.14... x 1077°J) x my 


Hence |Ey = 0 and E,, = ¥2.14 x 10°7° JI. 


The energy level separation is AE = hv where v = ynBo/2n, [12A.6-489]. 
Hence, in megahertz, the frequency separation is 


ynBo _ iin? x (1.93 x 10’? T's!) x (14.4T) _ 
2m 2m 


v=10°x 44.2 MHz 


For nuclei the energy level separation is AE = hv where v = yyBo/2n, [12A.6- 
489]. For the same magnetic field the Larmor frequencies, and hence the energy 
separations, of the two nuclei are in the ratio of their magnetogyric ratios 


vn _ SECAN) _ yw(4N) 
viyq AE(‘H) yn(1H) 


hence a 
ynC*N) 


yn(1H) 


yn(“4N) 
yn(1H) 


AE('*N) = AE(‘H) x = hviy x 


With the values given 


(1.93 x 10” T"! $7") 


AE(1*N) = (6.6261 x 10°-**Js) x (600 x 10° Hz) x 
aan a ) (26.75 x 10? T-! s-!) 


=|2.87 x 10776 J 


The energies of the electron spin states in a magnetic field are given by [12A.1c- 
492], Em, = Zep Bom, where g = 2.0023 is the g-value of the free electron, Bo 
is the magnitude of the magnetic field, m, = +4, and pg is the Bohr magneton. 
The energy separation is therefore 


AE = Exi/2 = E_i/2 = ($8enBo) - (-}8eunBo) = SeBBo 
= (2.0023) x (9.2740 x 10°**J T~!) x (0.300 T) 
=|5.57 x 10774 J 


Hence the energy level separation of the electron is |much greater] than that of 


the '*N nucleus under the conditions given. 


E12A.7(b) 


E12A.8(b) 


E12A.9(b) 


The ground state has m; = +3 (a spin) and population N,, and the upper 
state has my; = -+ (B spin) and population Ng. The total population N is N = 
Nq+Ng, and the population difference is Na —Ng. The Boltzmann distribution 
gives Ng/Na = e~AE/KT where AE is the energy difference between the two 


states: AE = yy hBo. It follows that Ng = Nae az/Fe, With these results 


Na-Ngp Na-Ng Na(l- ge ABIkT) 1 — ce AE/KT 
N Na+Np Na(l+eAF/kT) 14 eAB/KT 


Because AE « kT the exponential e~4?/*" 


give 


is approximated as 1 — AE/kT to 


Na-Ne 7 1-(1-AE/kT) AE/kT AE _ ynhBo 


N 1+(1—-AE/KT) 2+AE/kT 2kT  2kT 


For a °C nucleus and at 298 K 
Na-Np — ynhBo _ (6.73 x 10’ T7's7') x (1.0546 x 10-**Js) x Bo 
N 2kT 2 x (1.3806 x 10-23J K~') x (298 K) 
= 3.42... x 107° x (Bo/T) 


For By = 0.50 T, (Na — Ng)/N = |4.3 x 1077} for By = 2.5 T, the ratio is 
2.2 x 107°} for Bo = 15.5 T, the ratio is |1.34 x 107°]. 


The population difference for a collection of N spin-} nuclei is given by [12A.8b- 
491], (Na — Ng) * NynhBo/2kT, where Ng is the number of spins in the 
lower energy state and Ng is the number of spins in the higher energy state. 
At constant magnetic field, (Na — Ng)/N « T7'. Hence, for the relative 
population difference to be increased by a factor of 5, the temperature must 
decreased by this same factor — that is the temperature must by multiplied by 
factor of |0.2). 


For many samples this is simply not a feasible way of increasing the sensitivity 
as the solvent would freeze long before the temperature had been lowered by 
this amount. High-resolution spectra require the sample to remain in a liquid 
solution. 


The resonance frequency vymer in an NMR spectrometer is given by [12A.6- 
489], hvymr = ynhBo, where yn is the nuclear magnetogyric ratio and Bp is 
the magnetic field strength. The EPR resonance frequency vepr is given by 
[12A.12b-492], hvepr = SelpBo, where g, is the magnetogyric ratio of the 
electron. 


The EPR resonance frequency in a magnetic field for which the NMR frequency 
for 'H nuclei is vymp is calculated by taking the ratio of the two resonance 
conditions, assuming Bo is equal for both systems. Hence, 


hvgpr _ Sel4BBo hanes VEPR _ §elB 
hvymr ynhBo VNMR ynh 
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With the data given 


SelB 
ynh 


VEPR = VNMR * 
2.0023 x (9.2740 x 10-743 T7!) 


(26.75 x 107 T-! s-!) x (1.0546 x 10-34Js) 
= 3.3 x 10! Hz =|0.33 GHz 


= (500 x 10° Hz) x 


Solutions to problems 


P12A.2 The relative sensitivity of NMR spectroscopy R is proportional to I(I + 1)yx. 
Relative to that of 'H, the sensitivity is 


_ R(nuclide) (1+ 1)yy | 41(1 +1) ( YN ) 
RCH) (3)()ynC'H) * yw(*H) 
Taking account of the natural abundance A of each isotope, the sensitivity ratio 
becomes 


,_¢ A(nuclide)  , YN ° A(nuclide) 
S'=Sx ACH) ur+1)(—2) x ACH) 


For PN, yy = -2.712 x 10” T~! s“!, and the natural abundance is 0.365%. 


nuclide A/% IS Ss’ 

‘A 99.9844 + 1 1 

-H 0.0156 1 965x107 1.51x10~° 
RE 1.108 > L59x10* 1.76« 10 
MN 99.635 1 101x107 1.00x 1077 
IN 0.365 + 104x107? 3.80 x 10°° 
a 80.4 + 0.165 0.133 


P12A.4 The NMR signal intensity, I, is proportional to the number of protons in a slice 
of width 6, at horizontal distance z from the centre of the disk, as shown in 
Fig 12.1. The number of protons in the slice is proportional to the volume of 
the slice, which is proportional to the cross-sectional area of the slice. This 
area is 2rsin@ x 6,, which implies that the intensity is proportional to the 
length of the slice and thus « 2rsin@. Noting that cos@ = z/r it follows 
that |I «< 2 sin[cos”' (z/r)]|. Figure 12.2 shows the expected line shape from 
the disc; the horizontal axis corresponds to the distance from the centre, but 
because of the field gradient it is also a frequency axis. 


12B Features of NMR spectra 


Answers to discussion questions 


D12B.2 These are discussed in Section 12B.2 on page 496. 


D12B.4 


Figure 12.1 


Intensity 


z/r 


Figure 12.2 


This is discussed in detail in Section 12B.3(d) on page 503. In summary, two 
nuclei are chemically equivalent if they are related by a symmetry operation of 
the molecule. Such nuclei will have the same resonance frequency, that is, the 
same chemical shift. Examples are the protons in benzene, and H-2 and H-6 in 
4-nitrophenol. In benzene the protons are related by a C¢ operation (as well as 
others) and in 4-nitrophenol the protons are related by reflection in a mirror 
plane perpendicular to the plane of the ring and passing through C-1 and C-4. 


Two chemically equivalent nuclei A and A’ are magnetically equivalent if the 
coupling between A and any other magnetic nucleus in the molecule, say Z, 
is the same as the coupling between A’ and Z. If Z itself is to be magnetically 
equivalent to Z’, then the couplings A-Z, A-Z’, A’-Z, and A’-Z’ must all be 
equal: that is, the couplings between any member ofa group of equivalent spins 
with any member of another group of equivalent spins must be the same in 
order for the groups each to be magnetically equivalent. 


For example, in PF;, which has a trigonal bi-pyramidal structure, the three 
equatorial fluorines are magnetically equivalent, as are the two axial fluorines. 
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A second example is 1,2,3-trichlorobenzene: H-4 and H-6 are magnetically 
equivalent as they both have the same coupling to H-5. Chemical equivalence 
does not imply magnetic equivalence. In the case of 4-nitrophenol, protons 
H-2 and H-6, though chemically equivalent, are not magnetically equivalent 
because the coupling of H-2 to H-3 is different from the coupling of H-6 to 
H-3. 


Solutions to exercises 


E12B.1(b) 


E12B.2(b) 


E12B.3(b) 


E12B.4(b) 


The 6 scale is defined by [12B.4a-494], 6 = (v — v°) x 10°/v°, where 6 is the 
chemical shift of the peak, v is the resonance frequency of the peak, and v° is 
the resonance frequency of the standard. Hence 


v-v?_¢ (125.148750 MHz) — (125.130000 MHz). « 
d= x 10° = x 10° =|150 
v° (125.130000 MHz) 


The 6 scale is defined by [12B.4a-494], 6 = (v — v°) x 10°/v°, where 6 is the 
chemical shift of the peak, v is the resonance frequency of the peak, and v° is 
the resonance frequency of the standard. Hence 


~1875 Hz : 
0° = [14.98 


y-v° 6 
d= x 10° = x1 
ve (125.130000 x 10° Hz) 


The resonance frequency v is given by [12B.5-494], v = v° + (Vspect/10°)6, 
where v° is the resonance frequency of the standard. The frequency separation 
of the two peaks, Ay, is 


Mats 205104 (=) 51 [v° + (“) sie (“2=) Cen 


106 10° 10° 
ee x 10° Hz 


ia }s0.0 25.5) = (2450 Hz 


The resonance frequency v is given by [12B.5-494], v = v° + (Vspect/ 10°)6, 
where v° is the resonance frequency of the standard. The frequency separation 
of the two peaks, Av is 


Vspec ° Vspec Vspec 
av =v2-v1 = |v" +( we) 6,| |» +( see) 6, | =( se) (5, 61) 


Rearrange to make Ad the subject. 


6 


10° 


= (125 
200.130000 x 10° Hz 


d= 83-6) =avx( 22 


Vspec 


= (25000 Hz) x 


E12B.5(b) 


E12B.6(b) 


E12B.7(b) 


The combination of [12B.1-494], B,,. = By + 5B, and [12B.2-494], 5B = -oBo, 
gives the relationship Bio. = (1 — 0) Bo. For |o°| << 1, [12B.6-495] gives 6 = 
(o° — a) x 10°. Hence, 


A6d = 6-6, = (0° — 02) x 10°-(0°—0;) x 10° = —(a)—0)) x 10° = -(Ac) x 10° 


AByoc = ql 02) Bo el 01) Bo = (02 01) Bo = (Ac) Bo 
Substituting for Ao gives ABjo< = (Ad/10°) Bo. 


(i) For Bo = 1.5 T, ABioc = [(3.36 - 1.16)/10°] x (1.9 T) = 4.2 x 10° T = 
4.2 uT |. 


(ii) For By = 15 T, ABjoc = [(3.36 — 1.16)/10°] x (16.5 T) = 3.63 x 10°° T = 
36.3 uT} 


The resonance frequency v is given by [12B.5-494], v = v° + (Vspect/ 10°)6, 
where v° is the resonance frequency of the standard. The resonance from TMS 
is taken as the origin so v° = 0. 

For 'H nuclei, I = ; and so the signal due to nucleus A is split into 2nI + 1 = 
2x2x : +1 = 3 peaks, with a splitting equal to the coupling constant J4x = 5 Hz, 
and with intensity ratio 1:2:1. Similarly, the signal due to nucleus X is split into 
2nI+1=2x1x ; +1 =2 peaks with a splitting equal to the coupling constant 
Tax =5Hz. 


For a spectrometer operating at 500 MHz, 


v 500 x 10° H 
va =v? +( et) 5-04 . = ¢150= 750He 
10° 106 


x 4.50 = 2250 Hz 


o , (Vspect). _ , 500 x 10° Hz 
( ) O+ ine 


For the A spin there will be three lines at 745 Hz, 750 Hz, and 755 Hz; for X spin 
there will be two lines at 2247.5 Hz, and 2252.5 Hz. The integrated intensity of 
the X spin multiplet will be twice that of the A spin multiplet. 


Vx VA 


1500 Hz Jax = aa 


—— 
v increasing 


Jax =5 Hz 


‘°F NMR: the four !°F nuclei are equivalent and so all have the same shift. This 
resonance is split by coupling to the single ''B nucleus into 2nI + 1 lines; here 
n = 1and I = 3/2 so there are 4 lines of equal intensity. The splitting between 
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E12B.8(b) 


E12B.9(b) 


E12B.10(b) 


each is the B-F coupling constant, and the multiplet is centred at the shift of 
the fluorine. 


"B NMR: the ''B nucleus is coupled to four equivalent '°F nuclei, giving a 
multiplet with 2nI + 1 lines; here n = 4 and I = ; so there are 5 lines. These 
lines have intensities in the ratio 1:4:6:4:1, each line is separated from the next 
by the B-F coupling constant, and the whole multiplet is centred at the shift of 
the boron. 


In NHj the four 'H nuclei are equivalent, and are coupled to a single '“N 
nucleus with I = 1. This splits the resonance into 2nJ+1=2x1x1+1=3 
lines with intensity ratio 1:1:1. 


In NH} coupling to a single N nucleus with I = ; splits the resonance into 
2nI+1=2x1x1+1=2 lines with intensity ratio 1:1. 


Coupling to a nucleus with I = 1 splits the original resonance into 2] + 1 = 3 
lines of equal intensity: the lines appear at v and v + J, where J is the coupling 
constant. Coupling to a second spin-1 nucleus splits each of these three lines 
into three in the same way. Because the two spins to which the coupling occurs 
are equivalent, the coupling is the same and some of the lines fall on top of one 
another, giving enhanced intensity. The result is a /1:2:3:2:1 multiplet), as shown 
in Fig 12.3. 


v increasing 
Figure 12.3 


The multiplet resulting from coupling to two inequivalent I = 1 nuclei origi- 
nates from the resonance of nucleus A being split into (21 + 1) = 3 lines by 
coupling with the X; nucleus, and then each of these lines being split into three 
by coupling to the X, nucleus. 


Since the coupling between A and X, is not the same as that between A and 
X, no lines are necessarily coincident and so nine lines of equal intensity are 
observed, as shown in Fig. 12.4. 


E12B.11(b) 


E12B.12(b) 


oO SNK he, eS 
a TOO BS 
Ne NEA ALS 
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\ 
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Figure 12.4 


Coupling to one I = 2 nucleus results in the original line being split into (27 + 
1) = 6 lines. Each of these lines is then split into six in the same way by coupling 
to the second I = 2 nucleus, and then split again by coupling to the third 


2 
nucleus. 


As a result of each nucleus being equivalent, the splittings are the same and thus 
some lines are coincident and give rise to absorption lines of increased inten- 
sity. The overall result is a |1:3:6:10:15:21:25:27:27:25:21:15:10:6:3:1 multiplet} as 
is shown in Fig. 12.5. 


k—Jax 


eS 
Vv 


Figure 12.5 


A group of nuclei are chemically equivalent if they are related by a symmetry 
operation of the molecule and therefore have the same chemical shift. Two 
chemically equivalent nuclei A and A’ are magnetically equivalent if the cou- 
pling between A and any other magnetic nucleus in the molecule, say Z, is 
the same as the coupling between A’ and Z. If Z itself is to be magnetically 
equivalent to Z’, then the couplings A-Z, A-Z’, A’-Z, and A’-Z’ must all be 
equal: that is, the couplings between any member ofa group of equivalent spins 
with any member of another group of equivalent spins must be the same in 
order for the groups each to be magnetically equivalent. 


In 1,2,3-trichlorobenzene, H4 and He are chemically equivalent because they 
are related by a 180° degree rotation about the C.-C; axis; Hs is unique. The 
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coupling between H, and Hs; is the same as that between Hg, and Hs, there- 
fore the test for magnetic equivalence is satisfied: Hy and He are magnetically 
equivalent. 


Cl 
Cl Cl 


Hs 


E12B.13(b) The molecule SF; is square pyramidal. The four equatorial fluorine atoms, F,, 
are related by a 90° rotation about the F,-S bond: these four atoms are therefore 
chemically equivalent. The axial fluorine atom, F,, is unique. 


Each F, has the same coupling to F,, thus satisfying the test for magnetic equiv- 
alence: the four equatorial fluorine atoms are magnetically equivalent. 


F | 
| 
5S 


EE” ™. 


E12B.14(b) Coalescence of two NMR lines due to rapid nuclei exchange occurs when the 
condition given in [12B.16-505], t = 2'/?/m6v, is satisfied; in this expression t 
is the lifetime of an environment, and 5v is the difference between the Larmor 
frequencies of the two environments. Using [12B.5-494], 


6 Vspec 6 Vspec Vspec 
bv = V2 n=[v + (“28 ) 53] |» + (=) 8] = (BE) 61) 


For a proton jumping between two sites with first-order rate constant k, k = 1/t 


Vspec 350 x 10° 
bv = ( 10° (i 61) = ( 108 Jes 4.2) = 455 Hz 


1 mdv mx (455 Hz) foie 
= ard =/|1.0 X 
tT 21/2 21/2 Ss 


k= 


Solutions to problems 


P12B.2 The °F NMR spectrum has two multiplets: a doublet and a quintet. The former 
indicates coupling to one spin-+ nucleus, the latter indicates coupling to four 
equivalent spin- + nuclei. 


P12B.4 


P12B.6 
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VSEPR suggest that IF; is square pyramidal. The four equatorial fluorine atoms 
F, are chemically equivalent as they are related by a 90° rotation about the I-F, 
axis; the axial fluorine atom F, is unique. Each F, has the same coupling to F,, 
therefore the four equatorial F atoms are magnetically equivalent. 

The F, atom will therefore appear as a 1:4:6:4:1 quintet, and the F, atoms as a 
doublet. The splitting between the lines of the multiplets is the same in both 
cases. 


F, 
| 
.-3 1-F, 


Boe F 
Ea 


The Karplus equation is given in [12B.14-501], "Jun = A+ Bcos ¢ + Ccos2¢. 
Figure 12.6 illustrates that increasing parameter C reduces the value of Tuy in 
the range 45° < ¢@ < 135°. In the ranges @ < 45° and ¢ > 135°, increasing 
parameter C increases the value of * Ji}, with the greatest influence when the 
X-H bonds are aligned parallel or anti-parallel (¢ = 0 or ¢ = 180°). 


15 
N 
7 
= 
x 
ca 
a 

0 ! | ae | ! 
0 30 60 90 120 150 180 
$/° 
Figure 12.6 


Figure 12.7 illustrates that making parameter B more positive increases the 
value of 7 Ji in the range 0° < ¢ < 90°, with the greatest influence when the 
X-H bonds are aligned parallel (¢ = 0) and minimal influence near ¢ = 90°. 
Changing the value of B has no affect on the size of the coupling at @ = 90°. 
Increasing the value of B reduces the value of *Ji in the range 90° < ¢ < 
180°, with greatest influence when ¢ = 180°. Increasing parameter A simply 
increases the value of Jy for all angles. 


Note that there is an error in the problem as printed. The relationship between 
the Sn-Sn and H-H couplings should be expressed as 


(7Jsnsn/Hz) = 78.86 x (7S /Hz) + 27.84 
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Tun /Hz 


0 | ! | | | 
0 30 60 90 120 150 180 
¢/° 
Figure 12.7 
(a) The Karplus equation for *Jyy is a linear equation in cos ¢ and cos 2¢, 


(b) 


(c) 


and the experimentally determined equation for 3Jonsn is linear in 7Jyy. 
If F(f) is linear in f, and f(x) is linear in x, it follows that F(x) is also 
linear in x. Therefore ?Jsnsn is a linear equation in cos ¢ and cos 2¢. 


Substitution of the Karplus equation for 3 Tuy into the expression for 3Tousn 
gives a Karplus-type expression for the latter. 


(7Jsnsn/ Hz) = 78.86 x (7 Juy/ Hz) + 27.84 

= 78.86 x (A+ Bcos $ + Ccos 2) + 27.84 

= (78.86A + 27.84) + 78.86B cos p + 78.86C cos 2 

= A’ + B’cos¢+C’' cos2¢ 
Taking the values A = 7 Hz, B = -1 Hz, and C = 5 Hz from the text 
gives the parameters in this new Karplus-type equation as (A’/Hz) = 
78.86x(7)+27.84 = 580, (B’/Hz) = 78.86x(-1) = -78.9, and (C’/Hz) = 
78.86 x (5) = 394. Thus, the Karplus-type equation for the Sn-Sn cou- 
plings is 


(7Jsnsn/ Hz) =[580 — 78.9 cos $ + 394 cos2¢ 


A plot of *Jsnsn as a function of ¢ is shown in Fig. 12.8. 


A staggered conformation with the SnMe; groups [trans] to each other 
(@ = 180°) is the preferred arrangement as this minimised the steric 
repulsion between the bulky SnMe;3 groups. 


SnMe; 


P12B.8 
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The average of By: over all orientations is found by integrating the expression 
for Buc over the polar angles 6 and ¢, with 6 in the range 0 to 1, and ¢ in the 
range 0 to 27; the volume element is sin 6 d@d¢. The constants which appear 
in the expression for Buucs (ynhom)/(47R°*), are written as A. 


Tt 2m 
(Bauc) =A f f[ (1 —3cos” @) sin @ dé dd 
=0 J ¢=0 


Tt 2m 
=a f (sin 0 — 3.cos* @sin@) dO f[ do 
6=0 $=0 


The integral of the second term is found by recognising that (d/d@) cos’ 6 = 
-3 cos’ 6 sin 8 


(Bauc) = Al- cos @ + cos? Al) -o x Pl pro 
= A[(—cos 7 + cos* m) — (—cos0 + cos* 0)] [27 - 0] 


=Al(-(-1) +(=1)")=(-Q) +) el =0 


=0 =0 


Hence |}(Byuc) = 0} 


12C Pulse techniques in NMR 


Answers to discussion questions 


D12C.2 


Relaxation results from the interaction between individual spins and local mag- 
netic fields which arise in various ways. As is described in Topic 12A, the inter- 
action between a spin and a magnetic field depends on the magnetogyric ratio 
of the spin: the greater the magnetogyric ratio, the stronger the interaction. 
Thus, a given local field has a greater interaction with a nucleus with a greater 
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D12C.4 


magnetogyric ratio and, all other things being equal, the relaxation caused by 
these fields will therefore be faster the greater the magnetogyric ratio. 


The magnetogyric ratio for 'H is about four times that of °C, hence the inter- 
actions between 'H and local fields is stronger leading to faster relaxation and 
shorter relaxation times. A somewhat separate issue is that in typical molecules 
H atoms tend to be more accessible than C atoms, and so if the local field is from 
outside the molecule it may be felt more strongly by the more exposed H atoms. 


This is discussed in Section 12C.4 on page 516. 


Solutions to exercises 


E12C.1(b) 


E12C.2(b) 


E12C.3(b) 


From the discussion in Section 12C.1(a) on page 510, the flip angle ¢ of a pulse 
of duration AT is given by ¢ = yn, At, where B; is the strength of the applied 
field. It follows that B, = ¢/yyjAt. With the data given 


) m/2 
~ ynAt (26.752 x 10? T-! s-!) x (5 x 10-6 s) 


=/1.2 mT 


By 


The corresponding 180° pulse has twice the flip angle so, for the same B,, At 
is doubled: Ar = 2 x (5 us) =/10 ps). 


The effective transverse relaxation time, T;, is given by [12C.6-514], T7 = 
1/mAv1/2, where Avj/2 is the width of the (assumed) Lorentzian signal mea- 
sured at half the peak height. Hence 

1 1 


Tx = - =(0.027s 
mMAvi/. mx (12 Hz) 


The amplitude of the free induction decay, S(t), is proportional to e~'/Tz, where 


t is time and 7, is the transverse relaxation time. If $(t2) = $S(t)) then 


-At/T» 


S(t.) 1 em. taiji 
S(t1) 2 e-h/Th 


=e 


taking logarithms gives 
In 5 =-At/T, therefore At=-—T) In 5 = T)In2 


With the data given 


At = (0.050 s) x In2 = [0.0358 


E12C.4(b) Monofluoroethanoic acid has two carbon environments: an sp* hybridised car- 


E12C.5(b) 


bon and a carboxylic acid carbon. The C NMR spectrum shows a signal at 
6 = 79 which is due to the sp* carbon. This C atom is adjacent to two protons 
and one F atom. Coupling with the two protons splits the carbon signal into 
a triplet, which is further split by the coupling to the F atom into a doublet of 
triplets. 


When the °C NMR spectrum is observed with proton decoupling, splittings 
due to C-H coupling are collapsed, leaving just the doublet due to coupling to 
F. The splitting is the one-bond C-F coupling, 'J = 160 Hz. 


The signal at 0 = 179 is due to the carboxylic acid carbon. This is also split into a 
doublet of triplets by coupling to two protons and one F, but as these couplings 
are over two bonds they are much smaller than those seen for other carbon. 
When proton decoupling is used, this multiplet collapses to a doublet for the 
same reasons as above. 


The maximal NOE enhancement is given by [12C.8-517], 4 = yx/2ya, where 
yx and ya are the magnetogyric ratios of nuclei X and A, respectively. 


yin (26.752 x 10’ T~'s"') 
4 = = = [0.5313 
2ywp 2x (25.177 x 107 T-! 5-1) 


Solutions to problems 


P12C.2 


P12C.4 


The free-induction decay consists of signals of the form given by [12C.8-517] 
S(t) = So cos (2nv,t)e"/” 


If there are several lines, the overall signal is the sum of several such signals, 
each in principle with a different intensity, frequency, and transverse relaxation 
time. As described in the problem, the frequencies measured by the spectrom- 
eter are the offset frequencies, given by dv, /10°, where 6 is the chemical shift. 
In this case the peak at 6 = 3.2 in an 800 MHz spectrometer gives signal at 
3.2 x (800 x 10° Hz)/(10°) = 2560 Hz; similarly, the other peaks give signals 
at 3280 Hz and 4000 Hz. The intensities are all assumed to be the same, So. 
Because the oscillations in the free-induction decay are rapid it is only possible 
to see them clearly by plotting a small section of signal, which is what is shown 
in Fig. 12.9, 


If the signal at 6 = 5.0 is reduced in intensity to Sg/10, the free-induction 
decay, Fig. 12.10, shows a clear reduction in the highest-frequency component. 
The overall decay of the function is seen by plotting it out to longer times, 
as in Fig. 12.11 (note that, for practical reasons, in this plot the data points 
in insufficiently closely spaced to reproduce the waveform precisely, but the 
overall decay is correctly represented). 


(a) The NMR lineshape is approximated using a Lorentzian function of the 


form 
So To 


1+ T?(w—- wo)? 


I,(w) = 
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(b) 


where w = 2rv is the angular frequency, wo is the resonance frequency, 
So is a constant, and T> is the transverse relaxation time. Inspection of the 
function shows that it must be a maximum at w = Wo as this minimises 
the denominator. At this point the function has the value I, (wo) = SyT). 


The peak reaches its half-height of So T,/2 when 


SoTo 
1+ T3(@1/2 = Wo)? 


So T2/2 = hence (4/2 - wo)” = 1/T; 


It follows that w1/2 = wo + 1/T:. Converting from angular frequency 
using w = 2nVv gives v\/. = Vo + 1/2nT>. Hence the width at half-height 


is 2 x (1/2mT>) = |1/mT2|in Hz, or 2/T> when expressed as an angular 
frequency. 

The NMR lineshape can also be approximated using a Gaussian function 
of the form 


Icg() = Sy Tye” 2-0)” 


P12C.6 


S(t)/S(0) 


Figure 12.11 


(c) 


The exponential term is a maximum when w = wo, so the maximum of 
the function is Ig(wo) = So T>. The peak reaches its half-height of Sp T)/2 
when 


SoT/2 = SoTre 212-0)" hence (1/2 - Wo)? = (In2)/TZ 
It follows that @1/2 = wo + (In2)'/?/T>. Converting from angular fre- 


quency using w = 2nv gives v1/2 = vo + (In2)"/?/2nT>. The width at 


half-height is 2 x v1). = |(In2)/?/nT)| in Hz, or 2(In2)!/?/T, when 
expressed as an angular frequency. 


Choosing x = T)(w — wo) then both functions can be re-written. 


1 


Tae Ig(w)/SoT> =e ~* 


I L ( (cy) ) / So Ty = 
Figure 12.12 shows plots of both functions. The most noticeable feature 
is that the Gaussian is more compact and decays more quickly than does 
the Lorentzian. The functions as plotted are not normalised: if they were, 
such that the area under the curves is equal, the Lorentzian would have a 
lower peak height than the Gaussian. 


The shape of a spectral line, I(w), is given by the Fourier transform of the free- 
induction decay G(t) 


i(a) = Re| [~ G(tje* ar| 


The form of this integral means that the Fourier transform is linear, in the sense 
that the Fourier transform of G,(t) + G2(t) is equal to the Fourier transform 
of G,(t) + the Fourier transform of G2(f). 


It is shown in the previous Problem that the Fourier transform of a cos wot e~'/* 
consists of two Lorentzians at w = +wo, with width 2/7, and height scaled by a. 
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P12C.8 


P12C.10 


I(x)/SoT> 


Figure 12.12 


Therefore the Fourier transform of a cos wt e~'/" + bcos wt e~‘/* will consist 
of two Lorentzians at w = +w,, with height scaled by a, and two Lorentzians at 
w@ = £2, with height scaled by b; all the peaks will have width 2/r. 


The differential equation which describes the time-dependence of the z-magnetization 
is given in Problem P12C.7 
dM.(t) _ M.(t) - Mo 
dt Ty 


Separate the differential equation and integrate between t = 0 and t = t, and 
the corresponding limits M,(0) = —Mp and M,(t). 


pe : dM - ya 
— th=- — dt 
-M, M,(t)—Mo At) o Ty 


+ t 
in (M1) — Mo) MA? = | 
1!lo 
in M.(t)-Mo\__ tT 
=O, i 


hence M,(r) = Mo(1-2e77) 
The time Tau at which M,(Tpun) = 0 is found by solving 


Mo(1- Qe7toau/T) =0 hence Tpyy = T) In2 


With the given data, T; In2 = 0.50 s, hence T; = (0.50 s)/In (2) =[0.72 s}. 


Figure 12.13 shows the motion of magnetization vectors from typical ‘fast’ and 
‘slow’ spin packets (relative to the rotating frame frequency) during the spin 
echo sequence. The 90° pulse rotates the magnetization onto —y, and then 
during the delay t the vectors from the spin packets fan out. The 180° pulse 


P12C.12 


applied about x rotates the vectors to mirror-image positions with respect to 
the xz-plane. In the subsequent period the vectors continue as before, but at 
the end of the delay 1 they converge onto the + y axis. Refocusing occurs, as it 
did in Fig. 12C.11 on page 515, but along the opposite axis. 


slow spins 
na 


fast spins 


Figure 12.13 


The magnitude of the local magnetic field is given by [12B.17a-506] 


where Bjo, is the local magnetic field, yy is the nuclear magnetogyric ratio, 
Uo is the vacuum permeability, mh is the z-component of the spin angular 
momentum, R is the internuclear separation, and @ is the angle between the 
direction of local field vector and the direction of the applied magnetic field. 
The average over angles 0 = 0 > 0’ is found by integrating B),. over this range, 
with the appropriate volume element, which is sin 6 d@. The integral is divided 
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by ie sin 6 d@ to ensure normalization 


7 ie Bioc sin 6 dé 


(Bioc) 


ih sin 0d@ 
ynhuom Cu —3cos* 0) sin@ dé 
= x 
4nR° ie sin 6 dé 


The integral in the denominator evaluates to 1 — cos 6’. The integral in the 


numerator separates into two: the first is /, iM sin 6 d@ which similarly evaluates 
to 1 — cos 6’. The second is evaluated as follows 
6’ 
Te -3 f cos’ Osin 0d 
0 


Recognise that (d/d@) cos? 6 = —3 cos? @ sin @ 


Q’ 
I= -3|-3 cos’ 6|, = cos? 6’ -1 
Putting this all together gives 


_ ynhpomr | (1 - cos 0’) + (cos? 6’ — 1) 


(Bioc) 4nR3 1-—cos 0’ 
_ ynhuom 4 £08 6’ (cos” 8’ — 1) 
4rnR?3 1-—cos 6’ 
_ ynhuomy x £08 0’(cos 8’ + 1)/(cos ” — 1) 
4rnR?3 1-cos 6’ 
ynhuomy 


= we Agne x COS 6’ (cos 0’ + 1) 
Tt 


When 6” = 7, (cos 6’ + 1) = (cosa +1) = 0 and, as expected, the field averages 
to zero. 


The separation R was found in Problem P12C.11 to be 158 pm. With 6’ = 30° in 
the above expression, and taking m, = + s, the average field is computed as 


_ynhpomy 
4nR?> 
(26.752 « 10? T's“) x (1.0546. 10°**J s) x (1.257% 10-° T? J“! m5) 


(Bioc) = x cos @(cos 6 +1) 


2 x 4m x (158 x 10-1? m) 
x cos 30° x (cos 30° + 1) 
= —(3.57... x 1074 T) x (37/2) x (377/241) 
—0.578 mT 


12D Electron paramagnetic resonance 


Answers to discussion questions 


D12D.2 


The hyperfine parameter a for the coupling between a nucleus and the elec- 
tron in a radical is easily measured from the splittings of the lines in the EPR 
spectrum caused by the nucleus in question. If the quantitative relationship 
between a and p is know (for example, as it is for aromatic systems, the Mc- 
Connell equation) it is possible to map out the spin density in the molecule, thus 
revealing the spatial distribution of the molecular orbital which is occupied by 
the unpaired electron. 


Solutions to exercises 


E12D.1(b) 


E12D.2(b) 


E12D.3(b) 


The EPR resonance condition is given by [12D.2-519], hv = gupBo, where v is 
the spectrometer operating frequency, g is the g-value of the radical, gp is the 
Bohr magneton, and By is the magnetic field. Rearranging the expression gives 


hy _ (6.6261 x 107**Js) x (9.2482 x 10° Hz) 


g= ~; = [2.0022 
upBo (9.2740 x 10-24] T-!) x (330.02 x 10-3 T) 


As described in Section 12D.2 on page 520, the splitting between the lines in 
the multiplet is the hyperfine coupling constant. In this case the splitting is 
(338.0 — 335.8) mT = 2.2 mT, (335.8 — 333.6) mT’ = 2.2 mT, and (333.6 — 
331.4) mT = 2.2 mT. Therefore |a = 2.2 mT}. 


The g-value is computed from the centre of the multiplet, which is at (333.6 + 
+ x 2.2) mI = 334.7 mT. Then, using [12D.2-519], hv = gupBo 


_ hv _ (6.6261 x 10°**Js) x (9.332 x 10° Hz) irae 
° HpBo (9.2740 x 10-24 T"') x (334.7x 10-3 T) ~~ 


The total local magnetic field is given by [12D.3-520], Bioc = By + amy,, where 
my, = +3 and a is the hyperfine coupling constant. Further interactions with a 
second and a third proton give the overall field as 


Bioc = By + amy, + amy, + amy, 


where each m, = +3. There are 8 possible combinations of the m;, and hence 
8 lines. The centre of the spectrum is at 332.8 mT. 


For example, the line with all my, = +3 is at 
B/mT = 332.8 + 5 x 2.11 + 5 x 2.87 + 5 x 2.89 = 336.735 
and that with m;, = —}, m,, = +5, and mj, = +} is at 


B/mT = 332.8 - 5 x 2.11 + 5 x 2.87 + 3 x 2.89 = 334.625 


Repeating this process gives the 8 lines as (in order) 
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E12D.4(b) 


E12D.5(b) 


328.865, 330.975, 331.735, 331.755, 333.845, 333.865, 334.625 and 336.735 mT 


All 8 lines have |equal intensity, However, the third and fourth peak, and the 
fifth and sixth peak, are closely spaced and so, if the instrument does not have 
high enough resolution, may overlap with one another to give a peak of double 
height. 


(i) The expectation is that the CH: protons will have a larger hyperfine con- 
stant than the CH; protons. Therefore the main splitting will be into 
a triplet (1:2:1), and each of the lines of the triplet may be further split 
by a smaller amount into a quartet (1:3:3:1). If all the lines are resolved 
the spectrum will be a triplet of quartets, a total of 12 lines with relative 
intensities 1:3:3:1; 2:6:6:2; 1:3:3:1. 

(ii) The splittings due to couplings to equivalent spin 1 nuclei are illustrated in 
Fig. 12D.5 on page 521. Coupling to the CD, deuterons will give five lines 
with intensities (1:2:3:2:1). The smaller coupling to the CD3 deuterons will 
split each of these lines into seven, with intensities (1:3:6:7:6:3:1), giving 
35 lines in total. 


The resonance frequency is related to the g-value by [12D.2-519], hv = gupBo. 
Rearranging this gives By = hv/up. 


(i) For a spectrometer operating at 9.501 GHz, 


hv (6.6261 x 10°**Js) x (9.501 x 10° Hz) 


Bo = = 339.0 mT 
SuB 2.0024 x (9.2740 x 10-24J T~!) 
(ii) For a spectrometer operating at 34.77 GHz, 
h .6261 x 10°-** 34.77 x 10° H 
By = v _ (6.6261 x Js) x( aa D) ica 
SHB 2.0024 x (9.2740 x 10-24J T~!) 


E12D.6(b) If a radical contains N equivalent nuclei with spin quantum number I, then 


there are 2NJ+1 hyperfine lines. The radical contains two magnetic nuclei, N = 
2, and there are a total of five hyperfine lines. Therefore 2NI+1 =2x2xI+1=5 
hence [J = 1|. The splitting pattern arising from coupling to equivalent nuclei 
with I = 1 is shown in Fig. 12D.5: coupling to two such nuclei gives five lines in 
the intensity ratio 1:2:3:2:1. 


Solutions to problems 


P12D.2 


The EPR resonance condition is given by [12D.2-519], hv = gupBo, where v is 
the spectrometer operating frequency, g is the g-value of the radical, pg is the 
Bohr magneton and Bp is the magnetic field. The expression is rearranged to 
make g the subject. 


When the applied magnetic field is parallel to the OO direction, 


_ hv _ (6.6261 x 10-**Js) x (9.302 x 10° Hz) 
. HpBy (9.2740 x 10-24 T7!) x (333.64 x 10-3 T) 


= [1.992 


P12D.4 


P12D.6 


When the applied magnetic field lies along the bisector of the ONO angle, 


hv _ (6.6261 x 10°*4Js) x (9.302 x 10° Hz) 


g= = = [2.002 
HpBo (9.2740 x 10-74 T™*) x (331.94 x 10-3 T) 


The splitting due to the two N atoms results in 2NI + 1=2x2x1+1=5 lines 
with relative intensity ratio |1:2:3:2:1, a quintet}, Adjacent lines are separated by 
a(N) = 0.148 mT. Each of these lines is further split into a[1:4:6:4:1, a quintet 
by coupling to four H atoms results (2NI + 1 = 2 x 4x 5 +1 = 5). Adjacent 
lines in the quintet are separated by a(H) = 0.112 mT. Because the two hyper- 
fine constant are similar the multiplets overlap extensively, giving a complex 
multiplet. 


Figure 12.14 shows how the complete multiplet is formed from five overlapping 
1:4:6:4:1 quintets, ae, centred at the positions of the lines of the 1:2:3:2:1 quintet, 
and with intensities in proportion. For example, quintet a is centred at the field 
of the left-most line of the 1:2:3:2:1 a quintet, and has relative intensity 1. Quintet 
b is centred at the field of the next left-most line of the 1:2:3:2:1 a quintet, and 
has relative intensity 2. The dotted lines show the relationship of the multiplets 
a-e to the lines in the 1:2:3:2:1 a quintet. 


irs eel ee : 
| | | | | | | complete multiplet 
a li | 1 1 | 
J | | | | 1:2:3:241 quintet 
Figure 12.14 


The McConnell equation is given in [12D.5-521], a = Qp, where a is the hy- 
perfine coupling constant observed for a H atom in a given molecule, Q is 
a constant, and p is the spin density on the adjacent carbon atom. For the 
benzene radical anion, Q = 2.25 mT; the same value is used for each of the 
anions considered here. For example, at position 3 in 1 


a 0.011 mT _ 
Q 2.25 mT 


4.89 x 1073 


The spin densities for each carbon, computed in the same way, are shown in 
Fig. 12.15. 
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NO, NO, 
4.89 x 1073 Oz 0.200 0.121 
7.64 x 107? 4.89 x 1073 0.048 NO, 
7.64 x 1073 0.200 
NO, 
0.0498 0.0498 
0.0498 0.0498 
NO, 
Figure 12.15 


P12D.8 


Simple considerations indicate that the EPR spectrum of 1 will be a 1:1:1 triplet 


on account of the coupling of the electron toa single '*N, which has I = 1. Elec- 
tron exchange, resulting from the physical interaction of two radicals, results 
in a scrambling of the spin state of the electron because the electron which 
is exchanged has an equal change of being in the a or 6 spin states. Such 
scrambling at first causes a broadening of the lines in the hyperfine multiplet, 
and if it is at a high enough rate the lines merge. For even faster rates, the 
merged line narrows. This is analogous to the effect that chemical exchange 
has on the coupling patterns seen in NMR, Section 12B.4 on page 505. 


Answers to integrated activities 


112.2 


(a) The spin densities, computed by molecular modelling software (ab initio, 


density functional theory, Gaussian 98), are shown below 


6 0.409 
—0.082 
0.299 0.271 
—0.135 —0.129 
0.369 
CHg 
—0.024 


The computed spin densities for the the two protons ortho to the oxygen, 
and to the two protons meta to the oxygen are different. This is undoubt- 
edly a computational artefact, a result of the minimum-energy structure 
having one methyl proton in the plane of the ring, which makes the right 
and left side of the ring slightly non-equivalent. Fast internal rotation 


112.4 


is expected to make the two meta protons, and the two ortho protons, 
equivalent. The spin density at the ortho carbons is therefore taken as 
0.285, and that at the meta carbons as —0.132. 


The hyperfine coupling constants resulting from coupling to the ring pro- 
tons are computed using the McConnell equation, [12D.5-521]: a = Qp, 
with Q = 2.25 mT. Hence dortno = 0.285 x (2.25 mT) = 0.641 mT, 
and meta = 0.132 x (2.25 mT) = 0.297 mT. The hyperfine coupling for 
interaction with the methyl protons cannot be calcuated in the same way 
but is given by the software as 1.045 mT. The EPR spectrum will show 
a rather complex multiplet arising from splitting into a 1:2:1 triplet as a 
result of the coupling to the ortho protons, each line is then split into a 
1:2:1 triplet as a result of the coupling to the meta protons, and each line 
is split once more into a 1:3:3:1 quartet as a result of the coupling to the 
methyl protons. 


(b 


~ 


Terms such as [I], [EI], [E], vz, vey and v need to be eliminated from the ex- 
pressions. First, note that total I (free I plus bound I) is the same as initial I; 
similarly, total E (free E plus bound E) is the same as initial E. 


[Trot = [L]o = [I] + [EI] and [E]tot = [E]o = [E] + [EI] 
Using this, the expression for Kj is rewritten 


[EJ(1] _ (CElo - (E11) (Eto - [EN)) 
[EI] [EI] 


Kj = 


Because [I]o >> [E]o it follows that [I]) must also be much greater than [EI], 
even if all of the E binds I. Hence [I]  — [EI] * [I]o. This is substituted into the 
above expression which is then solved for [E]]. 


(LE]o — [EI])[T]o [E]o[I]o 
[EN] hence [EI] = K+(le + (Uo 


Ki = (12.1) 


The expression for v is written using [I] = [I]  — [EI] to give 


_ Be [I] + [EI] vex 2 v1([T]o - [EI]) + VE] [EI] 
Po Jers fee = Ts EEN To 
This is rearranged to given an expression for [EI], and then [EI] is substituted 
using eqn 12.1 


_ (awltlo _ Svillo pace LB lola _ dvlto 
VEI — VI Av Ki + [I]o Av 


[ET] 


where dv and Av as as defined in the text. Finally, [I]o is made the subject to 
give 


Av 
[To = om 


It follows from this that a plot of [I]o against 1/(5v) is a straight line with slope 
[E]oAv and y-intercept —Kj. 


[E]o — Ky 
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Statistical 
thermodynamics 


13A The Boltzmann distribution 


Answers to discussion questions 


D13A.2 


D13A.4 


The principle of equal a priori probabilities is the assumption that the popula- 
tion of any physical state depends only on its energy and not how that energy 
is distributed. For example, a state in which a certain amount of the energy of a 
molecule is in translational motion is just as likely as a state where this energy is 
in rotational motion, or in vibrational motion, or split between these different 
modes. 


Because the Boltzmann distribution gives the ratio of populations of states of 
different energy as a function of temperature, it accounts for the temperature 
dependence of many physical and chemical phenomena. These include: the 
intensities of spectral transitions (Topic 114); chemical equilibrium (Topic 13F), 
in which the distribution of reactant and product species is determined by 
a single Boltzmann distribution over the states of the system; the Maxwell- 
Boltzmann distribution of molecular speeds in the kinetic model of gases (Topic 
1B); collision theory, in which the temperature dependence of the rate of reac- 
tion is understood through the Boltzmann distribution (Topic 18A). 


Solutions to exercises 


E13A.1(b) 


E13A.2(b) 


The weight of a configuration is given by [13A.1-533], W = N!/(No!Ni!No!...), 
thus 


21! 
6! x 0! x 5! x O! x 4! x O! x 3! x O! x 2! x O! x O! x 1! 


=(2.05 x 10!2 


(i) 10!=10x9x8x7x6x5x4x3x2~x 1 =(3628 800). 


(ii) Stirling’s approximation for x >> 1 is given by [13A.2-533], In(x!) » 
x Inx — x. This is rearranged for to x! = e(*Inx-x) | thus 


10! w e(10%In 10-10) _ [4 54 x 10°], 
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E13A.3(b) 


E13A.4(b) 


E13A.5(b) 


E13A.6(b) 


(iii) Using the more accurate version of Stirling’s approximation 


10! & (2m) {/?) x 190+1/2) x e= 10 = [3.60 x 10° 


The Boltzmann population ratio is given by [13A.13a-536], N;/Nj = ghrg), 
where f = 1/(kT). As temperature approaches zero, § approaches infinity. The 
relative populations of two levels, assuming € < 1, is therefore 


Ni/No = lim e7Fl4-*) = 9 
B>t00 
In this limit, only the lower state is occupied. 


The Boltzmann population ratio is given by [13A.13a—536], N;/Nj = e Ble e)) 
This is rearranged to B = —In(N;/N;)/Ae , where Ae = (e; — €;). Substituting 
B = 1/(kT) and rearranging for T gives 
Ae — hev 
kln(N,/No) kin (N,/No) 
(6.6261 x 10°**Js) x (2.9979 x 10'° cms") x (300 cm’) 
(1.3806 x 10-23 JK!) x In(1/2) 


= |623 K 


The Boltzmann population ratio for degenerate energy levels is given by [13A.13b- 
536], Ni/N; = (gi/gj)e"P\-*. The rotational term of a spherical rotor is 
given by [11B.9-432], F(J) = BJ(J + 1) and, as explained in Section 11B.1(c) on 
page 434, its degeneracy is given as gy = (2J + 1). The rotational energy is 
related to the rotational term as ¢; = hcF(J). Therefore 


Ns _ (2x54 i)? se eo teB[Sx(5+1)—0x(041)]/kT =121x e 30Bhe/kT 
No (2 xO+ 1)? 


using kT /hc = 207.224 cm™' at 298.15 K (from inside the front cover) 


No 


Ns = 12] x e730* (2-71 cm™')/(207.224 cem™') _ 8L7 


The Boltzmann population ratio for degenerate energy levels is given by [13A.13b- 
536], Ni/N; = (gi/gj)e“-*. This is rearranged to 

B = -In[(Ni/N;)(gj/gi)]/Ae where Ae = (€; - €;) 
Substituting § = 1/(kKT) and rearranging for T gives 


Ae hewv 


kin[(Ni/No)(go/gi)} kn [(Ni/No)(g0/g1)] 
(6.6261 x 10°**Js) x (2.9979 x 10'° cms") x (360 cm”) 
(1.3806 x 10-23 J K7') x In [(15%/85%) x (1/2)] 


213K 


Solutions to problems 


P13A.2 


P13A.4 
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The energy of a configuration is E/e = N; + 2N> +3N3..., and the weight of a 
configuration is given by [13A.1-533], W = N!/(No!N!No!...). The configura- 
tions satisfying the total energy constraint E = 9¢ are 


No Ni No N3 Na Ns No Nz Ng No W 


0 0 0 0 0 0O 


So rFeF MYM WwW RY WW BU BHD HS PU DAA FPUAIDHAHAN UVUAN ANN OC 
ON OTwWrYF DP NY ODWrF OH Wr OY FN COFCO wWwre ON CO SF 
COorFN WR OF NY WOOF CO OF NrYF CO OF NCO COC Ol rr rPLCLUCUCOCUCcCOUrR CO 
el ee ee Se ee Se eee) 
oe ©. SS. 6: co Sc. 6: 6: 6: 6 6S oo ee YS He HS 2 SS So. He So: SOo.UCcS:UlUC OU CS! CS 
ooeoeooocriocioulcrclclclCclcUCOUC OUCcOUCcOUCUcOUlUcOUlCUCcCOUCUCUODUCUCUOUlUMRCLUlULUhRrclUlULhr hr RP hULhPM Cc COUCUCOCUCUCUCOCUCUCcOUlUcOlUO 
oo ooooooccocoiulcmclcCclmcUCclcUCcmUCcCcUCcCclcUCcCcUCcCclcUCCOcUCOUCUCcCOCOcUCOUmUrhmhUhrR EE LUhUcCOUCOUCUO 


0 0 1 9 


oooocoocoiolocodclcUmlcCOCUClcOCUCcOCUCcOCUCcOCUCcOCUCcOCUCcOCUCcOCUcOCUCcCOCUCOCUCcOUCcOUUcOCUUcCOUCcCcCOOUhrMD HE CO 
cooococooocoocclcCcCcCOCUCcCOCUCcCcmcmUCcCOcUCcCOCUCcOCUCcCOCUCcOCUCcOUCcOCUcOCUCcOCUCcOCUCcCOcUCcCOUCCcCOUmUCcCOUhUrR 
coociooocrooctcuococomchlcUrW CoccCcocmUCcOCUCcCOCcUcOCUCcOCUCcCOcUCCOCUCcCOCUCcOCUCUcOCUcOCCcCOcUCcCOCUCOUCcOUCO 

— 

Oo 

= 

iS) 


Hence the most probable configuration is 


{4, 2,2, 1, 0,0, 0,0, 0, 0} 


| which is 


the most reminiscent of an exponential distribution. 


The Boltzmann distribution is given by [13A.10b-535], N;/N = e~*'/q, where q 
is the partition function defined in [13A.11-535], q = ©; e7*, and B = 1/(kT). 
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P13A.6 


Without loss of generality let the energy of A be 0, which implies that e, = 
5.0kJ mol! and Ec = Ep + O.5kJ mol? = 5.5 kJ mol !. The partition function 
is 


gq =e Bea 4 eo Bee 4 Bec - 1 4 @ Bee 4 gee 
The proportion of molecules in conformation B is 


Nz e Bes e Bes 
N q 1+ eBes + e- Bec 


Because ¢€; = E;/Na and k = R/Na, Be; = E;/RT, it follows that 


Ne e-Es/RT 
N 1+ e7#s/RT + e~Ec/RT 


_ 5.0x10° Jmol7! 
e@ (8.3145) K~! mol™!)x(273 K) 


_ 5.0x103 Jmol—! _ 5.5x103 Jmol~! 
L+e (83145) K7T mol!) x(273 K) 4 @ (8.3145 K~! mol~!)x(273 K) 


= |0.092 


In Section 13A.1(a) on page 532 it is shown that In W = In N! — 5); In N;!. The 
full version of Stirling’s approximation is used for the factorials to give 


In W = In[(27)/?7NNtY?e-N] — SIn[(27) V2 NNN] 
j 


= }In(2n)+(N+3)InN-N- > [3 In(27) + (Nj + $)InNj -Nj] 
j 
Because }', Nj = N it follows that 


InW = }In(2m) + (N+ 3)InN- >> [nj + 4) InN; +41n(2n)| 
—__ << 


J 
A 


B 


The next step is to compute 0 In W/dN;: only the non-constant terms A and B 
contribute to the derivative. First, consider the differential of term A 


a[(N+4)InN a(N+2 
[(Ne2jlN] (oN +s) inns (+4) (22%) 
ON; ON; 2 ON; 
= (Jinn + (w+ (SS) 
ON; 27N \ONj 


As explained in the text, (9N/ON;) = 1. It therefore follows that 


a[(N + 5) InN] 
ON; 


1 +5 
=InN+(N+5)—=InN+ 
N 


1 
N 
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Next, consider the differential of term B 


a>, [(Nj +3) nN; O(N; + 4 1, (9lnN; 
ik a) des ae ‘inn, +0yy+/ a) 
p) 


j 


Only the derivatives with j = i are non-zero to give 


N; + 


NI- 


=InN; + 


i 


Bringing the terms together gives the expression for the derivative 


alnwW N+} Ni+5 
=InN+ InN; 
ON; N N; 
For a macroscopic sample N >> 1 and N; > 1, so N+ ; x Nand N; + ; a Ni; 


with these approximations 


olnW 
ON; 


=InN+1-(nN; +1) 


This is identical to the expression found in How is that done? 134.3 on page 534, 
and so it is concluded that for macroscopic samples the use of the full version 
of Stirling’s approximation has no effect (with the possible exception of states 
with very low populations). 


13B. Partition functions 


Answer to discussion questions 


D13B.2 


It is possible for there to be different wavefunctions which have the same en- 
ergy: such wavefunctions are said to be degenerate. If this is the case, for a 
given ‘energy level, that is a given value of the energy, there are several ‘states’ 
each of which is distinct but has the same energy. 


The partition function is computed as a sum over the states. However, because 
degenerate states have the same energy, the sum may be computed as a sum over 
energy levels, as long as the degeneracy g; of each level is taken into account. 


q= e Pei = oo gie Pei 


states i levels i 


440 


Solutions to exercises 


E13B.1(b) (i) The thermal wavelength is defined in [13B.7-541], A = h/(2nmkT)!/?. 
Because the mass of a molecule m is m = M/Na and k = R/N,j it follows 


that 
h hNa 
A = = 
[2n(M/Na)(R/Na)T]}/2 (2nMRT)}/2 
—34 23 -1 
A(300 K) = (6.6261 x 10°**Js) x (6.0221 x 10° mol *) 


[2m x (0.02018 kg mol!) x (8.3145JK~! mol‘) x (300 K)]!/2 
= 2.24... x 1071! m =|2.244 x 107! m 


Similarly, A(3000 K) =|7.095 x 107!* m 


(ii) The translational partition function in three dimensions is given by [13B.10b- 
541], q' = V/A®. 


gq’ (300 K) = (1.00 x 10°° m?)/(2.24... x 107! m)? =|8.85 x 107° 
q' (3000 K) = |2.80 x 10?” 


E13B.2(b) ‘The translational partition function in three dimensions is given by [13B.10b- 
541], q' = V/A, where A is the thermal wavelength defined in [13B.7-541], 
A =h/(2nmkT)}/?. 


dar = Vas = (4) _ h/(2nmyekT)"/? _ ey 
de V/AX. \Aar h](2nma,kT)*2 ia 


Because the mass of a molecule m is m = M/N,j it follows that 


= [2.785 


Ge (a " - (22 gmol! )" 
xe \Mne 20.18 gmol 


E13B.3(b) ‘The rotational partition function ofa symmetric linear rotor is given by [13B.13a- 
544], q® = kT/(2hcB), where the rotational constant is defined in [11B.7-432], 
B = h/(4ncI). The moment of inertia of a diatomic is I = uR’, where R is the 
bond length and p = mamg/(ma+mp). Forahomonuclear diatomic ma = mg 
so it follows that u = m,/2. Using m = M/Nag, this becomes p = Mp/2Ng. 


> MgR* (0.01401 kg mol!) x (109.75 x 107!? m)? 
2Na 2 x (6.0221 x 1023 mol") 
= 1.40... x 107*° kgm” 


gp AT kT \ (4ncl kT 4ncI\ kT 
: ala) h )= (sea) ( h )- ie 
_ (1.3806 x 107° JK~') x (300 K) 
(1.0546 x 10-34J s)? 


I= uR 


< (1.40... 210° ke im?) = [52.9 
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E13B.4(b) The rotational partition function of a non-linear rotor is given by [13B.14-545], 
g® = (1/0)(kT/hc)*/?(n/ABC)'/”, where o is the symmetry number. HO 
has a twofold axis so o = 2. 


(i) At 25 °C, which is 298.15 K 


R a It 
t ~3\he ABE 


1 (1.3806 x 10-23 JK) x (298.15K) -\°? 
x 
2 \ (6.6261 x 10-34J s) x (2.9979 x 10!° cms-!) 


1/2 
Tt 
x 
( (27.877 cm!) x (14.512 cm7!) x (9.285 cm7!) 
= (43.1 


(ii) At 100 °C, which is 373.15 K 


| (1.3806 x 10-3 JK-!) x (373.15K)  \°? 
q = x 
2 \ (6.6261 x 10-34Js) x (2.9979 x 10!9 cms!) 


1/2 
Tt 
x 
( (27.877 cm!) x (14.512 cm7!) x (9.285 cm7!) 
60.4 


E13B.5(b) The rotational partition function ofa heteronuclear diatomic is given by [13B.11- 
542], g® = 0 (2) + Le Bass U+1)_ This is evaluated explicitly by summing 
successive terms until they become too small to affect the result to a given level 
of precision. The partition function in the high-temperature limit is given by 
(13B.12a-543], q® = kT/hcB. For the data given it follows that 


p_kKXT (1.3806 x 10° JK7!) x T 
hcB (6.6261 x 10-34Js) x (2.9979 x 10!°cms~!) x (6.511 cm~!) 
= (0.106... K7') x T 


q 


The values of ¢® computed in these two different ways are compared in Fig. 13.1. 
The high temperature limit becomes accurate to within 5 % of the exact solution 
at around [61 K}. 


E13B.6(b) ‘The partition function is given by [13B.1b-538], gas J ge? “1, where the de- 
generacy is given as g; = (2J+1)?, as explained in Section 11B.1(c) on page 434, 
and e; is given by [13B.Ib-538], e; = hcBJ(J +1). This is evaluated explicitly by 
summing successive terms until they become too small to affect the result to a 
given level of precision. 


The partition function in the high-temperature limit is given by [13B.12b-544], 
g® = (kT /hc)*/?(n/ABC)'/? = n'/? (kT /hcB)*/”, because for a spherical rotor 
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E13B.7(b) 


10 
8 | 
6 = 

~ Le 

a 
4 = 
2+ — exact 

t - -- high T limit | + 
0 Pid | | I I I 
0 20 40 60 80 
T/K 
Figure 13.1 


B = A = C. Ignoring the role of the nuclear spin means that all J states are 
accessible and have equal weight. For the data given it follows that 


fe 2 (2 ie 
g = — 
hcB 
3/2 
eq 


= 2 (1.3806 x 10-73 J K') 
(6.6261 x 10-34Js) x (2.9979 x 10!° cm s~!) x (0.0572 cm7!) 


= (75.0... K73/7) x T3? 
The values of q* computed in these two different ways are compared in Fig. 13.2. 


The high temperature limit becomes accurate to within 5 % of the exact solution 
at around [0.4 K\. 


40 |- 
ae 
20 | 
; — exact 
--- high T limit 
0 ! I I I 1 
0.0 O11 02 03 04 05 06 0.7 
T/K 
Figure 13.2 


ll 
N 


(i) CO is a centrosymmetric linear molecule and so has |o 


E13B.8(b) ‘The rotational partition function of an asymmetric rotor is given by [13B.14- 
545], q® = (1/0)(kT/hc)*/?(n/ABC)"?, where o is the symmetry number. 
Pyridine has a twofold rotational axis along the C4-N bond; rotation about 
this axis interchanges pairs of identical atoms, therefore o = 2. An alternative 
way of deriving the value of the symmetry number is to note that both pyridine 
and H,O belong to the point group C2,, and so they have the same symmetry 


E13B.9(b) 


(ii) O3 has a twofold rotational axis bisecting the O-O-O angle; rotation 
about this axis interchanges two identical oxygen atoms, therefore |o = 2|. 


(iii) SO3 is trigonal planar. It has a threefold rotational axis perpendicular 
to the plane of the molecule and passing through the S atom, and three 
twofold axes, each located along an S-O bond. The symmetry number is 
therefore given by 


(iv) For a molecule with high symmetry, such as octahedral SF,, the simplest 
was to determine the symmetry number is to count the total number of 
rotational symmetry operations, C,,, listed in the character table of the 
relevant point group, which in this case is Oy. The identity operation E 
is equivalent to a C) rotation axis, so is included in the count. For Op 
the relevant operations are (E, 8C3, 6C2, 6C4, 3C2), giving a total of 24. 


o0=3x2=6) 


Hence |o = 24}. 


(v) The same procedure is used as in (iv). Al,Cl, belongs to the point group 
Dyn, which has rotational operations (E, C¥, C}, C3). Therefore [a = 4]. 


number, which in the text is shown to be 2 for H,O. 


kT 


ed 
a 2 


il 


hc 


3/2 7 1/2 
) (Ge) 


2 


‘| 


Tl 


(1.3806 x 10-3 J K-!) x (298.15K)  \°? 
(6.6261 x 10-34Js) x (2.9979 x 10!°cms~!) 


x 
(can em!) x (0.1936 cm=! 


=|4.26 x 104 


The vibrational partition function is given by [13B.15-546], q’ = 1/(1-e78""”), 
where 6 = 1/kT. The high-temperature approximation is given by [13B.16- 


547], qv ws kT [hev. 


Ke 


1/2 
) x (0.0987 cm-!) 


(1.3806 x 10°73 JK!) x T 


hc¥ (6.6261 x 10-34J's) x (2.9979 x 10!9 cms!) x (214.5 cm!) 
= (3.24... x10° KK") x T 


The values of qY computed using these two different expressions are compared 
in Fig. 13.3. The high temperature limit becomes accurate to within 5 % of the 
3000 K\. 


exact solution at 
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a 

5 | 

r — exact 
- - -- high T limit 
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0 500 1000 1500 2000 2500 3000 
T/K 
Figure 13.3 


E13B.10(b) The vibrational partition function for each mode is given by [13B.15-546], q’ = 
1/(1-eF"*"), where B = 1/kT. The overall vibrational partition function is the 
product of the partition functions of the individual modes; the bend is included 


twice as it is doubly degenerate. 


hep = (6.6261 x 10°**Js) x (2.9979 x 10!° cms7!) 
(1.3806 x 10-23 J K7!) x (900 K) 
= 1.59... x 107? cm 


_ (1 _ 7 (1.59.10 cm)x(3311 ae - 1.00... 


Similarly 


cm)x(712 oe) = 1.47 


qv _ (1 7 7 (1-59-10 


qv _ (1 — 97 (1-59...x107 em) x (2097 ey = 1.03... 


gq’ = 4) x (qy)? x qy = (1.00...) x (1.47...)? x (1.03...) = [2.25 


E13B.11(b) The vibrational partition function for each mode is given by [13B.15-546], q’ = 
1/(1-e7Fh¢*), where B = 1/kT. The overall vibrational partition function is the 
product of the partition functions of the individual modes, taking into account 


the stated degeneracies. 


hep (6.6261 x 107*4Js) x (2.9979 x 10!° cms!) 
Bis 
(1.3806 x 10-23 J K™') x (500 K) 
= 2.87... x 107? cm 


gC) 


= (1 _ eo (2-87-4107 cm) x(178 a) = 2.49... 


Similarly 


qi _ (1 _ eo (2-87 +4.x 10 cm)x(90 i - 438... 


es 


Y (1 — 97 (2.87-..x107* cm) «(555 a) Ljor 


q 
qi = (1 _ en (2-87-4107 cm)x(125 a) = 3.30... 
q = x(n) * (43) x (qa)? 
= (2.49...) x (4.38...) x (1.25...)° x (3.30...)? = [3.43 x 10° 


E13B.12(b) The partition function is given by [13B.1b-538], q = >; gie Pe, where g; is 
degeneracy and the corresponding energy is given as ¢; = hcv;. At T = 2000 K 


_ (6.6261 x 10°*4Js) x (2.9979 x 10'° cms") 


= 7.19... x 107* cm 
(1.3806 x 10-23 J K7!) x (1900 K) 


Bhe 


Therefore the electronic partition function is 


€2 


gq = fot 8 xe Ber +goxeF 


—(7.19...x107* cm)x(850 cm’) 


=3+1xe 
rao 7 (7-19.--x10™ cm)x(1100 cm7') 
=3+0.542...+ 2.26... =|5.809 (13.1) 


The population of level i with degeneracy g; is Nj = (Ng;/q)e~**, therefore 
the relative populations of the levels are proportional to g;e~**', which are the 
terms in eqn 13.1. Thus the populations, relative the ground state are 


=(|1: 0.181 : 0.755 


Solutions to problems 


P13B.2 The vibrational partition function is given by [13B.15-546], qv = 1/(1-e-8"""), 
where $ = 1/kT and (is the wavenumber of the vibration. The high-temperature 
approximation is given by [13B.16-547], qv = kT/hc’. If the characteristic 
vibrational temperature 0° is defined as 0Y = hc*/k, the two forms of the 
partition function become 
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P13B.4 


Plotting these as a function of T/@Y gives a universal curve which applies to all 
vibrational wavenumbers; such a plot is shown in Fig 13.4. The high-temperature 
value is within 10% of the exact value when 


(q" - aur)/q’ =0.1 


There is no analytical solution for the value of T/@Y which solves this equation. 
However, by plotting the fraction on the left against T/0Y, it is easy to see that 
this 10% deviation is reached when T/0° ~ 4.7 


I u T 
10 -) —— exact 
--- high temperature 


0 2 4 6 8 10 


Figure 13.4 


The translational partition function for a particle in a one-dimensional box of 
width X is given by [13B.7-541], gi = X/A where A = h/(2nmkT)'/?. This 
expression is rearranged to give the temperature in terms of A, and then in 
terms of qx 

re a” 

2nmkA2 2nmkxX? 

The expression is further developed using m = M/Na and k = R/Na, and then 
evaluated for the given data and qy = 10 


_ Nxh? (gx)? 
~ 2nMRX? 
_ (6.0221 x 1073 mol™')? x (6.6261 x 107*4Js)? x (10)? 
2n x (1.008 x 10-3 kg mol *) x (8.3145J K7! mol ') 
1 

x ———— 
(100 x 10-9 m)? 
= 0.0302... K = [0.030 K]. 


As explained in Section 13B.2(a) on page 540, the exact partition function is 
given as gi = De" ~YP*, where e = h?/8mX? and B = 1/kT. For the 


given data fe is evaluated at the above temperature as 


_ Wm _ WNg 
8mkTX2  8MRTX? 
_ (6.0221 x 10° mol")? x (6.6261 x 107*4Js)? 
8 x (1.008 x 10-3 kg mol") x (8.3145J K! mol‘) 
1 


x 
(0.0302... K) x (100 x 10-9 m) 


Be 


5 = 9.00785... 


With this value the partition function is then evaluated term by term to give 


gi = Pa gral pele per Pe 
n=1 
=1+ 


0.977... + 0.939... + 0.889... +... = [9.57 


Even under these conditions, the integral approximation deviates by less than 
5% from the explicit sum. 


P13B.6 The partition function is given by [13B.1b-538], q = X; gie"F*', where g; is 
degeneracy and the corresponding energy is given as e; = hcv;, and B = 1/kT. 
Here g; = 2J + 1, where J is the right subscript in the term symbol. At 3287 °C, 
which is 3556 K 


_ (6.6261 x 107*4Js) x (2.9979 x 10'° cms~') 
(1.3806 x 10-23 J K7!) x (3556 K) 


= 4.04... x 107* cm 


hcB 


Therefore the electronic partition function is 
g* =54+7x 7 (4:04... x107% cm)x(170 cm7!) 


—4 


—(4.04...x107* cm)x(387 cm™') 43 x @7(404...x10"% em) x (6557 cm7) 


+9xe 
=5+6.53...+ 7.69...+ 0.211... = 19.4... 


The population of level i is Ni/N = (g; x e7"“8"')/q®. Thus 


N(F 5 N(?F3) _ 6.53... 
ae = (0.257 CFs) = (0.336 
N 19.4... N 19.4... 
N(?F4) _ 7.69... N(?F,) _ 0.211... 
oe = [0.396 a = [0.0109 
N 19.4... N 19.4... 
P13B.8 The wavenumbers of the lines in the pure rotational spectrum of a diatomic 


are given by [11B.20a-436], #(J +1 < J) = 2B(J +1). Therefore a plot of 
0(J +1<J) against 2(J + 1) is expected to be a straight line with slope B. The 
separation of successive lines is 2B, and from the first few lines a consistent 
value of B x 10.6 cm™! is found. Using this, the assignment of the lines is 
confirmed as 1 < 0 for that at 21.19 cm™!, and 2 < 1 for that at 42.37 cm™!. 
The given lines are therefore successive members of #(J + 1 < J) starting from 


AAT 
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J = 0. With the lines assigned the plot can be made and indeed it is a very good 


straight line whose slope gives B = 10.593 cm™!. 


The rotational partition function ofa heteronuclear diatomic is given by [13B.11— 
542), g® = ¥.,(2J + 1)e PBI. at 25 °C, KT /he = 207.225 cm”, 


BhcB = (10.593 cm™')/(207.225 cm™') = 5.11... x 1077 


Evaluating the sum term by term gives |q*=19.90|; the terms with J > 14 do not 
contribute significantly. 


P13B.10 The partition function is given by [13B.la—538], q = ©; e-F*', where the energy 
of state i is given as €; = hcv;, and B = 1/kT. 


q’ =i¢ e heBi +e heBi. rf e teBis + e heBis 


The population of state i is N;/N = e"?/(*7) /qV 
(a) At T = 100K 


(6.6261 x 10°**Js) x (2.9979 x 10!° cms7!) 


= 1.43... x 10°? cm 
(1.3806 x 10-23 JK7') x (100 K) 


hcB 


—(1.43...x107* cm)x(215.30 cm —(1.43...x107? cm)x (425.39 cm7') 


qv =1+e Pe 


_ -2 -1 _ -2 -1 
dove (1.43...x107° cm)x (636.27 cm sates (1.43...x107° cm)x(845.93 cm) 


=1+0.0451...+ 2.19... x 1077 + 1.05... x 10°74 +5.17... x 107° 
= 1.04... = [1.05 


No/N = 1/1.04... = [0.955 
N,/N = 0.0451.../1.04... = [4.31 x 107? 
N>/N = (2.19... x 107°) /1.04... = [2.10 x 1073 


(b) At T=298K 
(6.6261 x 10°**Js) x (2.9979 x 10'° cms") 


he = 4,82...x 107° cm 
B (1.3806 x 10-23 JK7!) x (298 K) 
qv =e 7 (482...x107° cm)x(215.30 cm™') 4 7 (482.-.x10-° cm)x (425.39 cm7') 
‘a eo (4.82...x107% cm)x (636.27 cm~') 4 7 (4.82...x107% cm)x (845.93 cm7') 


= 140.353... + 0.128... + 4.63... x 1077 + 1.68... x 10-7 
= 1.54... = [1.54 


No/N = 1/1.54... = [0.647 
N,/N = 0.353.../1.54... = [0.229 


N2/N = 0.128.../1.54... = [8.30 x 107? 
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Answers to discussion questions 


D13C.2 This is described in Brief illustration 13C.1 on page 550. 


Solutions to exercises 


E13C.1(b) The mean energy of a molecule is given by [13C.2-549], (e) = (1/q¢) X; ee F*, 
where ¢€; = hcv;, B = 1/kT, and q is the partition function given by [13A. i 
535], q =e F*'. Therefore for the two-level system 


( eee: ae & hev 
1 Trebe ehe+ 1 ehe/kT 4] 
_ (6.6261 x 107**Js) x (2.9979 x 10'° cms7') x (600 cm") 
ake 6261x 10-34 J s)x(2.9979x10!9 cm s~!)x(600 cm7!) 4] 
(1.3806x 10-73 JK-!)x(400 K) 


1.23 x 1077! J 


E13C.2(b) The mean molecular energy is given by [13C.4a-549], (e) = —(1/q)(0q/0B)v, 
where B = 1/kT and q is the partition function. The rotational partition func- 
tion of a heteronuclear diatomic is given in terms of the rotational constant B 
by [13B.11-542], g® = 0, (2J + 1)e PRB), 


op 


The terms of the sum above and also of the sum needed to compute q* are 
evaluated and summed until the result has converged to the required precision. 
The equipartition value is (e®) = kT. These two expressions for the energy are 
plotted as a function of T in Fig. 13.5. The value from the equipartition theorem 
comes within 5 % of the exact value at 66.2 K}. 


R 1 (0q® 1 hcB —BhcBJ(J+1) 
(e*) x RD cBJ(J +1)(2J +1)e 
Vv J 


E13C.3(b) The mean molecular energy is given by [13C.4a-549], (e) = alia nOa/ OB ys 
where 8 = 1/kT, and q is the partition function given by [13B.1b-538], q® 
yy ge ~Be), The energy levels of a spherical rotor are given in [11B.8-432], e; = 
hcBJ(J + 1) and, as is explained in Section 11B.1(c) on page 434, each has a 
degeneracy gj = (2J + 1)’. It follows that 


g® = (27 + ye PeeBiU+) 
J 


) 1 (4) : 1 SY heBI(J + 1)(2J + 1)2e Ph BD) 
P\ op), B45 


The terms in the sum needed to compute q* and (e*) are evaluated and summed 
until the result has converged to the required precision. The equipartition value 
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E13C.4(b) 


E13C.5(b) 


T lr; 
8 tn 
|) 
aS 6F 
=a | 
x 
go Ay 
IE 
2; , — exact 
i --- equipartition | | 
0 L# | a 
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T/K 
Figure 13.5 
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x 4fP a = 
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2 Lo — exact | 
) oe --- equipartition 
(hen 
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T/K 
Figure 13.6 


is {e®) = SkT, because for this non-linear molecule there are three rotational 
degrees of freedom. These two expressions for the energy are plotted as a func- 
tion of T in Fig. 13.6. The value from the equipartition theorem comes within 
5 % of the exact value at |0.29 K|. 


The mean vibrational energy is given by [13C.8-551], (e”) = hcv/(e8"** — 1); 
this result is exact. The equipartition value is (eY) = kT, because there are two 
quadratic terms for a harmonic oscillator. These two expressions for the energy 
are plotted as a function of T in Fig. 13.7. The value from the equipartition 


theorem comes within 5 % of the exact value at |3.19 x 10° K|, 


The mean vibrational energy per vibrational mode is given by [13C.8-551], (e)) = 
hev;/(e8"*¥-1); this result is exact. The overall vibrational energy is the sum of 
the contributions from each normal mode, taking into account the degeneracy 


E13C.6(b) 


(eY) x 1079/) 


— exact 
--- equipartition 


0 fl 
0 500 1000 1500 2000 2500 3000 3500 
T/K 


Figure 13.7 


of each 
(e") = (e7) + 2x (ey) + (€3) 


The equipartition value is (e’) = 4kT, because there are two quadratic terms 
for a harmonic oscillator, and four modes in total. These two expressions for the 
energy are plotted as a function of T in Fig. 13.8. The value from the equiparti- 


tion theorem comes within 5% of the exact value at |2.52 x 104 K|. 


150 |- 

— 

L 100 - 
x | 
a 

~ 50 bes 

- — exact 
| --- equipartition | 
1 ! 1 ! 1 ! I I I I I 
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The mean vibrational energy per vibrational mode is given by [13C.8-551], (e!) = 
het; /(e8""*:-1); this result is exact. The overall vibrational energy is the sum of 
the contributions from each normal mode, taking into account the degeneracy 
of each 


(eV) = (ey) +2 x (7) +3 x (ey) +3 x (eq) 
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E13C.7(b) 


The equipartition value is (e’) = 9kT, because there are two quadratic terms 
for a harmonic oscillator, and nine modes in total. These two expressions for 
the energy are plotted as a function of T in Fig. 13.9. The value from the equipar- 
tition theorem comes within 5% of the exact value at 3.92 x 10° K|. 


— 40.0} 
o~ 
S| 
x 
Pw 20.0 | 
|. 3 — exact 
--- equipartition 
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The mean molecular energy is given by [13C.4a-549], (e) = —(1/q)(0q/0B)v; 
where B = 1/kT and q is the partition function given by [13B.1b-538], q = 
D; gieP*', where g; is degeneracy and the corresponding energy is given as 
€; = hcv;. At T = 2000 K 


_ (6.6261 x 10-**Js) x (2.9979 x 10'° cms"*) 


he = 7.19... x 107* cm 
(1.3806 x 10-23 J K~') x (1900 K) 


Therefore the electronic partition function is 
g® = got gie Pa + goe Bret — 5.80... 
Therefore the mean energy is 
1 (od* he, _phes 5 BREF 
e") qe ( ae) £ (give P™ + gotine Ph) 
Vv 
6.6261 x 107**Js) x (2.9979 x 10'° cms! 
( 
e 5.80... 
1 


Z [1 x (850 cm”) 2 7 (7-19-4107 cm)x(850 cm7!) 


+5 x (1100 cm”) x eo (7-19-0107 cm)x(1100 sae | 


=|1.01 x 10°29 J 


Solutions to problems 


P13C.2 


The mean molecular energy is given by [13C.2-549], (e) = (1/q) Xj ee FP", 
where B = 1/kT, and q is the partition function given by [13A.11-535], q = 
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ye 8. Therefore 
gq = 0 Po + PE 4 eB = 1 4 PE + eB 


ce PE + 2ee2BE 


1 
=—(0+ —fe +2 —p2e = 
(e) 7 ee ee P78) (pea cin 


ef 42 
=le 
e2be + eBe + 1 


To go to the last line the denominator and numerator of the fraction have both 
been multiplied by e?°*. 


P13C.4 The equipartition limit for the vibrational energy is kT. Consider 


kT -(e%) 

ie 
(e¥) 

mane oes 
=1. e)=1. eee 


Because f = 1/kT it follows that 
Phe? _1 = 1.02 x Bhd 
Using the Taylor expansion e* = 1 +x + $x7 + 2x°+...and x = Bhci 


(l+x4 3x74 tx? +...)-1=1.02xx 
xtixrt inet. =102xx 


For high temperature limit x <«< 1 is assumed, thus expansion terms after x° 


are ignored 
x + 3x7 -0.12x =0 


This equation has three solutions 


—-3+V9+4x0.12 
x, = 5 = 0.0394... 


—-3-V9+4x0.12 
x2 = 5 = —3.03... x3=0 


Only the postive root is physically meaningful, thus 


_ hed _ (6.6261 x 107**Js) x (2.9979 x 10'°cms™') 
kx (1.3806 x 10-23 J K~!) x (0.0394...) 
=|(36.4 K cm) x # 
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P13C.6 


The partition function given by [13B.1b-538], q = ¥; gieP*', where g; is de- 
generacy. The energy is given as E, = k@X*,, where @ is the characteristic 


temperature, 0 = h?/2m.R’k. Taking Ej, as the ground state 


g= YX gre Pe = Yo (21 + Lye PE n Fi) 


levels levels 


= > (21 + Le (9/7) * (Xn X10) 


levels 


Relevant values are tabulated below and using these the sum is computed nu- 
merically to give the plot shown in Fig. 13.10. 


n 1 1 1 9 1 2 
1 0 1 2 0 3 1 
re 3.142 4.493 5.763 6.283 6.988 7.725 
gi 1 3 5 1 7 3 
oar 9.87 2019 33.21 3948 48.83 59.68 
Xn —-Xio° | 0.00 10.31 23.34 29.60 38.96 49.80 


0.0 
0 


Figure 13.10 


The mean energy is given by [13C.4a-549], (€) = €g5 — (1/q) (0q/0B),. There- 
fore 


1 _ = 
(e) - E\ 0 = » (21 + l)e B(Ent~E 1.9) x (Eni - E\0) 


levels 


k@ 2 2 
= = DY (214 te (F/M) x (X32, - X79) 


7 levels 


This quantity is plotted in Fig. 13.11. 


((e) — Ei,o) /kO 


Figure 13.11 


P13C.8 (a) 


(b) 


The mean molecular energy is given by [13C.4a-549] 


(e) = —(1/4) (94/08) v 
where B = 1/kT and q is the partition function given by [13A.11-535], 
q = &e F*. For the uniformly spaced set of energy levels, ¢; = je, the 
partition function is given by [13B.2a-539], q = bi; e Fie = 1/(1-eF), 
With these results the mean energy is calculated as 


1 dq _ —ge Be 
=i t =-(1-e F 
‘ q dB aie Ger 
ee PE E 


~ (1-eBe) (eb - 1) 
Setting (e) = ae 
ag = €/(eF® - 1) 
e§ -141/a 
1 1 
th =-In{l+-—- 
us B = In +=) 


Given (e) = ¢, it follows that a = 1. Because T = 1/kB and ¢ = hcv 
Te-—*_- hev 
kIn(2)_— kiIn(2) 
_ (6.6261 x 10-**Js) x (2.9979 x 10'° cms™*) x (50 cm) 
(1.3806 x 10-23J K7!) x In(2) 


=(1.0x 107K 


If (e) = ae it follows from the above discussion that Be = In(1 + 1/a), 

therefore 

_ 1 > 1 7 1 : 
1-eBe J—emG+/a) 1 -a/(a+1) 


a+l 


q 
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13D Thecanonical ensemble 


Answer to discussion questions 


D13D.2 


D13D.4 


An ensemble is a set of a large number of imaginary replications of the actual 
system. These replications are identical in some, but not all, respects. For 
example, in the canonical ensemble, all replications have the same number of 
particles, the same volume, and the same temperature, but they need not have 
the same energy. 


Ensembles are useful in statistical thermodynamics because it is mathemati- 
cally more tractable to perform an ensemble average to determine the (time 
averaged) thermodynamic properties than it is to perform an average over time 
to determine these properties. Recall that macroscopic thermodynamic prop- 
erties are averages over the time dependent properties of the particles that com- 
pose the macroscopic system. In fact, it is taken as a fundamental principle 
of statistical thermodynamics that the (sufficiently long) time average of every 
physical observable is equal to its ensemble average. This principle is connected 
to a famous assumption of Boltzmann's called the ergodic hypothesis. 


In the context of ensembles, the thermodynamic limit is achieved as the num- 
ber of replications N approaches infinity. In this limit, the dominating config- 
uration is overwhelmingly the most probable configuration, and its properties 
are essentially the same as those of the system. 


Solutions to exercises 


E13D.1(b) 


It is essential to include the factor 1/N! when considering indistinguishable 
particles which are free to move. Thus, such a factor is always needed for gases. 
In the solid state, particles are distinguished by their positions in the lattice and 
therefore the particles are regarded as distinguishable on the basis that their 
locations are distinguishable. For the cases mentioned, the factor 1/N! is only 
needed for CO, gas: all the others materials are solids, for which the factor is 
not needed. 


Solutions to problems 


P13D.2 


The mean energy of a system is given by [13D.5-556], (E) = - (d1n Q/of),. 
Using this expression for (E) the required derivative is found by changing the 
order of the mixed partial derivatives 


(so) & (2) --(3 (=*) ) 

aV fs OV\ OB Jy)> oB\ aV Ir}, 

A perfect gas is a collection of indistinguishable independent molecules, thus 
its canonical partition function is given by [13D.6b-557], QO = q’/N!, where q 


is the molecular partition function. For a perfect gas q is just the translational 
partition function given by [13B.10b-541], q' = V/A?, where A is the thermal 


wavelength, which is independent of volume. With these results the derivative 
of QO is developed as follows 


(2) = (eae) 2 (Cee | 
ts T i 


oV oV oV 
al ? 
whe) CO) ae dln(V/A’) =n (SS) _N 
av)» av) av Ir V 


At constant V, N/V does not depend on f thus 


(30), --(e(Gr),),-- (Gr), 


13E The internal energy and entropy 


Answer to discussion questions 


D13E.2 


DI3E.4 


DI3E.6 


The expressions for q, U, and S that have been derived are applicable to T < 0 
as wellas T > 0. However, ifa plot of g or U against T is made (for example, for 
a two-level system), sharp discontinuities on passing through zero are found. It 
is seen that T = +0 (corresponding to only the lower state being populated) is 
quite distinct from T = —0, when only the upper state is populated. The entropy 
S is continuous at T = 0, but all these functions are continuous if B = 1/kT is 
used as the independent variable. This indicates that 8 « 1/T may be a more 
natural variable than T. 


This is discussed in Section 13D.3 on page 556 and the consequences for the 
calculation of the entropy are further explored in Section 13E.2(a) on page 561. 


This is discussed in Section 13E.2(e) on page 565. 


Solutions to exercises 


EI3E.1(b) 


The equipartition value for Cy,m is expressed in [13E.6-560]: each transla- 
tional or rotational mode contributes sR, and each active vibrational mode 
contributes R. 


(i) O3: three translational modes, three rotational modes (non-linear), and 
no active vibrational modes: Cy,m/R = 3 x ; +3x 5 = (3). 


(ii) C2H¢: three translational modes, three rotational modes (non-linear), 
and no active vibrational modes: Cy,m/R = 3x $+3x4 = [3]. There is one 
low-frequency normal mode which, if active, will contribute a further R. 


(iii) CO: three translational modes, two rotational modes (linear), and no 


active vibrational modes: Cy /R = 3 x ; +2x ; = : . 
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E13E.2(b) The equipartition value for Cy, is expressed in [13E.6-560]: each transla- 
tional or rotational mode contributes $R, and each active vibrational mode 
contributes R. The number of vibrational modes for a linear molecule is (3N - 
5), which is 4 for CO, This molecule has three translational modes, and two 
rotational modes (linear) giving Cy,m = }R; if the 4 vibrations are included, 
Cum = PR. 


y= Crm/l Cian = (Cyom + R)/Cy.m =1l+ R/Cy,m 
y=1+R/(5R/2)=1.40 no vibrational contribution 
y=1+R/(13R/2) =1.15 with vibrational contribution 


The experimental value for y is 1.29; evidently the vibrational modes contribute 
to some small extent. 


EI3E.3(b) ‘The partition function of this two-level system is 


q= gor ger 


where go and gj are the degeneracies of the ground and first excited state, 
respectively. The mean energy is given by [13C.4a-549], (e) = —-(1/q¢)(0q/0B)v 
_ gihcie Brey — gihev 

20 + gre Bhev goeBbhey + 2 

Nagihcd 
goeBhev +21 
By definition Cy,m = (0Um/0T) v, therefore 


(<2) dUm\ dp OUm -l 
Cyym = = = x 
oT Jy op },, aT op Jy kT? 
ol -  gohciebr? 
=e x Nagihev CeoeBheF + g,)2 ry 


_ Na(hci)? gogi ehh? 
kT? (goeBhe? + g1)2 


(e) 


hence Um = Na(e) = 


In this case go = 3 and g; = 2. With the data given 


hev = (6.6261 x 10 **Js) x (2.9979 x 10!°cms~!) x (7918.1 cm!) 
= 1.57... x 107° J 
at 400 K Bhev = hev/kT 
= (1.57... x 107’? J)/[(1.3806 x 10°73 JK~') x (400 K)] = 28.4... 


Na(hcv)? 6 eBhev 
"kT? (Bebher 422 
_ 6.0220 e10" mol )x(.57.. XI ly be 
(1.3806 x 10-23 JK~!) x (400 K)? (3028-4 4 2)2 


1.92 x 10°? JK-! mol! 


Cyim 


EI3E.4(b) 


Because hcv >> kT only the ground state is occupied and there is essentially no 
electronic contribution to the heat capacity. 


The contribution of a collection of harmonic oscillators to the standard molar 
entropy is given by [13E.12b-564] (note that there is an error in the expression 
in the text: the argument of the exponential term in the In should be negative) 


SY=R as 


“a OT] In(1 e F/T) 0 = hco/k 


This function is plotted in Fig 13.12. 


The following table shows the vibrational temperatures and the contribution to 
the molar entropy for each of the normal modes 


298K 500K 
vier OY iK F/eY SU /R Ta” SY/R 
612 881 0.338 0.216 0.568 0.554 
729 1049 0.284 0.137 0.477 0.424 


1974 2840 0.1049 7.642x 107+ 0.1760 0.02287 
3287 4729 0.06301 2.161x10°® 0.1057 8158x104 
3374 4855 0.06139 1.455x10°° 0.1030 6.503x 10+ 


The molar entropy is obtained by summing the contributions from each normal 
mode, taking into account the double degeneracy of the modes at 612 cm™! and 


729 cm! by counting each twice. Thus at 298 K|SY = 5.88 J K™! mol ‘and at 
500 K|SY = 16.5JK7! mol *|. 


Figure 13.12 
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E13E.5(b) ‘The translational contribution to the standard molar entropy is given by the 
Sackur-Tetrode equation [13E.9b-563] 


kTe?/2 
pra 


Sé = Rin( A =h/(2xmkT)"? 


(i) Taking the mass of H,O as 18.016 my, 


6.6261 x 107*4Js 
[27(18.016 x 1.6605 x 10-27 kg) x (1.3806 x 10-23 JK~!) x (298 K) 
=5.05...x 10 !4m 


A= leas 


(1.3806 x 10-73 J K7!) x (298 K) x e°/? 
(105 Nm”) x (5.05... x 10-1! m)3 


S° = (8.3145J K™! mol") x In 


m 


144.9 JK~! mol! 


(ii) Taking the mass of CO) as 44.01 my 


6.6261 x 10°*4Js 
[27(44.01 x 1.6605 x 10-27 kg) x (1.3806 x 10-23 J K7!) x (298 K) 
= 1,.52...x10°12m 


lee 


(1.3806 x 10-73 JK!) x (298 K) x e°/? 
(105 Nm“) x (1.52... x 10-12 m)3 


S° = (8.3145) K7! mol’) x In 


m 


=|156.0 JK7! mol! 


E13E.6(b) ‘The translational contribution to the standard molar entropy is given by the 
Sackur-Tetrode equation [13E.9b-563] 


kTe?/2 
pra 


Sé = Rin A =h/(2nmkT)"” 


It follows that $2, = Aln(T°/?m?/2), where A is a constant. Therefore 


$2 (CO2, T,) — $2,(H20, Ty) = Aln(T??m23 ) - Aln(T3? mil, 


If S° (CO, T;) = $2, (H20, 298) 


0 = Aln[ 7)? m3, ] -— Aln[(298 K)9?m775] 


hence a = (298 K) Pmt, 


_ [ (298 K)*/? x (18.016)?! “ 


= (174K 
(44.01)3/2 


T 
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E13E.7(b) The rotational partition function for a non-linear molecule is given by [13B.14- 


E13E.8(b) 


E13E.9(b) 


kT/hc = 


ni (HY / 1 \ 
to \ne) \ABE 


For SO, the symmetry factor o = 2, the same value as for HO. At 298 K 


(1.3806 x 10773 JK~') x (298 K) 
(6.6261 x 10-34Js) x (2.9979 x 10!°cms~!) 
=A. 


= F207 loon) 


7 1/2 
( (2.02736 cm!) x (0.34417 cm7!) x (0.293535 cm7!) 
= [5837 


The entropy is given in terms of the partition function by [13E.8a-562] 


Sm = [Um(T) - Um(0)]/T + Ring 


This is the appropriate form for the rotational contribution; for the translational 
contribution the In term is In ge/N. At 298 K kT /hc = 207 cm’ which is signif- 
icantly greater than any of the rotational constants, therefore the equipartition 
theorem can be used to find U,(T): there are three rotational modes, therefore 
Um(T) - Um(0) = 3RT. 


ae (2RT)/T+RIng® = R(3 +Inqg®) 
= (8.3145JK™! mol ') x [3 + In(5837) | 


84.57 JK! mol! 


Only the ground electronic state contributes to the electronic partition func- 
tion, which is therefore simply the degeneracy of the ground state q" = go. The 
spin degeneracy is given by the value of S: gy = (25 + 1) = (2x 3 +1) = 6. The 
entropy is given in terms of the partition function by [13E.8a-562] 


Sm = [Um(T) - Um(0)]/T + Ring 


This is the appropriate form for the electronic contribution; for the translational 
contribution the In term is In ge/N. In this case Um(T) — Um(0) = 0 as only 
the ground state is considered 


Sm = Ring = R1n6 = |14.89 Jk! mol! 


The contribution of a collection of harmonic oscillators to the standard molar 
entropy is given by [13E.12b-564] (note that there is an error in the expression 
in the text: the argument of the exponential term in the In should be negative) 


SY=R OY /T 


in OT] In(1 er 0” = hco/k 
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The following table shows the vibrational temperatures and the contribution to 


the molar entropy for each of the normal modes 


298K 500K 

tiem OY/K @6Y/T SY /R @” /T SY /R 
612 881 2.96 0.216 1.76 0.554 
729. 1049 3.52 0.137 2.10 0.424 
1974 2840 9.531 7.643x10-* 5.680 0.02287 
3287. 4729 «15.87. 2.161 x 107° 9.459 8.158 x 1074 
3374. = 4855. «16.29 -1.455x 10° 9.709 6.503 x 1074 


The molar entropy is obtained by summing the contributions from each normal 


mode, taking into account the double degeneracy of the modes at 612 cm 


729 cm™' by counting each twice. Thus at 298 K|SY = 5.88 JK”! mol? 


500 K|SY. = 16.5JK~! mol ‘|. 


Solutions to problems 


land 


and at 


PI3E.2 The unpaired electron in NO) will interact with the magnetic field and give 
rise to two energy levels, corresponding to the spin-up and spin-down states. 
Therefore, these electron spin levels form a two-level system, an expression for 
the heat capacity of which is derived in the solution to Exercise E13E.3(b). 


_ Na(hev)? gogiePhe? 


Cy.m : 
Vv; kT2 (goePhev +g)? 


where gp and g; are the degeneracies of the ground and first excited levels, 
respectively, and (hc#) is the energy separation of the two levels. 


For a spin both levels are non-degenerate: gy = 1 and g, = 1. The energy 
levels of a electron spin in a magnetic field are given by [12A.11c-492], Em = 
SelpBom, where ge is the g-value of the electron (taken as 2), up is the Bohr 
magneton, Bo is the applied magnetic field, and m = +3 for the two states. The 
energy separation of the states is therefore E,,/2 — E_1/2 = gepBo; this it the 
equivalent of the term (hc*) in the above expression, hence 


- Na(gepBo)? ebSeHBBo 


Cv.m kT2 (ef sera Bo 4: 1)? 


With the data given, and at 50 K 


BgeUpBo = Sep Bo/kT 


_ 2x (9.2740 x 10°* JT") x (5.0T) | 


= Nak(BgeusBo)” 


(1.3806 x 10-23 JK!) x (50 K) 
0.134... 


0.134... 


Cy.m/R = (0.134...)? ———___ = 4.49 x 107 


(9-134... + 1)? 


ebSeHRBo 
(ef sera Bo + 1)? 


P13E.4 


P13E.6 


A similar calculation at 298 K gives (Bg.u4p68 9) = 0.0225... and a resulting heat 
capacity |Cy,m/R = 1.27 x 10-4]. 


Assuming that vibrations do not contribute, the equipartition value for the heat 
capacity of NO) arises from three translational and three rotational modes, 
hence Cy,m/R = 3. At 50 K the electron spin contribution expressed as a 
fraction of the overall heat capacity is 4.49 x 1077/3 = 1.50 x 107° or [0.15 %I. 
At 298 K the electron spin contribution is [4.2 x 107° %| of the overall heat 
capacity. 


An expression for the heat capacity of a two-level system is derived in the so- 
lution to Exercise E13E.3(b). 


: Na(hcv)? — ggg, eBhe? 


Cy.m : 
Vv, kT? — (goeBhe? + 91)? 


where go and g; are the degeneracies of the ground and first excited levels, 
respectively, and (hc#) is the energy separation of the two levels. 

For a linear rotor the terms are given by [11B.14-434], F(J) = BJ(J +1), so the 
separation of the J = 0 and J = 2 terms is 6B: this is the equivalent of the term 
v. The degeneracy of each level is (2J + 1), so go = Land g =5. 


The heat capacity is therefore 


Na(6hcB)2 6BhcB 7 5 6BhcB 
Cs SO Oe = Nak(6BhcB)? —<—_ 
y kT? (e6BheB 4 5)2 (eSBhcB 4 5)2 
With the data given 


6BhcB = 6hcB/k x T"' 
_ 6x (6.6261 x 10°**J s) x (2.9979 x 10'° cms!) x (60.684 cm") 
1.3806 x 10-23J K7! 


xT! 
= (525.4...K) x T7! 


A plot of Cy as a function of T is shown in Fig. 13.13. 


The partition function of this two-level system is 


g=1+ e fS 
where 6 is the energy spacing between the two levels and where it is assumed 
that both are non-degenerate. The mean energy is given by [13C.4a-549], (e) = 


~(1/q) (04/08) v 


(e) de PO 6 
ie 2 
1+ePS  ehS +] 
Nad 


hence Um = Na(e) = : 
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Figure 13.13 


The entropy is given in terms of the partition function by [13E.8a—562] 


Nad 


Sm = [Um(T) - Um(0)]/T + Ring = Te +1) 


=R ay 7 +In(1+ <6)! 


where Na/T = Nafk = Rf is used. The required temperature coefficient is 
found from 


dSm Sm dB — dSm eo 
dT dB dT dB kT? 
= = a (a D vnc ve) 
_-R ( ~ 5 BeF® ,_4 de PO ) 
kT2 \(eP5 +1)? (eP +1) 1+e768 
_R ( (5B)?e°? op : dpe? 
T \(e85 +1)? (e85 +1) 1+eB) 


266 e-bS 
_ #99) (58) op OB 


+ 
(efF+1)2 (ef +1) 1+e-P8 


+ RIn(1+e*°) 


The final line shows that the size of the derivative is scaled by 1/6, but that the 
temperature dependence is a function of the dimensionless parameter $0. It 
is not possible to find the maximum value of the derivative analytically, but 
by plotting a graph this maximum is easily located at Bd ~ 3.243, which is 
alternatively expressed as kT » 6/3.243. 


When kT < 6 all of the particles are in the lower level, which can only be 
achieved in one way so the contribution to the entropy is zero. When kT > 6 
the entropy reaches a limiting value because the populations of the two levels 
are equal and no longer changing. In between these two extremes the entropy 


P13E.8 


rises, and it makes sense that the rate of change of the entropy is greatest when 
kT x 6 because this is the temperature at which the population of the upper 
level starts to become significant. 


It will be useful first to consider dq/08 
) 
pa > e PE; i >> eje Pi 
op j j 
= ~(1/) peje =~ 4/6 
j 
Likewise 0q/0f 
© 5 peje Pel =F cje7P4) — Yo ere Pe 
op j j j : 
= q/B - (1/8) >)(Be;)eP* = @/B - 4/8 
j 
In summary 
oq 4 4 4 4 
0B B oBb B B 
The mean energy is given by [13C.4a-549], (e) = —(1/q¢)(0q/0B)v 


(13.2) 


where the first relationship from eqn 13.2 is used. The molar internal energy is 
therefore 


li : 
1 _Iprf 


Um = Na(e) =Na 
q B q 


where Na/$ = NakT = RT is used. 


By definition Cy,m = (0Um/0T)y. It is convenient to compute the derivative 
with respect to 6 and to use Um = Naq/qf. 


. - (ae _(2Um) OB _(@Um\ | -1 _-Na a 4 
mm" Vat ly \ ap ), aT \ 0B ), kT? kT? OB a 
-Na 


fl. day oF 
eT? | GBy? (+658) ap a 


| 
alae) Da 

| 

| 


-Nal-¢ ¢f q ‘| 


gp? * (9B)? : gp? gB* 


22 


q q | 
(9B)? 4B? 
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On the penultimate line Na /kT* = NakB? = RB? is used. 
The molar entropy is given by [13E.8a-562] 


Sm =[Um(T) - Um(0)]/T + Ring 
= a(! ving] 
q 


To use the data given, account needs to be taken of the degeneracies and it is 
convenient to write the energies in terms of wavenumbers to give 


q= Paes aa q= Bhe ¥' gybje "Pi q= BHC? Dy gio heh 
i ; ; 


At 5000 K 


(6.6261 x 10°**Js) x (2.9979 x 10'°cms~') 


= 2.87... x 1074 cm 
(1.3806 x 10-23 JK!) x (5000 K) 


hc/kT = 


tem g ¢/cm' hcp ge heBY hcpige"F* (hcpi)2ge—"B¥ 


| 0 1 0 0 0 

3Py 1 21850 6.2877 1.8591 x 10°3 0.01169 0.07350 
3P, 321870 6.2934 5.5453x10° —-0.03490 0.21963 
3P, 5 21911 6.3052 9.1337x 10° ~—- 0.05759 0.36312 
'p, 3 35051 10.086 1.2492x10-* 1.260 x 107 0.01271 
35, 3 41197 11.855 2.1308x 107° 2.526x10°* 2.9946 x 107-3 


The sum of the terms in the fifth column is q, the sixth is g, and the seventh is 


q 
q= 1.016684 4=0.105691 4 =0.671954 


ooetli-(8)] 


(8.3145JK7! mol ') x | 


0.671954 ( 0.105690 ) 
1.016684 1.016684 


=|5.41JK~! mol! 


P13E.10 Contributions to the entropy from translation and rotation are expected, along 
with a smaller contribution from vibration. N2 has a != ground electronic state 
which is non-degenerate and so makes no contribution to the entropy. 


The translational contribution to the standard molar entropy is given by the 
Sackur—Tetrode equation [13E.9b-563] 


kTe?/? 
peas 


sh = Rin( ) A =h/(2nmkT)"? 


Taking the mass of N> as 28.02 my, 


6.6261 x 10°**Js 
[2m (28.02 1.6605 x 10-27 kg) x (1.3806 x 10-23] K~!) x (298 K) ]'/” 
=1.91...x 1071! m 


A= 


(1.3806 x 10-73 J K7!) x (298 K) x e°/? 
(105 Nm”) x (1.91... x 10-!! m)3 


Sh = (8.3145JK7! mol!) x In 
= 1.50... 10? JK! mol! 


The rotational contribution to the entropy is given by [13E.1la-564]; this high- 
temperature form is applicable at 298 K because this temperature is much higher 
than the characteristic rotational temperature, 0° = hcB/k = 2.88 K. 


kT 
sk =R(1 +In ;] 
ohcB 


= (8.3145JK! mol!) x (1+ 


fa (1.3806 x 10-73 J K7') x (298 K) ) 
2(6.6261 x 10-34Js) x (2.9979 x 10!°cms-!) x (1.9987 cm-!) 
=41.1..JK7 mol! 


The characteristic vibrational temperature is 0Y = hcv/k = 3392 K. This is 
so much greater than 298 K that it may safely be assumed that the vibrational 
contribution is negligible at this temperature (a calculation using [13E.12b-564] 
gives SY ~ 0.001 JK~! mol’, confirming that validity of this assumption). The 
molar entropy is therefore 


Se = ST +5 = 1.50... x 1074 41.1... =|191.5 JK! mol’ 


The calculated and experimental values agree to within 0.3%, so it can be con- 
cluded that there is no residual entropy in the solid at 0 K. 


P13E.12 (a) The probability distribution over the rotational states is given by 
1 5 2 
P() = J = (274 eh VOVNT — RL ET he 

N @ 


The high-temperature form of q® is appropriate because @* = 2.78 K, 
which is much less than the lowest temperature to be explored. Figure 13.14 
shows plots of P(J) for 100 K and 1000 K. In both cases it is seen that the 
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Figure 13.14 


distribution peaks before tailing off: at the lower temperature the peak 
comes at a lower value of J and the distribution is narrower. Even at 
the lowest temperature, many states have significant probabilities of being 
occupied. 


The probability distribution over the vibrational states is given by 


— My 1 hesuser ve ~heo/kT\-1 
Ea ave q =(l-e ) 


Figure 13.15 shows plots of P(v) for 100 K and 1000 K. Because the vi- 
brational temperature is so high (@Y = 3122 K) at 100 K only the ground 
state is occupied, and even at 1000 K there is only a small probability of 
the first excited state being occupied. 


1.0 . 
| 181000 K | 

0.8 - HH100K 
_ 0.6 | 
S L | 
* 0.4) | 
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0.0 = —; 
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Figure 13.15 


(b) The rotational partition function of a heteronuclear diatomic is given by 


[13B.11-542], g® = 5)(2J + 1)eF"8/0+), This expression can be written 
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in terms of the vibrational temperature 0° = hcB/k as 


g = Dass eI" 
J 


In the high-temperature limit this sum is well-approximated by [13B.12a— 
543], q® = kT/(hcB) = T/0®. For the data given 


nr (6.6261 x 10°**Js) x (2.9979 x 10'° cms~') x (1.931 cm") 


0 
1.3806 x 10-23 JK7! 


= 2.77...K 


This is much less than even the lowest temperature (100 K) to be consid- 
ered, so the high-temperature form of the partition function will give a 
precise result. For example, explicit summation at 100 K gives q® = 36.3, 
whereas using the high-temperature approximation gives 36.0, an error 
of just 0.8%. The error will reduce as the temperature increases. 


(c) The translational contribution to U,, will be given by the equipartition 
theorem as U = SRT, and likewise the rotational contribution (two 
rotational modes) is UX = RT. The vibrational contribution must be 
calculated explicitly using [13C.8-551] 


pv Nahev _ ROY 
mo ehci/kT _ 1 ef/T _] 


These three contributions are compared in Fig. 13.16. 
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The translational and rotational contributions to the heat capacity are 
temperature independent because the internal energy is linear in the tem- 
perature: Cj, ,, = }R and Cf. = R. The vibrational contribution to the 
heat capacity is given by [13E.3-560] 


CY _=R ev\? fe ® PT ° 
oo T 1—e-8/T 
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Figure 13.17 


These three contributions are compared in Fig. 13.17. 


The translational contribution to the standard molar entropy is given by 
the Sackur-Tetrode equation [13E.9b-563] 


kTe?!? 
pra’ 


sh = Rin( ) A =h/(2nmkT)'” 
Taking the mass of CO as 28.01 m, and inserting the values of the other 
constants gives 


ST /R = In[ (46.8... K-97) T9/?] 


The rotational contribution to the entropy is given by [13E.1la—564] with 
o=1 


kT i 
Sk /R=14+In—~=14In 
mal hcB oR 


The vibrational contribution to the standard molar entropy is given by 
[13E.12b-564] (note that there is an error in the expression in the text: 
the argument of the exponential term in the In should be negative) 


@” /T 


ef /T _ J 


SY/R= In(1 e PIT) 


These three contributions are compared in Fig. 13.18. 


The partition function for a two-level system with energy spacing ¢ is 


g=1te? 


An expression for the internal energy is given in Brief illustration 13C.1 on page 
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and hence the molar entropy is give by [13E.8a—562] 


Sm = Um/T + Ring 


Na€é a 
So eR lee’ 
5 
Ze Be —Be 
= R[F +in(t +e | 


where to go to the last line Na/T = Nak = Rf is used. 


Figure 13.19 shows a plot of the molar entropy as a function of Be. In the limit 
|Be| > 0, which corresponds to large positive temperatures or large negative 
temperatures, the entropy reaches a maximum, corresponding to equal pop- 
ulations of the two levels. As Be becomes more positive, corresponding to a 
decreasing (but always positive) temperature, the entropy decreases as the pop- 
ulations of the levels become more unequal. In the limit Be > 0, corresponding 
to a very low positive temperature, only the ground state is populated: this can 
only be achieved in one way, therefore the entropy is zero. 


As Be becomes more negative, corresponding to a negative temperature which 
is increasing towards zero, the entropy decreases as the populations of the lev- 
els become more unequal. In the limit Be « 0, corresponding to a negative 
temperature with very small magnitude, only the upper state is populated: this 
can only be achieved in one way, therefore the entropy is zero. 


The equipartition value for the Cy,m is expressed in [13E.6-560]: each trans- 
lational or rotational mode contributes SR, and each active vibrational mode 
contributes R. Because Cp,m — Cy,m = R it follows that 


y= Cp.m/Cyjm = (Cy.m + R)/Cy.m =l+ R/Cy.m 


(a) A diatomic has three translational modes, and two rotational modes giv- 


ing Cy,m = 3R. Hence y = 1+R/(5R/2) = 1.40and|c, = (1.40RT/M)'/?|, 


47) 
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(b) The same calculation applies to a linear triatomic. 
(c) For a non-linear triatomic there is one additional rotational mode giving 
Cy,m = 3R. Hence y = 1+ R/(3R) = 4/3 and|c, = (3RT/4M)'/?|, 


Taking the molar mass of air as 29.0 gmol ' and using the value of y for a 
diatomic gives at 298 K 


- ao 
‘\ M 
_ (1.40 x (8.3145J K~! mol) x (298 K) "7 _ 
29.0 x 10-7 kg mol"! 


346 ms! 


P13E.18 It is convenient to rewrite the given expression for the energy by multiplying 
the numerator and denominator by et to give 


E- Ne 
 ekT 4 
(a) By definition Cy,m = (0Um/0T) vy. Here Um is E with N = Nag therefore 


O ) Nae _ eet/KT Naé 
OT) ye/kKT +1 kT? (ee/kKT 41)? 


e \? ee/k ii e \? et/k T 
= Nak (Fr) “*(i) 
kT] (ee/KT +1)? kT] (e&/kT +1)? 
Multiplying the numerator and denominator of this expression by e 
gives the required expression. 


Cy.m = ( 


—2e/kT 


(b) Figure 13.20 shows a plot of Cy,m as a function of the dimensionless pa- 
rameter kT /e. 

(c) There is a maximum in the plot but it is not possible to find an analytic 
expression for its position. Graphical work indicates that the maximum 
is at |kT/e = 0.417}, 


473 


Figure 13.20 


13F Derived functions 


Answers to discussion questions 


DI13F.2 This is discussed in Section 13F.2(c) on page 571. 


Solutions to exercises 


E13F.1(b) The Gibbs energy is computed from the partition function using [138-568], 
G(T) = G(0) —nRTInq/N. As usual, the partition function is factored into 
separate contributions from translation, rotation and so on. The factor of 1/N 
is usually taken with the translational contribution, so that, for example, the 
rotational contribution to the Gibbs energy is —nRT In q®, or -RT In q* for the 
molar quantity. 
The rotational partition function of a non-linear rotor is given by [13B.14-545], 
g® = (1/0)(kT/hc)*/?(n/ABC)/?, where o is the symmetry number. O3 has 
a twofold axis so o = 2. 


nt (HEY 1 " 
1 3\ne) \aBE 


1 (1.3806 x 10723 JK!) x (298. K) cc 
=—x 
2 \ (6.6261 x 10-34Js) x (2.9979 x 1019 cms7!) 


‘ 1/2 
( (3.553 cm!) x (0.4452 cm=!) x (0.3938 cm7!) 
= 3.34... x 10° 
GR =-RTIng® 
= —(8.3145JK7! mol’) x (298 K) x In(3.34... x 10°) =|—20.11 kJ mol! 


The vibrational partition function for each mode is given by [13B.15-546], q’ = 
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1/(1-e7Fhe?), where B = 1/KT. 


_ (6.6261 x 10-**Js) x (2.9979 x 10’? cms7') 
(1.3806 x 10-23 J K7') x (298 K) 
= 4.82...x 1073 cm 


hcp 


] — @7 (482-107 em) (1110 a = 1.00... 


( 
( 
. 7 (1 = 7 (4.82.-.x107° 
( 
q 


cm)x(705 a = 1.03 


q 

qv sive eo (4-82+.x10 cm)x(1042 ae) = 1100. 

q. =4\ x qs x qy = (1.00...) x (1.03...) x (1.00...) = 1.04... 
Hence 

GY =-RT Inq’ 


= —(8.3145JK! mol) x (298 K) x In(1.04...) = |-0.112 kJ mol’ 


E13F.2(b) The Gibbs energy is computed from the partition function using [13F. 8-568], 
G(T) = G(0) —- nRTInq/N. As usual, the partition function is factored into 
separate contributions from translation, rotation and so on. The factor of 1/N 
is usually taken with the translational contribution, therefore the electronic 
contribution to the Gibbs energy is -nRT In q®, or —-RT In q* for the molar 
quantity. 
The electronic partition function of this two-level system is 


q° = £0 + ge Pet 


where go and gj are the degeneracies of the ground and first excited state, 
respectively. In this case gy = 3 and g, = 2. With the data given 


Bhcvd = hev/kT 
_ (6.6261 x 107*4Js) x (2.9979 x 10'° cms!) x (7918.1 cm™') 
(1.3806 x 10-23 J K~') x (400 K) 


= 284... 
go a3e3e" * =300., 


GE = —(8.3145JK7! mol’) x (400 K) x In(3.00...) =|-3.65 kJ mol! 


Because hc? > kT only the ground state is occupied and essentially only this 
state contributes to the Gibbs energy. 


E13E.3(b) 


The equilibrium constant for 2 AB == A), + B, is given by [13F.10b-570] 


oe eo 
K= 9A>,m7B2,m e~ArEo/RT 
(4B,m)° 
94B,m 


where A is ’’Br and B is ®*!Br. It is convenient to consider the contribution of 
each mode to the fraction in the above expression separately. 


The standard molar translational partition function is ¢° = V,°/A%, with A = 
h/(2nmkT)"/?, therefore q° goes as m?/?. In the fraction all of the other con- 
stants cancel to leave 


(Hatin) : (mae) 
(4xB,m)” Goane Map 
: (2 x 78.92) x (2 x 80.92) )" ees 
(78.92 + 80.92)? aa 


For a diatomic the rotational partition function in the high-temperature limit is 
given by [13B.13b-544] q® = kT /ohcB where o = 1 for heteronuclear and o = 2 
for homonuclear diatomics. The rotational constant is given by [11B.7-432], B= 
h/4ncl, with I = wR? and w = mamp/(ma + mg). To a good approximation it 
can be assumed that the bond length does not vary with isotopic substitution, 
so it follows that q® goes as 1/oB which is as y/o. For a homonuclear diatomic, 
te = m/2. In the fraction all of the other constants cancel to leave 


(qa)? [(Han/1)]? 4p 
5 x 78.92 x 5 x 80.92 


~ 47 (78.92 x 80.92)/(78.92 + 80.92) | 


( FA2 (Bo = (Ha,/2) (up, /2) HA,UB, 


5 = 0.250... 


The vibrational partition function is given by [13B.15-546] qv = (1-e7"°*/KT)-}, 


The vibrational frequency goes as (k¢/mere) 1/2 where kg is the force constant 
and meg¢ = Mamp/(ma+mg). Toa good approximation it can be assumed that 
the force constant does not vary with isotopic substitution, so it follows that for 
isotopic species 14, /Vap = (Mert,aB/Meff,A; ) 1/2, Applying this expression gives 


(78.92 x 80.92)/(78.92 + 80.92) )" 


Vay = (323.22 am - 
i x 78.92 


= 325.3...cm 


(78.92 x 80.92) /(78.92 + 80.92) )" 


dp, = (323.22 cm™') ( . 
5 x 80.92 


= 321.3...cm™! 


475 


476 


Using these frequencies the vibrational partition functions are evaluated as 


(6.6261 x 107**Js) x (2.9979 x 10! cms7!) x (323.22 cm™!) 


hev/kT = 
a (1.3806 x 10-23J K7') x (298 K) 


4 56x, 
rN ees Clear Sencha ae 1 


and likewise 


PH 1265. gh, 126.5 


The fraction for vibration is therefore 


( 4A 483 _ (1.26...) x (1.26...) 
(gaz)? ) yin (1.26...)? 


= 0.999... 


The term A,Eo is computed as 
A, Eo = Nahc(-Do,a, = Do, + 2Do,aB) 


The dissociation energy is related to the well depth D, by Dp = D. - +9, where 
+9 is the energy of the vibrational ground state. To a good approximation it 
can be assumed that D, is unaffected by isotopic substitution, hence 


A, Eo = $Nahc(¥o,a, + 90,8, — 2¥0,aB) 
= 4(6.0221 x 10” mol”’) x (6.6261 x 10-** Js) 
x (2.9979 x 10'° cms7) x ([325.3... + 321.3... — 2 x 323.33] cm’) 
= +1.24... Jmol”! 


Hence 


eo ArBo/RT _ 9 (+124... Jmol ')/[(8.3145J K"' mol"')x(298 K)] _ 0.999... 


Putting together all of the parts gives the equilibrium constant as 


K = (0.999...) x (0.250...) x (0.999...) x (0.999...) = [0.250 


What is evident from this calculation is that difference in mass between the 
two isotopes is a small fraction of their actual mass, and therefore to an ex- 
cellent approximation it can be assumed that the partition functions for the 
isotopologues are all the same with the exception of the symmetry factor which 
is different for the homo- and heteronuclear diatomics. In essence the value of 
the equilibrium constant is simply determined by the factor of 0? = 4 appearing 
in the denominator, hence K = i. 


Solutions to problems 


P13F.2 


The equilibrium constant for this reaction is given by [13F.10b-570] 


os oe 
K= F4HD0,m THCl,m e-ArEo/RT 


91,0, Chm 
It is convenient to consider the contribution of each mode to the fraction in the 
above expression separately. 


The standard molar translational partition function is ¢° = V,2/A*, with A = 
h/(2nmkT)"/?, therefore q° goes as m*/. In the fraction all of the other con- 
stants cancel to leave 


2 © 3/2 
( FHDO,m FHCl,m _ ( MyHDOMHC!I 
9.0,m%DClm / trans \ @H20™Dcl 
19.02 x 36.46 \>/? 
= = 1.04... 
18.02 x 37.46 


Assuming the high-temperature limit, the rotational partition function for a 
heteronuclear diatomic is given by [13B.13b-544], q® = kT/hcB, and for a 
nonlinear molecule by [13B.14-545], q® = (1/0)(kT/hc)*/?(n/ABC)'/; the 
symmetry number is 2 for H,O and 1 for HDO. In the fraction the terms in 


kT /hc cancel to leave 


x w & 1/2. * 
( seen) [ =( Aun,0Bu,0Cu,0 ; Boa 
rot 


9H,0 9DCl 1 AypoBupoCupo Buc 


1.70... 


_ 2 ( (27.88) x (14.51) x (9.29) \" 5.449 _ 
1 (Zs x (9.102) x em) 10.59 


The vibrational partition function is given by [13B.15-546] qv = (1-e7#°*/K7)-1, 


which is conveniently expressed as qv = (1 —e~ (14388 em K)¥/T)—1. This term is 
temperature dependent and so needs to be re-evaluated at each temperature. 
The vibrational partition function for HDO and H,0O is the product of the 
partition function for each normal mode, for example 


94,0 7 Gr s6se9 cm-!) * dsaat cm-!) * ds756.8 cm-!) 
The term A,Eo is computed as 
A,-Eo = E)(HDO) + Eo(HC1) = Eo(H20) - Eo(DCl) 


To a good approximation it can be assumed that the pure electronic energy 
of a species is unaffected by isotopic substitution, however the vibrational zero 
point energy will be affected. For a harmonic oscillator the energy of the ground 
state is Shed, therefore to compute the total vibrational zero point energy of 
HDO and H;0 the contribution from each normal mode has to be taken into 
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account. 


Eo(H20)vin = +Nahc(3656.7 + 1594.8 + 3755.8) = Nahc(4503.65 cm’ ') 
Eo(HDO) yi = $Nahe(2726.7 + 1402.2 + 3707.5) = Nahc(3918.2 cm‘) 
Eo(HCl)yip = Nahc(1495.5cm™!) Eo(DCl) yi, = Nahc(1072.5 cm”) 
A,Eo = Nahc(3918.2 + 1495.5 — 4503.65 — 1072.5) 
= Nahc(-162.5 cm7') 


Thus the term —A,Eo/RT evaluates as 


-A,Ey | —Nahc(-162.5cm"') 
RT RT 
= —(6.0221 x 107? mol *) x (6.6261 x 10°**Js) x (2.9979 x 10'° cms") 
‘ (-162.5 cm”) 
(8.3145JK7! mol ') x T 


= (233.7 K)/T 


With these expressions the equilibrium constant is evaluated using mathemat- 
ical software to give |K = 3.90|at 298 K and|K = 2.42|at 800 K. The value of the 
equilibrium constant is dominated by the symmetry factors and the e~4*?0/R? 
term. 


P13R.4 The standard molar Gibbs energy is computed from the partition function us- 
ing [13F.9b-569], G(T) = G3,(0) - RTIng}/Na. As usual, the partition 
function is factored into separate contributions from translation, rotation and 
so on. The factor of 1/Na is usually taken with the translational contribution. 


The standard molar translational partition function is given by q° = V,°/A? = 
RT/p° A®. Taking the mass of BSi as 10.81 + 28.09 = 38.90 my, A is given by 
(13B.7-541] 


A =h/(2nmkT)"” 
6.6261 x 107*4Js 
[2m(38.90x 1.6605 x 10-27 kg) x (1.3806 x 10-23 JK~!) x (2000 K) ]!/2 
= 6.25...x 10°!* m 
RT 


peArNa 


dn/Na = 


(8.3145J K7! mol‘) x (2000 K) 
(105 N m2) x (6.25... x 10-!2 m)3 x (6.0221 x 1023 mol") 
= 1.12... x 10° 


For a heteronuclear diatomic the rotational partition function in the high tem- 
perature limit is given by [13B.13b-544] q® = kT/hcB. The rotational constant 
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is given by [11B.7-432], B = h/4nclI, with I = wR? and p = mamp/(ma + mg). 


B- h (ma + mp) 


4ncR* mamp 
_ 1.0546 x 10734] s 
Ant x (2.9979 x 10!° cms~!) x (190.5 x 107!2 m)? 


(10.81 + 28.09) 1 -] 
x x = 0.595... cm 
10.81 x 28.09 1.6605 x 10-77 kg 
e _ kT 
hcB 


(1.3806 x 10773 J K~') x (2000 K) 
~ (6.6261 x 10-34Js) x (2.9979 x 1019 cms-!) x (0.595... cm7!) 
= 2,33... x 10° 


The vibrational partition function is given by [13B.15-546], gY = 1/(1-e7-F"*”), 
where B = 1/kT. 


_ (6.6261 x 107*4Js) x (2.9979 x 10!° cms") 
(1.3806 x 10-23 J K7') x (2000 K) 
= 7.19... x 107* cm 


hcB 


qv 7 (1 _ eo (719.4 x 10-4 cm)x(772 oi = 2.34... 


The electronic ground state has a degeneracy of 4 (the spin multiplicity); the 
excited state has spin degeneracy of 2 and an orbital degeneracy of 2, giving a 
total degeneracy of 4. 


g* = £0 Leer" 


= A fe (7-19. x 10 cm)x(8000 cm!) _ 4.01 


The overall partition function is the product of these individual contributions, 
therefore 
G;, (2000) -G3,(0) = -RT Ing, /Na 

= ~(8.3145J K~! mol*) x (2000 K) 

xIn [ (1.12... x 10°) x (2.33... x 10°) x (2.34...) x (4.01...) ] 


=|-512 kJmol! 


P13F.6 The standard molar Gibbs energy is computed from the partition function us- 
ing [13R9b-569], G°(T) = G%(0) — RTIng?/N,. As usual, the partition 
function is factored into separate contributions from translation, rotation and 
so on; the factor of 1/N, is usually taken with the translational contribution. 
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The standard molar translational partition function is given by q° = V/A? = 
RT/p° A®. Taking the mass of C3 as 3(12.01) = 36.03 my, A is given by [13B.7— 
541]. At 10.00 K 


A =h/(2nmkT)"? 
6.6261 x 107*4Js 
[2m(102.9x 1.6605 x 10-27 kg) x (1.3806 x 10-23 JK~!) x (10.00 K) ]}/? 
=9.19...x107'! m 


Pinca 
mi A pr Aan, 
2 (8.3145J K"! mol’) x (10.00 K) 
(105 N m2) x (9.19... x 10-!! m)3 x (6.0221 x 1023 mol *) 
2775.3 10: 


A similar calculation at 100.0 K gives g°/Na = 5.61... x 10° 


For a nonlinear molecule the rotational partition function is given by [13B.14— 
545], q® = (1/0)(kT/hc)*/?(n/ABC)'/?; assuming that the molecule is ‘bent’ 
(angular), o = 2. The rotational constant, in the high-temperature limit, is 
given by [11B.7-432], B = h/4ncI. The first step is to compute the rotational 
constants. 


6.6261 x 107**Js 
~ 4n(2.9979 x 101° cms7!) x (1.6605 x 10-27 kg) x (39.340 x 10-20 m?) 
=0.428... cm7! 


Similar calculations gives the other two rotational constants as 0.431... cm7! 


and 54.7...cm~'. Expressed as characteristic rotational temperatures these give 
08 = hcB/k = 0.616 K, 0.621 K, and 78.7 K. At 10 K, and possibly even at 100 K, 
the condition T > 0° is not satisfied for all the rotational constants, therefore 
the high-temperature expression for the partition function cannot be used. 


As described, the C3 molecule is an asymmetric rotor, for which there is no ex- 
plicit expression for the energy levels. However, given that two of the rotational 
constants are quite similar, it is reasonable to approximate the molecule as a 
symmetric rotor with A = 54.7...cm™! and B = 0.430... cm™! (the latter being 
the average of the two similar rotational constants). The partition function is 
then evaluated term by term using the approach described in How is that done? 
13B.2 on page 543; this is best done using mathematical software. At 10 K the 
result is q® = 16.5... and at 100 K q® = 323.4... 
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At 100 K the high temperature form of the partition function gives 


g* = (1/0)(kT/he)*!(n/ABC)Y? 


_, ( (1.3806 x 10-3 J K-") x (100.0 K) \"” 
g 6.6261 x 10-34] s 


1/2 

P Tt 
(co cm!) x (0.431... cm7!) x (54.7... aaj] 

= 161.3... 


Taking into account the symmetry factor, this is very close to the value obtained 
by explicit summation. At 10.00 K the high-temperature form gives (excluding 
the symmetry factor) q® = 10.2... which, as expected, does not agree with 
the result obtained by explicit summation. The nuclear spin effects are more 
complex to account for in the term-by-term summation, and in the absence 
of a detailed analysis of this it is simply assumed that a symmetry factor of 2 is 
appropriate, giving the final value of the rotational partition function at 10.00 K 
of g® = 5 x 16.5... = 8.25... 


The vibrational partition function for each mode is given by [13B.15-546], q’ = 
1/(1-e7F"*"), where B = 1/kT. At 10.00 K 


_ (6.6261 x 107*4Js) x (2.9979 x 10'° cms) 
(1.3806 x 10-23J K~!) x (10.00 K) 

= 0.143... cm 

qi = (1-H) 


_ (1 — e- (0.143... em) x(63.4 = = 102. 


hcB 


The partition functions for the other normal modes also evaluate to 1.00...; 
given the low temperature, it is is to be expected that q will be essentially 1 as 
only the ground state contributes. The overall vibrational partition function is 
the product of these individual contributions: gY = 1.00.... A similar calcula- 
tion at 100.0 K gives qY = 1.67... 


The overall partition function is the product of these contributions from the 
different modes, therefore 


G® (10.00)-G2 (0) =- RT Inq? /Na 
= —(8.3145J K”! mol *) x (10.00 K) 
xIn [(1.77... x 10°) x (8.25...) x (1.00...) | 


=|-798 Jmol * 


A similar calculation at 100.0 K gives G2,(100.0) — G°,(0) = |-15.7 kJ mol ‘|. 


Answers to integrated activities 


113.2 Note that there is an error in the question: the expression for (f) should 
include an additional factor of g(J). To make the notation more compact the 
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energy levels will be written e; and the degeneracies g,; derivatives with respect 
to B will be assumed to be at constant V. 

First, an expression for Cy is developed. 

1dq _ 
q 4B 


1 
= N=) gyeje 
27 


ld 
U= -N gye Pe 
q 4B > 


Noting that d/dT = —kB*(d/dB) 


-l1 dq -B 1 2 -B | 
=a an ee PT — = eye PY 
@ dB 28/8) g I 


1 —Bey —Be 1 —Be 
= -wig| 3 [Severe ea (Ee F ) = geste : | 
y i 7 


= -vie"| 


The numerator and denominator of the final term in the bracket are both mul- 
tiplied by g, and then a factor of 1/q* is taken outside the bracket to give 


q? 


-Nk ; —Bey —Be 
: (Ses Me) (Saree ) 
y! 7 


q? 
: (5 wet (Zee) | 
ig 7 


The product of the sums are next rewritten as double sums 


Cy = -NkBp* —Bey —Bey | _ 2,.-Bey 
Vo gree dD gese q » gree 
y' J J 


-NkB? hes “ee, 
a. a | Severs Btertey) — > srg ese van) J 
Ly i 


Taking a hint from the final result, consider the double sum 
De - er) gygre Pt? 
JJ! 


=P efgigye tH) + ¥ eh gigue Mts) —2> essen gigpe Pr) 
JJ’ deft au 


The first two sums only differ by swapping the indices J and J’, so they are in 
fact identical. Hence the last line may be written 


= 2D ejgigpe PEM) -2¥ ever gigpe PEt) 
ae iF 


Apart from an overall sign and a factor of | these two terms are the same as 
those in the bracket in the expression for Cy above, hence 


-Nkp? ee “oe 
Oe = | Sevsrevee Blertey) > grgyeje Alert | 
‘| ry i 
Nk : = € ev 
a p (er - er)’ gigre Pre) 
2q° Fy 


which is the required expression. 


For a diatomic Bey = BhcBJ(J +1) = hcBJ(J + 1)/kT = O8J(J + 1)/T, where 
6% = hcB/k; the degeneracy is gj = (2J + 1). For the molar quantity Nakf? = 
Nak/k?T? = R/k*T?. The molar hear capacity is therefore given by 


1 1 


R\ 2 
Cy.m/R = RPT 1p hcB) 
<P UUSI TO sD er ier sje eevee 
iJ’ 


ek\ 1 

(5% 
+ UC) =S eH Ge Der eher Verne 
I 


This expression is used to generate the curves in Fig. 13.21 for particular pairs of 
values of J and J’, that is just one term from the double sum. However, the term 
for J = 0, J’ = 1 is identical to that for J = 1, J’ = 0, so the curves plotted in the 
figure are twice the value for the particular combination of J and J’ indicated. 


This double sum is not a particularly efficient method for computing the heat 
capacity, but it can be evaluated using mathematical software to give the curve 
also shown in Fig. 13.21. For a plot up to T/0® = 5 if is sufficient to consider 
contributions from levels with J < 10; this makes the calculation more tractable. 
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Figure 13.21 


Molecular Interactions 


14A_ Electric properties of molecules 


Answers to discussion questions 


DI4A.2 


When the applied field changes direction slowly, the permanent dipole moment 
has time to reorientate and so follows the field: the whole molecule rotates 
into a new direction in response to a change in the field. However, when the 
frequency of the field is high, a molecule cannot change direction fast enough to 
follow the change in direction of the applied field and the dipole moment then 
makes no contribution to the polarization of the sample. Because a molecule 
takes about 1 ps to turn through about 1 radian in a fluid, the loss of this contri- 
bution to the polarization occurs when measurements are made at frequencies 
greater than about 10'! Hz (in the microwave region). It is said that orientation 
polarization, the polarization arising from the permanent dipole moments, is 
lost at such high frequencies 


The next contribution to the polarization to be lost as the frequency is raised 
is the distortion polarization, the polarization that arises from the distortion of 
the positions of the nuclei by the applied field. The molecule is distorted by 
the applied field, and the molecular dipole moment changes accordingly. The 
time taken for a molecule to bend is approximately the inverse of the molec- 
ular vibrational frequency, so the distortion polarization disappears when the 
frequency of the radiation is increased through the infrared. 


At even higher frequencies, in the visible region, only the electrons are mobile 
enough to respond to the rapidly changing direction of the applied field. The 
polarization that remains is now due entirely to the distortion of the electron 
distribution, and the surviving contribution to the molecular polarizability is 
called the electronic polarizability. 


Solutions to exercises 


E14A.1(b) The molecules are shown in Fig. 14.1: SO3 is trigonal planar, XeF, is square 


planar, and SF, is based on a trigonal bipyramid with one equatorial position 
not occupied by a ligand. 


SO; and XeF, are |nonpolar| because, although there are partial charges on each 
of the atoms, the dipole moments associated with each bond cancel to give no 
resultant dipole. However, SF, is |polar| because the dipole moments do not 
cancel. 
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E14A.2(b) 


E14A.3(b) 


oF Fé 
O5- 5. 
all Myr _& — Flomipnys, 
ALN 
FS Fo 


Figure 14.1 


An alternative approach is use a symmetry argument. As explained in Sec- 
tion 10A.3(a) on page 394, only molecules belonging to point groups Cy, Cry 
or C, may have a permanent electric dipole moment. SO; and XeF, belong to 
point groups D3, and D4, respectively, so they are not polar, while SF, belongs 
to point group C2, so is polar. 


The magnitude of the resultant dipole moment, fUyes, is given by [14A.3a-586], 
Ures = (Ut + H5 + 2a ua cos 0)", 


i" 


Ures = ((2.5 D)* + (0.5 D)” +2 x (2.5 D) x (0.5 D) x cos 120°) © =[2.3D 


The arrangement of charges is shown on the left of Fig. 14.2 


Figure 14.2 


The x component of the dipole are given by [14A.4a-586], ux = Dy Qyxy, and 
similarly for the y and z components; note that in this case y, = 0 because 
all of the point charges have a z coordinate of zero. The components are then 
combined using [14A.4b-586], y = (uz + u3 + 42)'/?, which is represented 
graphically on the right of Fig. 14.2. 


Hx = )) Qaxy = [ - 2 x (1.6022 x 107!’ C) x (162 x 10°”? m) 
J 


= 2.x (1.6022 x 107! C) x (143 x 10”? m) x cos 30° 


1D 
x = 
3.3356 x 10-39 Cm 


27.4...D 


E14A.4(b) 


E14A.5(b) 


where 1 D = 3.3356 x 10-°° Cm is used from inside the front cover. 


Hy = 9) 


= -2 x (1.6022 x 10°!’ C) x (143 x 10°!” m) x sin30° 
1D 
x 
3.3356 x 10-30Cm 


= —6.86...D 


The magnitude of the resultant is 


w= (ust ey” = [ (-27.4... D)* + (-6.86... D)’] =(28D 


and, from the diagram on the right of Fig. 14.2, the direction is given by 


4° 


_ 


ete = 2) 7 


27.4...D 


The relationship between the induced dipole moment yz” and the electric field 
strength £ is given by [14A.5a-587], u* = a£, where a is the polarizability. 
The polarizability volume a’ is related to the polarizability a by [14A.6-587], 
a’ = a/4ne9. Combining these equations, rearranging for £, and using 1 V = 
1JC™ gives 


ye (2.5 x 10-6 D) x [(3.3356 x 107° Cm)/(1D)] 
© Ameoa’ — 4m x (8.8542 x 10-12 J-1 C2“) x (1.05 x 10-29 m3) 
=|7.1* 10? Vm 


The molar polarization P, is defined by [14A.11-590], Pm = (Na/3e0)(a + 
u?/3kT), where a is the polarizability of the molecule and p is its dipole mo- 
ment. This equation is written as 


which implies that a graph of P,, against 1/T should be a straight line with 
slope Nay?/9eok and intercept Naa/3e9. However, as there are only two data 
points it is convenient to calculate the required quantities directly from the 
data. Writing the molar polarization at the two temperatures as P,,(T,) and 
P,,(T2) and considering P,,(T>) — Pm(T,) gives 


Naw (1 1 
Pr (Ta) - Pm(Ti) = oak (7. =) 


487 


488 


which is rearranged to give 


929k  Pm(Ts)—_Pu(Ti) \” 

- (72 ° = 

_ (9x (8.8542 x 107!7J7! C? m™) x (1.3806 x 1077? JK7') 
( 6.0221 x 1023 mol”! 


(71.43 x 107° m3 mol ') = (75.74 x 107° m3 mol') 1/2 
1/(421.7 K) - 1/(320.0 K) 
= 3,23... x 107°? Cm =[0.9690 D 


The value of « is found using this value of 4 together with one of the data points; 
both give the same answer. Rearranging [14A.11-590], Pn = (Na/3€0)(a + 
uw? /3kT), for a and using the data for 320.0 K gives 


a BeOP im we 
Na 3kT 
_ 3x (8.8542 x 1071? J-! C? m™) x (75.74 x 10-§ m? mol’) 
6.0221 x 1023 mol? 
(3.23... x 10-°° Cm)? 7 
3 x (1.3806 x 10-23J K7') x (320.0 K) 


2.552 x 107°? C? m?J7! 


E14A.6(b) ‘The relationship between relative permittivity and molar polarization is given 
by the Debye equation, [14A.10-590], (e,-1)/(€:+2) = pPm/M. Rearranging 


gives 
P, P, 2pP, 
poem reel, (ae) hence ¢; 1=e,(? =). i 
M M M 
P, 2pP, 14+ 209Py,/M 
hence e,(1 pe) a14 p*m “hence gi Beer 
M M 1- pPm/M 


Taking the molar mass as M = 85.0 g mol ' gives 


_ 14+2pPm/M 
"1 pP,/M 
1+2 x (1.92 gem”) x (32.16 cm’ mol *)/(85.0 gmol *) 


. = —— =[8.97 
1 - (1.92 gcm~3) x (32.16 cm? mol )/(85.0 gmol ~) 


E14A.7(b) ‘The relationship between the refractive index n, at a specified wavelength and 


the relative permittivity ¢, at the same wavelength is given by [14A.13-592], 


ny = el! - hence €, = n?. In addition the relationship between relative per- 


mittivity and the polarizability a is given by the Clausius—Mossotti equation, 
[14A.12-590], (€, -— 1)/(e, + 2) = pNaa/3Mep. In using this equation it is 
assumed that there are no contributions from permanent electric dipole mo- 
ments to the polarization, either because the molecules are nonpolar or because 


E14A.8(b) 


the frequency of the applied field is so high that the molecules cannot orientate 
quickly enough to follow the change in direction of the field. Replacing e, by 
nz in the Clausius—Mossotti equation gives 


2 
-1 N 

pe aay ca hence a= x 

nz+2 3Meé pNa nz+2 


Taking M = 65.5 gmol " gives 


Pes (65.5 gmol ) x (8.8542 x 10°12 J-! C? m“!) , 1.6227 -1 
(2.99 x 10° gm-3) x (6.0221 x 1023 mol ') 1.622? +2 
=|3.40%10-* C* m?J-" 


The relationship between the refractive index n, at a specified wavelength and 
the relative permittivity ¢, at the same wavelength is given by [14A.13-592], 
ny = el! *’ In order to find é, the Clausius—Mossotti equation, [14A.12-590], 
(€: — 1)/(€r +2) = pNaa/3Meép, is used, with the value of the polarizability 
a being determined from the polarizability volume a’ using [14A.6-587], a’ = 
a/Amep. 


In using the Clausius—Mossotti equation it is assumed that there are no con- 
tributions from permanent electric dipole moments to the polarization, either 
because the molecules are nonpolar or because the frequency of the applied 
field is so high that the molecules cannot orientate quickly enough to follow 
the change in direction of the field. 


The first step is to rearrange the Clausius—Mossotti equation for e, 


-1 N. N. 
eRe tenes a a 2 9) 
é-+2 3Méepo 3Meéo 
N. 2pN. 1+2pN,a/3M. 
hence €, (1 ee af) =1l+ pas hence €&; = PNA SME) 
3MéEg 3MeEg 1 — pNaa/3MEo 


Replacing a by 47te9a’ and €, by nz gives 


pi 1+ 2pNa(4meoa’)/3Mé. 1+8npNaa’/3M _— 1+2C 
" 1-pNa(4ttega’)/3Mey 1-4npNaa'/3M 1-C 


where C = 4npN,a’/3M. Using M = 72.3 gmol ' = 0.0723 kg mol ' gives 


C = 4npNaa’/3M 
_ 4m x (865 kg m™*) x (6.0221 x 107? mol!) x (2.2 x 10729 m3) 
3 x (0.0723 kgmol ') 


= 0.0663... 


Cea ee 
Ny = = = 
1-C 1 — 0.0663... 
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E14A.9(b) The Debye equation, [14A.10-590], is (€,-1)/(€,+2) = pPm/M, where P,, is the 
molar polarizability. The latter is defined by [14A.11-590], Pm = (Na/3€0)(a + 
u?/3kT), where yu is the dipole moment and a is the polarizability, which is 
related to the polarizability volume a’ according to [14A.6-587], a’ = a/4m. 


Replacing a in the expression for Py, by 4neqa’ gives 
N 2 

Pee’ eas 
3€ 3kT 


_ 6.0221 x 10°? mol 
3 x (8.8542 x 10-!2J-1 C2 mo! 


x G x (8.8542 x 10° J-'C? m"") 


x (1.5 x 10°? m*) + 


(5.17 x 10 * Cm)? 
3 x (1.3806 x 10-23 J K7!) x ([25 + 273.15] K) 


= 8.69... x 10-° m? mol’ 
The Debye equation is then rearranged for e, 


ér—1 — pPm 
é&+2 M 


14+ 2pPy4/M 
hence ss eel 
1-pPm/M 


The molar mass of bromobenzene, CsHsBr is 156.9995 g mol * or 0.156995 kg mol *. 
Hence the relative permittivity is 


1+ 2pPm/M 
T= pPn/M 
_ 1+2x (1491 kgm”) x (8.69... x 10$ m3 mol ')/(0.156995 kg mol‘) 
1 — (1491 kgm *) x (8.69... x 10-5 m3 mol ')/(0.156995 kg mol’) 


=([15 


Solutions to problems 


P14A.2 The hydrogen peroxide molecule is shown in Fig. 14.3. For convenience the 
bond lengths are denoted roy and roo. 


"| y 


HA 
% 
TOH HP 
oB—©2__oc_4 ~«-- Ss 
| x 
HP? 


Figure 14.3 


Because the molecule is neutral overall, the choice of origin is arbitrary, and 
is chosen for convenience to be the O oxygen, with the z axis along the O-O 


P14A.4 
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bond and the y axis along the O?-H“ bond. With this coordinate system, the 
coordinates of the atoms are 


H“ (0, rou, 0) o8 (0, 0,0) of (0,0, roo) H? (ron sin ¢, ron cos $, Too) 
The x component of the dipole 1, is given by [14A.4a-586], ux = dy Qyxy, and 


similarly for the y and z components. The magnitude of the dipole is given by 
[14A.4b-586], w= (u2 + uw) + u2)'/?. 


Ux = » Qyxy=+9rousing Uy = » Qyyy=+9ron + qroncosd Uz =0 
J J 


w= we + wy + M2 = (Grou sing)” + (qrox + grou sin ¢)” 
= roy(sin’ ¢ + 1 +2cos ¢ + cos’ d) = q’roy(2cos ¢ +2) 


where cos ¢ + sin? ¢ = 1 is used. Hence pw = grou,/2 cos ¢ + 2. The quantity 
“/qrox is plotted as a function of ¢ in Fig. 14.4. 


L/qrou 


v l 
60 120 180 240 300 360 
/deg 


0.0 
0 


Figure 14.4 


The complex is shown in Fig. 14.5, in which the charges on the nitrogen and 
carbon are denoted —q and +q and the C-N distance by ren. 


Figure 14.5 


The dipole is directed along the N-C bond, taken to be the x-axis, and its 
magnitude is given by [14A.4a-586], ux = Yj Qyxy. Note that w = ux in this 
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P14A.6 


P14A.8 


case as #y and yu, are both zero. The complex overall is neutral so the origin 
of the coordinate system is arbitrary and is chosen for convenience to be at 
the nitrogen atom; the carbon atom then has x-coordinate rcn. The dipole is 
therefore = qrcn and hence 


an 


he a Qyxj}=qrcn hence q= 
J TCN 


Dividing through by e gives the charge as a multiple of e as 


wu _ 1.77D x [(3.3356 x 10°°°Cm)/(1D)] _ 


: 0.123 
rcne (299 x 10-!2 m) x (1.6022 x 10-!9C) 


The nitrogen atom therefore has a charge of —0.123e and the carbon atom a 
charge of +0.123e. 


The relationship between induced dipole moment y* and electric field strength 
E is given by [14A.5a-587], u* = w£ where « is the polarizability. The polar- 
izability volume a’ is related to a by [14A.6-587], a’ = a/4m€9, so the induced 
dipole is u* = a£ = 4neoa’£. Replacing £ by the given expression Q/4neor* 
gives 

a’Q 


u* = 4nega’ x 5 = ~«Chence r= 
Atteéor r 


— 
ue 


The charge on a proton is equal to e, so 


.(“ 7? ( (1.48 x 107° m?) x (1.6022 x 107°C) \"” 
i (1.85 D) x [(3.3356 x 109Cm)/(1D)] 
= 1.96... x 107'® m =[196 pm 


The temperature-dependence of molar polarization is given by [14A.11-590], 


N. Naw? 1 Nay? 
ee Sree or Pm = $nNaa’ + AH 
3&9 9eok T 9eok 


where in the second form the definition of polarizability volume, which is given 
by [144.6-587], a’ = a/470, is used to replace a by 4ne9a’. This equation im- 
plies that a graph of P,, against 1/T should be a straight line of slope Na u?/9eok 
and intercept $nNqa’. 


The molar polarization is calculated from the data using the Debye equation 
[14A.10-590], (€,-1)/(€:+2) = pPm/M, which is rearranged to Py = (M/p)(ér- 
1)/(e, +2). Taking the molar mass of methanol as M = 32.0416 gmol ' and 
the density as p = 0.791 gcm”? at all temperatures, values of P,, are as shown 
in the table below and are plotted in Fig. 14.6. The plot shows that P,, is neither 
linear in 1/T for the liquid state, nor constant for the solid. 


6/°C eg, = Af(T/K)  Pm/cm? mol! 
-185 3.2 0.01134 17.14 
-170 3.6 0.00969 18.81 
-150 4.0 0.00812 20.25 
-140 5.1 0.00751 23.39 
-110 67.0 0.00613 38.75 
-80 57.0 0.00518 38.45 
-50 49.0 0.00448 38.12 
—20 43.0 0.00395 37.81 
0 38.0 0.00366 37.47 
20 34.0 0.00341 37.13 


=) eee oe a 


-1 


30 L solid 


Pm /cm? mol 


+ 


<— increasing T 


10 L 1 L 
0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010 0.011 0.012 


1/(T/K) 


Figure 14.6 


To interpret these data, note that the temperature-dependent term Nay? /9eokT 
in the expression for P,, stems from the orientation contribution to the polar- 
ization, that is, the tendency of polar molecules to align themselves in response 
to the electric field. If the molecules are not able to rotate then there is no 
contribution from this term and therefore P,, is expected to be lower and also 
independent of temperature. 


The plot shows that as liquid methanol is cooled, P,, begins to increase less 
rapidly than expected, that is, the points begin to level off. This indicates that 
hydrogen-bonding between methanol molecules is hindering molecular rota- 
tion and reducing the orientation polarization. The effect extends below the 
melting point with the -110 °C data point exhibiting liquid-like, hindered ro- 
tation. The large decline of P,, below —110 °C is interpreted as corresponding to 
a stronger hindrance of the dipole moment rotation but the non-constancy of 
P seems to indicate that rotational excitation is never completely eliminated. 
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P14A.10 


Because the points do not give a straight line, it is not possible to determine 
reliable values of or a’ from these data. 


The temperature-dependence of molar polarization is given by [14A.11-590], 


N Naw 1 Naw 1 
er ey or Pm = SnNaa’ + AY ge 
3&0 9eqk T 9eqk T 


where in the second form the definition of polarizability volume, which is given 
by [144.6-587], a’ = a/4m€0, is used to replace a by 4nega’. This equation im- 
plies that a graph of P,, against 1/T should be a straight line of slope Na u?/9eok 
and intercept nN. aa’. The data are plotted in Fig. 14.7. 


T/K 1/(T/K)  Pm/cm? mol! 
384.3 0.00260 57.40 
420.1 0.00238 53.50 
444.7 0.00225 50.10 
484.1 0.00207 46.80 
521.0 0.00192 43.10 


-1 


P,, /cm? mol 


! 
.0018 0.0020 


! | | 
0.0022 0.0024 0.0026 


1/(T/K) 


Figure 14.7 

The data fall on a good straight line, the equation for which is 
(Pm /cm? mol!) = (2.091 x 104) x 1/(T/K) + 3.27 

Identifying the slope with Naw? /9e0k gives 


Nap? /9eok = (2.091 x 10* cm? mol ' K) = (2.091 x 10-?m? mol’ K) 


P14A.12 


and hence 


9eqk 
u = 
A 
_ (9x (8.8542 x 107! J-! C? m™!) x (1.3806 x 107 JK") 
6.0221 x 1023 mol! 


1/2 
x (2.091 x 10°? m? mol! K)) 


1/2 
x(2.09 x 10°? m3 mol! K)] =6,17..%10°" Cm=(185D 


Similarly, identifying Na’ with the intercept gives 


3 & 
a’ = x (3.27 cm? mol ') 
4nNa 


3 
4n x (6.0221 x 1023 mol ') 


x (3.27 cm? mol ') =[1.30 x 10774 cm? 


The relationship between refractive index and relative permittivity is given by 
[14A.13-592], n, = el/ *| In addition the relationship between relative permit- 
tivity and the molar polarization is given by the Debye equation [14A.10-590], 
(€, — 1)/(€: + 2) = pPm/M where p is the mass density and M is the molar 
mass. 


The mass density p is given by M/ Vm, where Vin is the molar volume. Assuming 
perfect gas behaviour, Vz = RT/p, so p = pM/RT and hence the Debye 
equation becomes 


If e, * 1 then (€, + 2) * 3 so the equation becomes 


3pP, 
=i™“x3 hence Poe ree ca 
RT RT 


/ 


‘ 1/2 , ‘ i 
Introducing n, = €,'° and using the series expansion (1 + x)V? we 1+ ox for 


small x gives 


=1+ 
2 RT 2RT 


1/2 
nr= (1422) eigig ee Sp Pm 


This expression implies that a plot of n, against p should be a straight line of 
slope 3P/2RT. Hence, by measuring n, as a function of pressure, the molar 
polarization P,, can be determined. 


The molar polarization is given by [14A.11-590], Pm = (Na/3€0)(a + u?/3kT). 
However, assuming that the frequency of oscillation of the electric field is high, 
as it will be for visible light, there will be no contribution from orientation po- 
larization because the molecules cannot reorientate themselves quickly enough 
to follow the field. Therefore the term yu? / 3kT in the expression for P», does 
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not contribute, and the equation reduces to P,, = Naa/3€o. This expression is 
used in that for the slope 

3Pm 3 Naa a 

2RT 2RT 3e) 2kTe 


slope = 


It is therefore possible to determine a from the slope of the graph, and hence 


a’. 


14B Interactions between molecules 


Answer to discussion questions 


D14B.2 


D14B.4 


The arrangement of charges corresponding to the various multipoles are shown 
in Fig. 14A.2 on page 587. According to [14B.4-596], the potential energy of 
interaction between an n-pole and an m-pole goes as 1/r”*”*'. Two examples 
of this relationship are derived in the text for the interaction between: (i) a point 
charge (n = 0) and a dipole (m = 1), giving a 1/r°*'*! = 1/r? dependence; and 
(ii) a dipole (n = 1) and a dipole (m = 1) giving a 1/r'*!*' = 1/r? dependence. 
In both cases this form of the interaction arises by assuming that the distance 
r is much greater than the separation between charges which form the dipole. 


Consider the interaction between a point charge and a dipole, with the point 
charge along the line of the dipole. The point charge interacts with the two 
charges which form the dipole: these interactions are opposite in sign but dif- 
ferent in magnitude because the distances between the point charge and the 
two charges which form the dipole are not the same. As the point charge moves 
further away, these interactions both decrease in magnitude. However, because 
the distance between these charges is becoming less significant compared to 
the distance of the point charge, the magnitude of the interaction with each 
becomes more similar. As a result, the terms with opposite sign come closer 
to cancelling one another out and the overall interaction therefore goes to zero 
faster than does the simple interaction between point charges. 


Effectively, as r increases the two charges which form the dipole merge and 
begin to cancel one another. This is why the potential energy of interaction 
falls off more quickly than it does for the interaction between two point charges. 
For quadrupoles and high n-poles the effect is greater, leading to an even faster 
fall off of the interaction, presumably because the effective cancellation of the 
charges happens more quickly when there are more charges forming the n-pole. 


This is discussed in Section 14B.2 on page 598. 


Solutions to exercises 


EM4B.1(b) 


The interaction between a point charge and a point dipole orientated directly 
away the charge is given by [14B.1-593], V = —1Q2/4meor?. In this case the 


E14B.2(b) 


E14B.3(b) 
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magnesium ion has a charge of +2e = +2 x (1.6022 x 107°C). 


__ H1Q2 
A4neor2 


(1.08 D) x [(3.3356 x 10°3° Cm)/(1 D)] x 2 x (1.6022 x 107!’ C) 
4m x (8.8542 x 10-!2J-! C2 m-!) x (300 x 10-12 m)? 
=-1.15...x 1071? J 


The potential energy if the dipole has the reverse orientation is +1.15...x 107! J 
so the energy required to reverse the direction is 


AV = (1.15... * 107 J) «2 = 2.30...* 10° J =|2.31 x 10-Y J 


The energy per mole is found by multiplying by Na 


AVm = (2.30... x 107” kJ) x (6.0221 x 107? mol’) = |139 kJ mol’ 


The potential energy interaction between two parallel point dipoles separated 
by distance r at angle @ is given by [14B.3b-595], V = W142(1-3 cos” @)/4reqr°. 
However, because in this case the interaction is not in a vacuum, it is necessary 
to replace €9 by eo, where €, is the relative permittivity of the medium. 


ae My po(1 = 3 cos* 0) 
Anege,r? 
(2.7 D) x (1.85 D) x [(3.3356 x 10-2°Cm)/(1 D)]” x (1 - 3cos? 45°) 
An x (8.8542 x 10-!2J-! C? m~!) x 3.5 x (3.0 x 107° m)? 


=|-2.6 x 10-74 J} which corresponds to |-1.6 Jmol! 


The shape of a linear quadrupole is given in Fig. 14A.2 on page 587; an example 
of such an arrangement is a CO2 molecule which has negative charges on the 
oxygen atoms and a balancing positive charge on the central carbon. Two 
such quadrupoles are shown in Fig. 14.8, arranged so that they are parallel and 
separated by a distance r The distances between atoms that are not directly 
opposite each other are found using Pythagoras’ theorem, so that the distances 
A-E, B-D, B-F and C-E are all /r? + 1?, while the distances A-F and C-D are 
both \/r? + (al)? = Vr +42. 


The interaction energy is derived in a similar way to that used in Section 14B.1(b) 
on page 594 for dipole-dipole interactions. The total interaction energy is the 
sum of nine pairwise terms, one for each combination of a point charge in one 
quadrupole with a point charge in the other quadrupole. Each term has the 
form Q;Q2/4mégrj2 where Q; and Q: are the charges being considered in that 
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Figure 14.8 


term and rj, is the distance between them. 


1 (Cece , &Q)2Q) , Q)EQ) , 2Q)(-Q) 
Ane r VP+P  Vr+4P2  Vr?4+P 
+ 2MEO , OCA) , COCA) , 0G0) , £9}9)) 
r Vr? +1? Vr? +412 Vr? +12 r 


- oO OO Tr "OO 
B-F C-D C-E C-F 


(5 8Q? 2Q? 


B-E 


= + 
4nepQ\ ro Vr 4+P Vr? +42 


2 6 + 
Aner J1+(I/r)? \/1+4(1/r)? 
Q? 


Attegr 


¢ — 8(1+x?)-¥2 4.2(1 + ayn) 


where x = 1/r. Assuming that r > /, so that x <« 1, the series expansion 
(1+ y)" = 1+ny+ $n(n-1)y’ +... can be used: it is sufficient to retain 
the first three terms, (1+ y)~/? » 1-4 + 2. The required expansions are 


therefore (1+ x?)1/? w 1— 4x? + 3x4 and (1+ 4x?)-1/? % 1 — 2x? + 6x4 


ys 
= < (6-8[1- 3x? + 2x44...) +2[1- 2x7 + 6x4 +...]) 
TlEgr 
2 2 
aoe (6-8 + 4x? - 3x4 42-4? + 12x") = Ox ox! 
Anéor A4negr 
Q? 9(!) 9Q214 
- : 2 
Aneor r A4negr> 


E14B.4(b) The average energy of interaction between rotating polar molecules is given by 
the Keesom interaction [14B.4-596]. 


Co __ 2H 
ro 3 (Ameo )?kT 


(V) 
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In this case 4; = 2, So 
2H 
~ 3(4ne9)2kT 
2x [(2.5D) x (3.3356 x 10-3°Cm)/(2.5D)] 


7 3x (4m x (8.8542 x 10-12 J-! C2 m-!))2 x (1.3806 x 10-23 JK7!) x (273 K) 
= 6.90... x 10-7” Jm® 


C 6.90... x 10777 Jm° 

Hence (V = |-6.9 x 1077 J}, This ener. 
ae ré (1.0 x 10-? m)® : a 
corresponds, after multiplication by Na, to |—41 Jmol”'|, This is very much 
smaller than the average molar kinetic energy of the molecules which, as ex- 


plained in Section 2A.2(a) on page 37, is given by 


-1 -1 -1 
SRT = 3 x (8.3145JK ‘ mol) x (273 K) = 3.4kJ mol 


E14B.5(b) The energy of the dipole-induced dipole interaction between a polar molecule 
such as water and a polarizable molecule such as CCl, is given by [14B.6-597], 
V = -uia)/4neor®. From the data in the Resource section the dipole moment 
of water is 1.85 D and the polarizability volume of CCl is 10.3 x 107°" m?. 


_ Him 
A4ntegr® 
[(1.85 D) x (3.3356 x 10-3? Cm)/(1 D)]” x (10.3 x 10-2? m’) 
An x (8.8542 x 10-!2J-! C2 m~!) x (1.0 x 10-9 m)¢ 
= -3.52...x 104 J 


This interaction energy corresponds, after multiplication by Avogadro's con- 


stant, to/—2.1 J mol’). 


E14B.6(b) The London formula for the energy of the dispersion interaction is given by 


[14B.7-598] 
C UL 
Ve= C= Saas = 
r® +h 
In the case that the two interacting species are the same, with polarizability 
volume a’ and ionisation energy I, this expression becomes 


i 3a*I 
C=-3a7— =34"T hence V=- 
21 4r® 


Table 14A.1 on page 585 in the Resource section gives the polarizability volume 
of argon as a’ = 1.66 x 10°*° m? and Table 8B.4 on page 325 gives the first 
ionisation energy as I = 1520.4 kJ mol ', so 


3a’7I = 3x (1.66 x 107° m?)?x (1520.4 x 10° ig - 
V ( ue | 7 jonele =|3.1J mol : 
4r6 4 x (1.0 x 10-9 m)6 
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Solutions to problems 


P14B.2 


P14B.4 


The electrostatic interaction between two charges is given by Coulombs law, 
given in The chemist’s toolkit 6 in Topic 2A on page 35 as V = Q\Q>/4ner. 
According to the electrostatic model, the energy of interaction of a hydrogen 
bond in a vacuum is 


— QQ _ (+0.42 x 1.6022 x 107!’ C) x (-0.84 x 1.6022 x 107’? C) 
Anegr An x (8.8542 x 10-!2 J-! C? m=!) x (170 x 10-!? m) 
= -4,78...x 10719 J 


The energy required to break the hydrogen bond is therefore |4.8 x 107!? Ji 


which corresponds to |2.9 x 107 kJ mol '|, 


The energy of interaction in water, where € = €p€; * Eo x 80, is 


— QiQz _ (+0.42 x 1.6022 x 107!’ C) x (-0.84 x 1.6022 x 107’? C) 
Aner 4m x (8.8542 x 107!2J-! C2 m“!) x 80 x (170 x 10-7 m) 
= -5,98...x 1077! J 


The energy required to break the hydrogen bond is therefore |6.0 x 107! Ji 


which corresponds after multiplying by Avogadro’s constant to |3.6 kJ mol ‘| 
This is much less than the energy required to break the bond in a vacuum. 


The most favourable orientation is that in which the positive end of the dipole, 
that is, the side of the molecule with the 6+ hydrogen atoms, lies closer to the 
anion (Fig. 14.9). 


Figure 14.9 


The interaction potential energy between a dipole y and a charge Q is given 
by [14B.1-593], V = —wQ/4neor’; the field experienced by a charge Q is £ = 
—(1/Q)(dV/dr). The field experienced by the anion is therefore 


1 dv =<-( HQ )- u E (1-2) = u 
Q dr Qdr\ 4negr? Ane dr 2neEor? 


Noting that 1 JC! = 1 V, the field experienced at each of the distances is 


(a) Atl1.0 nm 


L (1.85 D) x (3.3356 x 10-*° Cm)/(1 D) 
2negr? 2m x (8.8542 x 10-!2J-1 C2 m=!) x (1.0 x 10-9 m)3 
=|-1.1x 108 Vm"! 


501 


(b) At 0.3 nm 
. uu (1.85 D) x (3.3356 x 10°°° Cm)/(1 D) 
2megr3 2n x (8.8542 x 10-!2J-! C? m=!) x (0.3 x 10-9 m)3 
=|-4.1 x 10? Vm"! 
(c) At30 nm 
uu (1.85 D) x (3.3356 x 10-°° Cm)/(1 D) 
~ Qneor3 =. At x (8.8542 x 10-!2J-1. C2 m=!) x (30 x 10-9 m)3 
=|-4.1 x 10° Vm7! 
P14B.6 (a) The London formula for the energy of the dispersion interaction is given 
by [14B.7-598] 
Vv . C = saa, hh 


76 a1 2+] 


In the case that the two interacting species are the same, with polarizabil- 
ity volume a’ and ionisation energy I, this expression becomes 
3a I 

4r® 


20 = $a"°I hence V=- 


In this case, using the given data and the polarizability volume of benzene 
from the previous problem, the energy of interaction is 


aa?) 
Ar 
3x (1.04 x 10-79 m?)*x (5.0 eV) x (1.6022 x 10-1? C)/(1 eV) 
4x (0.4 x 10-9 m)® 


= -1.58...x 10°7°J 


This interaction energy corresponds to |—9.6 kJ mol | 


(b) Because the force is the negative slope of the potential energy, an expres- 
sion for the force is obtained by differentiating the expression for V 


dv d ( 3a”?I 9a’?I 
dr dr 4r® 2r7 


The negative sign indicates that the force is attractive; the force goes to 
zero as the distance goes to infinity. 


P14B.8 The arrangement is shown in Fig. 14.10. For convenience the distances are 
denoted by R and r. The task is to calculate the potential energy of interaction 
between the O-H group and the oxygen atom O® as a function of the angle 0, 
assuming the distances r and R to be fixed. Because the electrostatic interaction 
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P14B.10 


Figure 14.10 


of O with the O-H group is of interest, the interaction between O* and the H 
atom is not included in this calculation. 
The sum of the potential energies of O? interacting with O“ and with H is given 
by 

QaQa | QuQs 


ATE) TAB ATLE9 THB 


where Qa, Qz and Qy are the partial charges on the atoms. The 04-08 dis- 
tance is fixed as R, and from Fig. 14.10 the H-OB distance is found using the 
cosine rule as rj;, = R? + r? — 2Rrcos 0. Hence, using the partial charges and 
distances given in the question, the interaction energy is 


_ (-0.83e)(-0.83e) _(+0.45e)(~-0.83e) 


Vv 
Ane R Amey V R2 + r2 — 2Rrcos@ 


_ (oss 0.45 x 0.83 

Ane R \/(1 + (r/R)? — 2(r/R) cos 8 
- (1.6022 x 107!? C)* 

An x (8.8542 x 10-12 J-! C2 m7!) x (200 x 10-!? m) 

0.3755 
\/1 + [(95.7 pm)/(200 pm) ]? - 2 x [(95.7 pm)/(200 pm)] x cos ;) 
0.3755 

V 1.22... — 0.957 = 


x (0.889 


= (1.15... x 107'8 J) x (0.sss 


This energy corresponds, after multiplying by Avogadro's constant, to 


V = (6.94... x 10° kJmol”") x (0.sss — 


V1.22... — 0.957 cos 0 


This function is plotted in Fig. 14.11. As expected the minimum energy occurs 
for 0 = 0°, when the 5+ hydrogen lies between the 5— oxygen atoms. Note that 
the energy is only negative (that is, favourable) over a small range of angles 
about this minimum. 


Figure 14.12 shows a molecule A interacting with the molecules in a volume 
dt located at distance R. The number of molecules in the volume drt is NV dt 
where AN is the number density, the number of molecules per unit volume. If 
the potential energy of interaction of A with a single molecule at distance R is 


300 
T. 200 
le) 
& 
J 
— 100 
OF _| 
1 l 1 | i | | 
-180 -120 -60 0 60 120 180 
0/deg 
Figure 14.11 
: R 
A dt 
Figure 14.12 


V(R) then the energy of interaction of A with the volume dt, which contains 
N dr molecules, is V(R)WN dr. 


The total interaction of A with all the N molecules in the sample, as opposed 
to just those in the volume element dr, is found by integrating over all relevant 
space, giving { V(R)N dr. Multiplication by +N then gives the total interac- 
tion for all the N molecules of the sample as U = $N [ V(R)N dr. The factor 
of ; is necessary to avoid double-counting, for example to avoid counting the 
interaction of molecule B with A as a distinct and additional contribution to 
that of A interacting with B. 


The cohesive energy density is then given by 


U=—= N [v(aywar=}(™) af v(nyar= LN? ['V(R) dr 


where V is the total volume of the sample and N/V is equal to the number 
density V. 


To perform the integration, note from The chemist’ toolkit 21 in Topic 7F on 
page 286 that in spherical polar coordinates the volume element drt is given by 
R’ sin 6 dR dé d¢, and that the limits of the integrals are ¢ = 0 to ¢ = 27, 0 =0 
to 6 = 1, and, in this case, R = d to R = oo. Replacing V(R) by a van der Waals 
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attraction of the form —C,/R° and performing the integration gives 


fore} Tt 2m 
U = ine fl f[ [ _©S R? sin 9 dRdO dd 
2 R=d Jo=0 Jg=0 RR 
siya Gee Fendi Fd 
2 d R4 0 ia 0 p 


C 7 Tt Tt Ce 
= iN? x Eal x [-cos6]o x [¢]>" = LW? x (=) x2x2n 


Cs 
a ee 2 
=—30N" 5 


The number density \V is related to the mass density p by noting that in volume 
V there are NV V molecules and hence VN V/N, moles. The mass of this amount 
is M x NV/Na, where M is the molar mass. Therefore the mass density p is 
p =MxNV/NaV = MN/N4,; rearranging this gives NV = Nap/M. Using 
this expression for V in the expression for U/ gives 


Nap\? C N32 
2 AP 6 _| 2 A 2 
Uu = 2n( 2 3M 5 PCs 


14C Liquids 


Answers to discussion questions 


D14C.2 


This is discussed in Section 14C.4 on page 611. 


Solutions to exercises 


EMC.1(b) 


The vapour pressure of a liquid when it is dispersed as spherical droplets of 
radius r is given by the Kelvin equation [14C.15-611I], p = p*e??¥™\/"®7, where 
p’ is the vapour pressure of bulk liquid to which no additional pressure has 
been applied. Because the mass density of a substance with molar volume 
Vin and molar mass M is given by p = M/Vp, it follows that Vn = M/p. 
Substituting this into the Kelvin equation gives p = prerrtleyirRe 


The surface tension y of water at 35 °C is not given in Table 14C.1 on page 605, 
so the value at this temperature is estimated from the graph in Fig. 14C.7 on 
page 607 as being approximately 71 mN m™!, which is equal to 71 x 1077 Jm7”. 
Hence, taking p* as 5.623 kPaand M as 18.0158 g mol (18.0158x10~> kg mol 


p = p* exp (22) = (5.623 kPa) 


2 (== x 10-3 Jm™?) x (18.0158 x 1073 kg mol") /(994.0 ‘sm )) 
xX 
(20 x 10-° m) x (8.3145J K7! mol") x ([35 + 273.15] K) 


5.9 kPa 


), 
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E14C.2(b) The height climbed by a liquid in a capillary tube of radius r is given by [14C.8- 
607], h = 2y/pgaccr, assuming that the contact angle is zero. Rearranging for 
y, replacing r by $d where d is the diameter of the tube, and noting that 1 N = 
1kgms ~ gives 


y= + PSaccrh = + PSaccdh 
= (0.9956 x 10° kgm *)x (9.807 ms~”) x (0.320 x 10°° m) 


x(9.11 x 10°? m) = 0.0711... kgs” =|71.2 mNm7! 


E14C.3(b) ‘The pressure difference between the inside and outside of a spherical droplet is 
given by the Laplace equation [14C.7-606], Pin = Pout + 2y/r. Hence, noting 
that 1 Pa=1Nm”’, 


2y 2x (22.39x 10°? Nm’’) 
(220 x 10-9? m) 


= |204 kPa 


Ap a Pin Pout 


E14C.4(b) The height climbed by a liquid in a capillary tube of radius r is given by [14C.8- 
607], h = 2y/pgaccr, assuming that the contact angle is zero. Rearranging for y 
and noting that 1 N = 1 kgms ~ gives 


Y = ZPSacerh 
+x (0.9500x 10° kgm™*) x (9.807 ms”) x (0.300x107* m) 


x(10.00x 10-7 m) = 0.139... kgs~* = [139.7 mN m7! 


Solutions to problems 


P14C.2 The dependence of the surface tension on surfactant concentration is given by 
[14C.14-610], (dy/dIn[c/c*])r = —RTTs. This equation implies that a plot of y 
against In(c/c®) has a slope equal to -RTTs. The data are plotted in Fig. 14.13. 


[A]/moldm™ In([A]/c?) y/Nm7! 


0.10 —2.303 0.0702 
0.20 —1.609 0.0677 
0.30 —1.204 0.065 1 
0.40 —0.916 0.0628 
0.50 —0.693 0.0598 


The points appear to lie on a curve rather than a straight line, indicating that Is 
is not constant over this range of concentration. The data are a good fit to the 
quadratic 


(y/Nm') = -0.003288 x [In([A]/c°)]° — 0.01614 x In([A]/c*) + 0.05042 
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2. —2.0 -1.5 —1.0 —0.5 


In([A]/c*) 


Figure 14.13 


This equation has been used to draw the line on Fig. 14.13. Differentiation gives 


(sma), = [-0.006576 x In([A]/c®) - 0.01614] x (Nm‘‘) 


Equating this expression for the slope to -RTTs and rearranging gives 


[0.006576 x In([A]/c®) +.0.01614] x (Nm“') 
RT 


Ss 


This result is used to calculate Ig at any concentration of interest. For example, 

at [A] = 0.1 mol dm™°, using c° = 1 mol dm? and 1J = 1 Nm, the surface 

excess concentration is 

[0.006576 x In ([0.1 moldm™*]/[1 moldm™*]) + 0.01614] x (Nm“") 
(8.3145 JK~! mol”) x ([20 + 273.15] K) 


=/4.1 x 10°”? molm~? 


Ss 


14D Macromolecules 


Answers to discussion questions 


D14D.2 


D14D.4 


The primary structure of a macromolecule is the sequence of small molecular 
residues making up the polymer, whereas the secondary structure is the (of- 
ten local) spatial arrangement of a chain. The tertiary structure is the overall 
three-dimensional structure of a single macromolecule. Two or more macro- 
molecules may form an aggregation that yields an overall quaternary structure. 


In these expressions N is the number of monomer units and / is the length of 
each unit. The conditions for the validity of these expressions are the same as 
those used in the derivation of the probability distribution for a random coil, 


in particular the model does not take into account the impossibility of two or 
more monomer units occupying the same space. 


(a) Contour length: the length of the macromolecule measured along its back- 
bone, that is the length of all its monomer units placed end to end. This 
is the stretched-out length of the macromolecule with bond angles main- 
tained within the monomer units and 180° angles at unit links. 


(b) Root mean square separation: a measure of the average separation of the 
ends of a random coil. 


(c) Root mean square separation: a measure of the average separation of the 
ends of a tetrahedrally (6 = 109.5°) constrained jointed chain. 


(d) Root mean square separation: a measure of the average separation of the 
ends of a constrained jointed chain in which each successive individual 
bond is constrained to a single cone of angle 0 relative to its neighbour. 
The factor F is given by F = [(1 — cos @)/(1 + cos@)]'/?. 


(e) Radius of gyration of a one-dimensional random coil. 
(f) Radius of gyration of a three-dimensional random coil. 


(g) Radius of gyration of a tetrahedrally (6 = 109.5°) constrained jointed 
chain. 


Solutions to exercises 


E14D.1(b) The number-average molar mass is given by [14D.la—613], My = (1/Ntotal) 
>»; N;M;. Denoting the polymers as 1 and 2 gives 


u Di NiM; NiM,+N2M2 
a= = 
Ntotal Ntotal 


Because the two polymers are present in a 3 : 2 ratio of amounts in moles, and 
hence also a 3 : 2 ratio of numbers of molecules, the numbers of each polymer 
are N, = 2 Neotal and N> = 2 Neotal: Hence 


M _ N,M, + N2M>2 _ 2 NeotaMi + 2 NeotaM2 
. Mtotal Ntotal 
= 2x (62kgmol *) + 2 x (78 kgmol *) =|68 kg mol 


3 2 
= zM, + zM2 


The weight-average molar mass is given by [14D.1b-613], Mw = (1/mtotat) 
>», m;M;, where m; is the mass of polymer i present. Using m; = n;Mj; and 
Mtotal = Lo; Mi gives 


Vw = ymiM;  ¥j(niM;))M; _ Yj niM} 
w 
bi mi iM; i iM; 
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E14D.2(b) 


E14D.3(b) 


EMD.4(b) 


E14D.5(b) 


From above the amounts in moles of each polymer are 2 Ntotal and 2 Neotal so 
— nMi + nM; 2 ntotalM{ + 2 NotaMy 3M? + 2M; 
— = 7 
mM, +12M2 2 ntotaMit 2MotaM2 3Mi +2M2 
3 x (62 kgmol ')? +2 x (78 kgmol ')? 
3 x (62 kgmol ') +2 x (78kgmol *) 


69 kgmol * 


The root mean square separation of the ends ofa freely jointed one-dimensional 
chain is given by [14D.6-617], Rrms = N‘/?1, where N is the number of monomer 
units and / is the length of each unit. In this case 


Rims = N71 = 1200"? x (1.125 nm) = [38.97 nm 


The contour length R, of a polymer is given by [14D.5-617], R, = NI, and the 
root mean square separation of the ends of a freely jointed one-dimensional 
chain is given by [14D.6-617], Rims = N'/?1. In both cases N is the number of 
monomer units and / is the length of each unit. 

The monomer of polypropene -[CH2CH(CH3)] ,- is taken to be CH2CH(CHs). 
The number of monomers in the chain is given by 


Mpolymer _ 174 x 10° gmol | 


—— = 4.13... x 10° 
Mcu,cH(cH;) 42.0774 gmol 


N= 


The length of each CH,CH(CHsS) unit is estimated as the length of a two C-C 
bonds: one C-C bond in the centre and half a bond length either side where the 
unit connects to carbons in adjacent units. From Table 9C.2 on page 362 in the 
Resource section a C-C bond length is approximately 154 pm, so the monomer 
length / is taken as 2 x (154 pm) = 308 pm. The contour length and root mean 
square separation are then given by 


R, = NI = (4.13... x 10°) x (308 pm) = 1.27... x 10° pm = [1.27 pm 


Rims = N‘/?1 = (4.13... x 10°)? x (308 pm) = 1.98... x 10¢ pm = [19.8 nm 


The radius of gyration R, of a one-dimensional random coil is given by [14D.7a- 
618], Ry = N'/?]. Rearranging gives 
2 


R 18.9x 10-9 m\ 
n={ :) _ (Se | ese 
1 450 x 10-12 m 


The probability that the ends of a one-dimensional random coil are a distance 
nl apart is given by [14D.3-616], P = (2/1N)"/7e~"/2% where N is the total 
number of monomers in the chain and / is the length of each monomer unit. 


E14D.6(b) 
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The monomer of polyethene -[CH,CH,],,- is taken to be CH,CH), so the 
number of monomers in the chain is given by 


Mpolymer 7 85 x 10° gmol | 


= 302.10 
Mcu,cu, 28.0516 gmol | 


N= 


The length of each CH2CH) unit is estimated as the length of a two C-C bonds: 
one C-C bond in the centre and half a bond length either side where the unit 
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C 
bond length is approximately 154 pm, so the monomer length / is taken as 2 x 
(154 pm) = 308 pm. 

If the end-to-end distance is d, then d = nl and hence n = d/I. In this case 
d = 15 nm and ! = 308 pm hence 


d  15x107?m 
~ 1 308x 10-12 m — 


48.7... 


The probability of the ends being this distance apart is therefore 


1/2 
p= (=) 2 npn 
1N 


1/2 
= 2 7 (48.7-.+)?/2x(3.03...x10°) =|98x 10-3 
m x (3.03... x 103) 


The probability distribution function for a three-dimensional freely jointed chain 
is given by [14D.4-616] 


3 1/2 
a 2 -a?r* a 3 
f(r) =4n(—,) re a-(—5) 


where N is the number of monomers in the chain, / is the length of each monomer, 
and f(r) dr is the probability that the ends of the chain are a distance between 
rand r + dr apart. 


The monomer of polyethene -[CH CHa],,- is taken to be CH2CH)b, so the 
number of monomers in the chain is given by 


Mpolymer _ 75 x 103 gmol * 


225670 R10 
Mcu,cu, 28.0516 gmol * 


N= 


The length of each CH, CH) unit is estimated as the length of a two C-C bonds: 
one C-C bond in the centre and half a bond length either side where the unit 
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C 
bond length is approximately 154 pm, so the monomer length / is taken as 2 x 
(154 pm) = 308 pm = 0.308 nm. Therefore 


3 \1/2 3 1/2 , 
a= = = 0.0769... nm~ 
(az) (; x (2.67... x 103) x (0.308 =a 
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E14D.7(b) 


E14D.8(b) 


EMD.9(b) 


-1\3 
: x (14.0 nm)? x @7 (0.0769 nm7')*x(14.0 nm)? 


= 0.0631...nm~? 


The probability that the ends will be found in a narrow range of width 6r = 
0.1 nm at 14.0 nm is therefore 


f (14.0 nm) Sr = (0.0631... nm7') x (0.1 nm) =|6.3 x 1077 


As explained in Section 14D.3(b) on page 618, the radius of gyration of a con- 
strained chain is given by the value for a free chain multiplied by a factor F, 


where F is given by [14D.8-618], F = [(1-cos0)/(1+ cos a)”. For 6 = 


120°, 
1—cos6\!/? 1 — cos 120° \ !/ 
Fe= = = 1.73... 
1+cos@ 1+cos 120° 


This corresponds to a percentage increase of [ (1.73...) — 1] x 100% =[+73.2%|. 
The volume is proportional to the cube of the radius, so the volume of the 
constrained chain is related to that ofa free chain by a factor of F? = (1.73...)? = 
5.19.... This corresponds to a percentage increase of [(5.19...) — 1] x 100% = 
+420%|. 


As explained in Section 14D.3(c) on page 618, the root mean square separation 
of the ends of a partially rigid chain with persistence length I, is given by the 
value for a free chain multiplied by a factor F, where F is given by [14D.10-619], 
F = (21,/1 — 1)'/?. The contour length is given by [14D.5-617], R. = NI, soa 
persistence length of 2.5% of the contour length corresponds to I, = 0.025R, = 
0.025NI/. Hence, for N = 1000, 


2] 1/2 1/2 
p=(72-1] - (2 OoeN) ) = (0.050N - 1)” 


I I 
= (0.050 x 1000 -1)/? = 7.00... 


This corresponds to a percentage increase of [ (7.00...) — 1] x 100% =|+600%|. 
The volume is proportional to the cube of the radius, so the volume of the par- 
tially rigid chain is related to that of a free chain by a factor of F? = (7.00...)* = 
3.43... x 10. This corresponds to a percentage increase of [ (3.43... x 10”) - 1] x 


100% = |(3.42 x 10*)%|. 


By analogy with [14D.10-619], the radius of gyration R, of a partially rigid coil 
is related to that of a freely jointed chain according to Rg = F x Rg free Where 


E14D.10(b) 


E14D.11(b) 


F = (21,/1-1)'/. The radius of gyration for a three-dimensional freely jointed 
chain is given by [14D.7b-618], Rg free = (N/6)1/1, so 


2, 1/2 N\t2 
Rg = F x Rg free = oo «(=) l 


Rearranging gives 
21 6R, 21 6R, 
R2=[-P-1 a I? hence —&=-—?-1 hence eee —8 +1 
I 6 NP? | . 


Therefore for the polymer in question, taking / = 0.164 nm, 


(se ) | 6 x (3.0 nm)? 
= +1)= +1]= 


l 
P’ 2\NP 2 1500 x (0.164 nm)? 


0.19 nm 


Modelling the polyethene as a 1D random coil perfect elastomer, the restoring 
force is given by [14D.12a-620], F = (kT/21) In[(1 + A)/(1 - A)] where A = 
x/NI. 


The monomer of polyethene -[CH,CHy],,- is taken to be CH2CH)b, so the 
number of monomers in the chain is given by 


Mpolymer = 85 x 10° gmol * 


= 3,03... x 10° 
McucH, 28.0516 gmol ' 


N= 


The length of each CH2CH) unit is estimated as the length of a two C-C bonds: 
one C-C bond in the centre and half a bond length either side where the unit 
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C 
bond length is approximately 154 pm, so the monomer length / is taken as 2 x 
(154 pm) = 308 pm = 0.308 nm. The value of A corresponding to a 2.0 nm 
extension is therefore 


x 2.0 nm 


Xr = = 
NI (3.03... x 103) x (0.308 nm) 


=2.14...x 107 


Because 1 <« 1 the simplified equation for the restoring force, [14D.12b-621], 
F =(kT/NI*)«x is used. Noting that 1 Jm7! = 1 N gives 


kT (1.3806 x 10-73 JK7!) x ([25 + 273.15] K) 
cn 
NI? (3.03... x 103) x (0.308 x 10-9 m)? 


=(2.9x 10 14N 


F= x (2.0 x 10°? nm) 


The entropy change when a 1D random coil is stretched or compressed by a 
distance x is given by [14D.11-620], AS = -$kNIn[(1+A)O™ (1 -AyO-)] 
where A = x/R,. The contour length R, is given by [14D.5-617], R, = NI, so it 
follows that A = x/NI. 


The monomer of polyethene -[CH2CH.],- is taken to be CH,CH)p, so the 
number of monomers in the chain is given by 


Mpolymer 85 x 10° gmol * 


= = 3.03... x 10° 
Mcu,cH, 28.0516 gmol * 


N 


The length of each CH2CH); unit is estimated as the length of a two C-C bonds: 
one C-C bond in the centre and half a bond length either side where the unit 
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C 
bond length is approximately 154 pm, so the monomer length / is taken as 2 x 
(154 pm) = 308 pm = 0.308 nm. The value of A corresponding to a 2.0 nm 
extension is therefore 


x 2.0 nm 


Xr = = 
NI (3.03... x 103) x (0.308 nm) 


= 0.00214... 


The entropy change is therefore 


AS = 1kNIn[(1+A)OM A - AO] 
+ x (1.3806 x 107° JK") x (3.03... x 10°) 

ein (Ogi OO) 2 a00eid.. | 
= -9.60...x10°JK?! 


The molar entropy change is obtained by multiplying by Avogadro's constant 


ASm = (—9.60... x 10778 JK7!) x (6.0221 x 107? mol *) = |-0.058 J K7! mol 


Solutions to problems 
P14D.2 The probability distribution for the separation of the ends in a 3D random coil 
is given by [14D.4-616] 


3 1/2 
a 2.-ar = 3 
f(r) - an (—<,) re where a= (=) 


(a) The root-mean-square separation is given by Rms = (r7)!/? where the 
mean value of 7? is calculated as 


ad 3 22 
(P)= f Ppeyar= f P x4n(—,) re" dr 
a3 ay Se oe 3 a \l2 
-an(—") - re dr -an(—<,) «say (3) 
——_, —__ 


Integral G.5 with k = a” 


2NI’ 
= 3 _ 3 = NI2 
2a2, 2 3 


Hence Ryms = (r?)/? = (NI?)¥? =|N1/?1} in agreement with [14D.6- 
617]. 


(b) The mean separation is 


“dl a \ Par ok ay re ae 
7 «() 7 -* «(<) “3a? an (,) 
Integral G.4 with k = a? 
_ 2 (2NP)\_ (X): 
mie 3 3m 
(c) The most probable separation is the value of r for which f(r) is a maxi- 
mum. Differentiating f(r) using the product rule gives 


AO) a (:) x [(ary(et") + (?)(-2a?re"**)] 
=1 (<.) x 2re a” [1 - a’r’| 


At the maximum df(r)/dr = 0, which implies that 


1 (2NP 2Nn \'? 
r(1-a*r?)=0 hence fmp = -( ; (3) I 
a 


The solution r = 0 is rejected because this does not correspond to a max- 
imum, as implied by the fact that f(0) = 0. 


For the case that N = 4000 and / = 154 pm these expressions give 


Rims = N'/71 = 4000" x (154 pm) = 9.73... x 10° pm = [9.74 nm 


8N\"/?_ 8 x 4000\1/ 3 
(r) = ( =) i= ( Be x (154 pm) = 8.97... x 10° pm =|8.97 nm 


2N\"2 72x 4000\}/? : 
rmp = (5 LS Fi x (154 pm) = 7.95... x 10° pm = [795 nm 


P14D.4 There is some lack of clarity in the text over the definition of the radius of 
gyration, R,. For a polymer consisting of N identical monomer units, Rg is 
defined as 


Ry = (1/N) > 7 (14.1) 
i=1 


where 1; is the distance of monomer unit i from the centre of mass. In other 
words, the radius of gyration is the root-mean-square of the distance of the 
monomer units from the centre of mass. 


A related quantity is the moment of inertia I about an axis, which is defined in 
the following way 


N 
I= > md; (14.2) 
i=1 
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where m is the mass of the monomer unit and d; is the perpendicular distance 
from the monomer to the axis. In general, the distance d; is not the same as 1;: 
the first is the perpendicular distance to the axis, the second is the distance to 
the centre of mass. 


A radius of gyration can be related to a moment of inertia by imagining a rigid 
rotor consisting of a mass mot equal to the total mass of the polymer held at a 
distance Ry from the origin; the moment of inertia of this rotor is I = MiotRe 


and hence R; = I/mtot. However, note that this radius of gyration is associated 
by the rotation about a particular axis. 


(a) 


(b) 


For the purposes of this discussion there is no distinction between a ‘thin 
disc’ and a ‘long rod’: both are cylinders with circular cross sections of 
radius a and length either h or J. The case of a solid rod is considered in 


(b). 


For a solid rod it is convenient to use eqn 14.2 for rotation about (i) the 
long axis of the rod, and (ii) an axis perpendicular to this and which passes 
through the centre of mass. The long axis of the rod defines the z-axis and 
the centre of mass is at z = 0; the rod therefore extends from —1/2 to +1/2 
along z. It is convenient to use cylindrical polar coordinates described 
in The chemist’ toolkit 19 in Topic 7F on page 281. In such a coordinate 
system the volume element is r dr d¢ dz, and ¢ ranges from 0 to 27. 
Equation 14.2 is adapted for a solid object by replacing the mass by a 
volume element dV which has mass p dV, where p is the mass density; the 
summation becomes an integration over the relevant coordinates which 
describe the rod: z = -1/2 to +1/2, ¢ = 0 to 21, and r = 0 to a. To compute 
the moment of inertia about the long axis note that the perpendicular 
distance to the axis is r so the integral is 


z=+1/2 r=a g=20 
I = ‘i f[ rxpdV 
z=—1/2 r=0 ~=0 
z=+1/2 r=a g=2n 
=p [ i rx rdzdrdd 
z=—1/2 r=0 ~=0 


er 34 ty 
oe z=-1/2 f " rf, p 


4 
=pxlx 7 x 2n = pla*n/2 


The total mass of the rod is mor = pV = pna’l, hence the moment of 


inertia is |I|, = SMa” . A rigid rotor with the same mass as the rod has 


moment of inertia I = MrorRe i! Equating the moments of inertia gives an 


expression for the radius of gyration as|R,. = (1/2)'/?.a} 


To compute the moment of inertia perpendicular to the long axis, say 
about the x-axis, it is necessary to know the perpendicular distance d 
between an arbitrary point (x, y,z) and that axis. This distance is that 
between the points (x, y,z) and (x,0,0); by Pythagoras’ theorem d* = 


y’ +z? =r’ sin? 6+2z”. The moment is inertia is therefore found from the 
integral 


(P sin? +24) x pdv=p [ Psin? pdvep f z dv 
cyl. cyl. cyl. 
y y y 

A B 


where the integration is over the complete cylinder. The integrals A and 
B are conveniently evaluated separately. 


z=+1/2 
[. ae "? sin? x rdzdrdd 
z=-1/2 r=0 ~=0 
z=+1/2 g=2n 
=p dz [ r ar [ sin’ ¢d¢ 
z=-1/2 r=0 $=0 


4 
a 
=pxIx ee pla*n/4 = mora’ /4 


where the integral over ¢ is found using Integral T.2 with k = 1 and a = 


2m. 
z=+1/2 g=2n 
[. .s z’ x rdzdrdd 
z=-1/2 r= $=0 
z=+1/2 r=a = Aa 
=p Zz pee. rar fo 
z=-1/2 $=0 


B 
=p x fe x In = pl3a2n/12 = myotl?/12 


The moment of inertia about the perpendicular axis is therefore 


I, = A+ B= mya? /4 + meotl?/12 =|meor(a?/4 + 17/12) 


A rigid rotor with the same total mass has moment of inertia I = motR? 


hence |Rg, = (a?/4 + 17/12)1/), 


gl? 


(c) Consider the moment of inertia about the z-axis passing through the 
centre of a solid sphere. The square of the perpendicular distance of a 
point to this axis is x? + y’, hence I = [, phere (X" + y*)p dV. In spherical 
polar coordinates 


x*+y? =r sin’? Ocos’ $+ 1’ sin’ O sin’ ¢ =r’ sin’ 8 


The integral is therefore evaluated as 


r=a g=20 
I=p [ ‘- f. (r? sin’ @) x r* sin 6 dr dO d¢ 
r=0 o=0 


r=a =T g=20 
=p a arf sin’ 6d d¢ 
r=0 g=0 $=0 
a4 , 
=p X — X — X ZT 
P 5 3 
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P14D.6 


P14D.8 


where the integral over 6 is of the form of Integral T.3 with k = 1 and 
a =. The total mass of the sphere is mtor = pV = (4/3)pma’, hence the 
moment of inertia can be expressed as 


3 a 4 ap 5 
x px x — x 2m =|=Emiota 
Pp 5 3 5 tot 


I= Mtot 


x 
4pna? 


A rigid rotor with the same mass as the sphere has moment of inertia 
I = mrotRz, hence | Rg = (2/5)'/?a|, Note that this is the radius of gyration 
associated with rotation about this axis. 


The radius of gyration Rg is found by equating MeotalRe to the moment of inertia 
I, hence Rg = I/miotal. The moment of inertia is given by I = a m Rj, where 
mj is the mass of unit j and R; is its distance from the centre of mass. If all N 
units have the same mass m then I = m ay, Rj and Mtotal = Nm. Hence 


1 
R, = 


1 1 
m;R2 = ——xmY R?=—YR? 
Mtotal 2 Ty Nm 2 ff re J 


As explained in The chemist’: toolkit 18 in Topic 7E on page 273, the frequency of 
a harmonic oscillator with mass m and force constant kr is v = (1/2m)(ke/m)!/?. 
The force constant is given by [14D.12c-621], kp = kT/NI?. The mass is taken 
as the mass of one monomer, which is given by m = M/NN 4 where M is the 
molar mass of the macromolecule and N is the number of monomers in the 
chain. Combining these expressions gives 


ae 1 (kTINP\'? [4 =)" 
ee : © 

2n\m 2n \ M/NNa 2nl \M 
where R = kN, is used. 


The monomer of polyethene —-[CH2CHz],- is taken to be CH2CH). The length 
of each CH2CH) unit is estimated as the length of a two C-C bonds: one C-C 
bond in the centre and half a bond length either side where the unit connects 
to carbons in adjacent units. From Table 9C.2 on page 362 a C-C bond length 
is approximately 154 pm, so the monomer length / is taken as 2 x (154 pm) = 
308 pm. Noting that 1 J = 1 kgm* s~? and 1 Hz = 1s"!, the vibration frequency 
is therefore 


i faery 
( 
2nl \ M 


7 1 (8.3145] K7! mol’) x ({20 + 273.15] K) a 
2n x (308 x 10-1? m) 65 kg mol ' 
= 3.16... x 10° Hz = [3.2 GHz 


The expression shows that the frequency increases with temperature and de- 
creases with increasing molar mass. The T!/? dependence reflects the thermal 


P14D.10 


energy needed to establish a displacement from equilibrium. The M~!/? de- 
pendence indicates that a larger chain mass requires more thermal energy to 
establish the same displacement. 


As explained in Section 14D.5 on page 621 the glass transition temperature cor- 
responds to a transition from a state of high to low chain mobility as the temper- 
ature decreases. This corresponds to the freezing of the internal bond rotations. 
In effect, the easier such rotations are, the lower Ty. Internal rotations are more 
difficult for polymers that have bulky side chains than for polymers without 
such chains because the side chains of neighbouring molecules can impede 
each other’s motion. Of the four polymers in this problem, polystyrene has the 
largest side chain (phenyl) and the largest T,. The chlorine atoms in poly(vinyl 
chloride) interfere with each other’s motion more than the smaller hydrogen 
atoms that hang from the carbon backbone of polyethylene. Poly(oxymethylene), 
like polyethylene, has only hydrogen atoms protruding from its backbone; how- 
ever, poly(oxymethylene) has fewer hydrogen protrusions and a still lower T, 
than polyethylene. 


14E Self-assembly 


Answers to discussion questions 


DI4E.2 


DI4E.4 


This is discussed in Section 14E.2(a) on page 626. 


Sterols, like cholesterol, prevent the hydrophobic chains of lipids bilayers from 
‘freezing’ into a gel and, by disrupting the packing of the chains, spread the 
melting point of the membrane over a range of temperatures. 


Solutions to exercises 


E14E.1(b) 


The isoelectric point of a protein is the pH at which the protein has no net 
charge and therefore is unaffected by an electric field. This is the pH at which 
the velocity is zero; solving for this gives 


0 = 0.80 — (4.0 x 107°) (pH) — (5.0 x 10°*) (pH)* 


Solving this equation for pH gives 


_ ~(-4.0 x 1079) + /(-4.0 x 10-3)? — 4 x (—5.0 x 10-2) x (0.8) 
2x (-5.0 x 10-7) 


pH 
= +3.96...or — 4.04... 


The negative solution is rejected as it is outside the pH range 3.0-5.0 over which 
the expression is valid. Therefore the isoelectric point is [4.0}. 
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Solutions to problems 


PI4E.2 


The equilibrium constant for the formation of micelles containing N monomers, 
My, is given by [14E.6b-627] (the factors of 1/c® are omitted for clarity) 


7 [My ] 
([M]totat - N[Mw ])% 
In the text the fraction of surfactant molecules present as micelles is defined 
as f = [My ]/[M]totai; it could be argued that a better definition would be f = 
N x [My]/[M]totar on the grounds that each micelle contains N monomers. 
Using the first definition for f the equilibrium constant is rewritten 


; f 
= MN py 


total 


This equation is solved numerically to find f as a function of [M]totai for given 
values of K and N. The results for three such situations are shown in Fig. 14.14. 
For N = 30 there is a sudden increase in f once [M ]tota/c® exceeds a certain 
value; this corresponds to the critical micelle concentration. This concentration 
depends on both N and K. 


0.4 
— f(K=1N=3) 
' pees 10f(K =1N =30) 
0.3 ==- 10f(K=10°° N = 30) 


0.1 
0.0 : a ! ! ! 
0 2 4 6 8 10 
[M ]tota/c? 
Figure 14.14 


Solutions to integrated activities 


114.2 


(a) The Lennard-Jones potential is given by [14B.12-600], Vij(r) = 4e{(ro/r)'?- 
(ro/r)°}. As shown in Fig. 14B.8 on page 600, the depth of the potential 
well is given by ¢ and the position of the minimum is given by re = 2'/6ro. 
The results for He give the depth of the well as hcD. = 1.51 x 10-7? Jand 
the position of the minimum as R = 297 pm so it follows that 


e={1.51x10°% J} and ro 


= 51/6 = 51/6 =|265 pm 


A plot of the potential with these values is shown in Fig. 14.15. 


114.4 


(b) The Morse potential is given by [11C.7-444], V(x) = heD, (1 -e 4)? 
where x = r— fre and hcDe is the depth of the well. With this poten- 
tial V\q(0) = 0, in contrast to the Lennard-Jones potential for which 
Vij(co) = 0. To compare the two, the Morse potential is replotted as 
Vu(x) = heD. (1- ear) y — hcD,; this is shown plotted in Fig. 14.15 
using the given values of hcD, = 1.51 x 10-7? J and a = 5.79 x 10! m7}, 


— Lennard-Jones 
--- Morse 


V/(10-73 J) 


y 
250 300 350 400 450 
r/pm 


500 


Figure 14.15 


(a) The charges on the atoms as calculated using a 6-31G* basis are shown in 


the table below, and the diagram shows the numbering of the atoms and 
the charges on the heteroatoms. 


—0.61 
O5 H 1,2,3 
H, .o7sll J 0.29 
Ham 8 SOT OR 
—0.58 |’ 7 H 
9,10, 11 


+iI—2z 
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atom type number q/e x/A ylA ZlA 
C 4 0.746 0.469 —-0.168 —0.583 
O 5 —0.611 1.228 —-0.554 —-1.430 
C 6 —0.288 0.674 —-2.216 0.767 
N 7 —0.790 0.143 -0.896 0.509 
C 8 —0.577  —0.186 1.194 —0.685 
H 3 0.231 1.339 -2.475 —0.041 
H 1 0.168 1.227) —2.235 1.700 
H 2 0.168 —-0.122 —2.951 0.819 
H 9 0.161 —0.848 1.425 0.141 
H 10 0.207 = 0.591 1.946 —0.738 
H 11 0.207 —0.746 1.236 —1.611 
H 12 0.380 —-0.492 —0.509 1.167 


The dipole moment along x is computed as wu, = >); qixj, where i is 
the index for the atom, q; is its charge, and x; its coordinate. Using the 
data in the table the components of the dipole moment are easily com- 
puted in units of the elementary charge times A, and then these values 
are converted to Debye in the usual way. The total dipole moment is 


2 


w= (ue ty tee)? 
Mx =-0.461eA 


= (-0.461 x 107'° m) x (1.6022 x 107!’ C) /(3.3356 x 10°*° Cm) 


= -2.212D 


Similarly yy = 0.607 D and yu, = 2.897 D, giving 


i = 3.695 DI, 


The energy of interaction of two dipoles is given by [14B.3b-595] 


= 
A4ttegr? 


x (1-3cos” @) 


With the data given, and converting to molar units 


[(3.695 D) x (3.3356 x 10°°°Cm)/(1 D)]*) 


~ Am x (8.8542 x 10-!2J-! C2 m-) x (3.0 x 10-9 nm)3 
x (1 —3cos” @) x (6.0221 x 107? mol’) 


= (30.4... Jmol~') x (1 —3cos* @) 


A plot of this function is shown in Fig. 14.16. 


(b) The maximum of the dipole-dipole interaction is -61 Jmol! which is 


only 0.3% of the energy of the hydrogen bond. 


Starting from G = U- TS —tl, the differential is formed and the basic equation 


dU = TdS + tdl is introduced to give 


dG = dU - d(TS) - d(tl) = dU — TdS — SdT - tdl - Idt 


= TdS + tdl — TdS - SdT — tdl - Idt = 


SdT — Idt 


114.8 


V/(Jmol"') 


0 50 100 150 200 250 300 350 


e/° 
Figure 14.16 


The Helmholtz energy A is given by [3D.4a-97], A = U - TS. Forming the 
differential gives 


dA = dU - d(TS) = dU - TdS - SdT = TdS + tdl - TdS - SdT =|-SdT + tdl 


The Maxwell relations are derived using the method described in Section 3E.1(a) 
on page 104. Because G is a state function, dG = —SdT — Idt is an exact 
differential. Therefore according to the criterion in [3E.4-104], (dg/dy), = 
(dh/dx), ifdf = gdx + hdy is an exact differential, it follows that 


(s),°-(5r), be [(5:),° Gr) 
at) r aT); at), \oT), 


Applying the same approach to dA = —SdT + tdl gives 


~(ar).7 (Se), bee Gr), - Ge) 
al), \oT), al),  \aT), 


To deduce the equation of state, the basic equation dU = TdS + tdl is divided 
by d/ and the condition of constant T is imposed 
ot 
T 
( oT ) 


dU oS ot 
=T t=-T t= 
(ar),7 7 (Car), 8-7 Gaz), 
In the second step the Maxwell relation (0S/01)7 = -(0T/dt)), derived above, 
is used. 


a 


The osmotic pressure IT is expressed in terms of the concentration [J] by the 
virial-like expression of [5B.18-163], IT = RT ([J] + B[J]’). In this equation 
the units of B are the inverse of the units of [J]. 

The osmotic virial coefficient arises largely from the effect of excluded volume. 
If a solution of a macromolecule is imagined as being built by the successive 
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addition of macromolecules of effective radius a to the solvent, each one being 
excluded by the ones that preceded it, then B is the excluded volume per mole 
of molecules. The volume of a molecule is voi = (4/3)1a*, but the excluded 
volume is determined by the smallest distance possible between centres of two 
molecules, which is 2a. Therefore the excluded volume is (4/3)m(2a)? = 8Vmol 
for a pair of molecules. The volume excluded per molecule is one-half this 
volume or 4V0). Thus, for an effective radius of a = yR, = 0.85R, the osmotic 
virial coefficient is 


167 
NayR; 


16m 3 
B=4NaVmol = 3 Naa = 


(a) Fora freely jointed chain R, = (N/6)!/?1 hence 


ge ey” 
B= —N = 
3 AY 6 
: 4000 \3/ 
= “2% (6.0221 x 10% mol) x [0.85x(154 x 10" m) ( 6 ) 


=|0.39 m? mol! |, 


(b) For a chain with tetrahedral bond angles Ry = (N/3) 1/21 hence 


1 N 3/2 
ror (2 


3 3 
hs ; 4000 \ 3/2 
= > (6.0221 x 10” mol ") x [0.85% (154 x 107"? m)P ( 3 ) 


=/1.1 m? mol™! |. 


Solids 


15A_ Crystal structure 


Answers to discussion questions 


DI5A.2 


Lattice planes are labelled by their Miller indices h, k, and 1, where h, k, and 
I refer respectively to the reciprocals of the smallest intersection distances (in 
units of the lengths of the unit cell, a, b and c) of the plane along the a, b, and 
c axes. These axes may be non-orthogonal. 


Solutions to exercises 


E15A.1(b) 


E15A.2(b) 


The volume of an orthorhombic unit cell is given by V = abc, and the mass 
of the unit cell m is given by m = pV, where p is the mass density. Using the 
estimate of mass density p = 2.9 gcm™? 
m = abcp = [(589 x 822 x 798) x 107*° m?] x (2.9 x 10° gm™*) 
=1.12...%10" g 
The mass of the unit cell is also related to the molar mass by m = nM = 


NM/NaM where n is the amount in moles in the unit cell, M is the molar 
mass, and N is the number molecules per unit cell. 


mNa _ (1.12... x 10-7! g) x (6.0221 x 107° mol *) 
M 135.01 gmol | 


N= = 4,99... 


If it is assumed that there are no defects in the crystal lattice then N is expected 
to be an integer and hence |N = 5|, With this value a more precise value of the 
mass density is calculated as 


Vo Nav 
za 5 x (135.01 gmol ') 
(6.0221 x 1023 mol‘) x [(589 x 822 x 798) x 10-36 m3] 


3 


=|2.90 gcm™ 


Miller indices are of the form (hkl) where h, k, and / are the reciprocals of 
the intersection distances along the a, b and c axes, respectively. If the recipro- 
cal intersection distances are fractions then the Miller indices are achieved by 
multiplying through by the lowest common denominator. 
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intersect axes at (-a,2b,-c) (a,4b,-4c) 
remove cell dimensions (-1,2,-1) (1,4, -4) 
take reciprocals (-1,4,-1)  (-1,4,-) 
Miller indices (212) (411) 


E15A.3(b) The separation of (hkl) planes dj,,1 of a cubic lattice is given by [15A.la-645], 
dix = a/(h? +h? +P). 


(712 pm) _  (712pm) | 
Ais = Gage 432i EPOpm) = doar = Oe Poa yaaa ~ 206 Pm 


(712 pm) 
(22 + 42 + 62) 1/2 


=|95.1 pm 


dy46 = 


E15A.4(b) The separation of (hkl) planes d;x; of an orthorhombic lattice is given by 
[I5A.1b-645], 1/d?,, = h?/a? + k?/b? + I*/c?. Therefore, dj, = (h?/a? + 
hkl 
Cie eP ie), 
a i 2 yi? 
+ + 

(769 pm)? (891 pm)?_——- (690 pm)? 

= (2.48... x 10!°)-/? m = [200 pm 


d312 


Solutions to problems 


P15A.2 From Fig. 15A.8 on page 643 it is seen that the unit cell can be envisaged as a 
prism of height b whose base is a parallelogram with sides a and c and interior 
angle 8. The volume V of the unit cell is b times the area of the parallelogram, 
which is depicted below. 


(180° - B) 
77 
aN. i : 


c 


The area of the parallelogram is cx, and x = asin(180° — §). It follows that 
V = bex = bc x [asin(180° — 8) ]. This is further developed using the identity 
sin(A — B) = sin(A) cos(B) — cos(A) sin(B) to give 
V = bca[sin(180° ) cos( 8) — cos(180°) sin(f) | 
= -bca(-1) sin(f) =|abcsin B 


PI5A.4 
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Refer to Fig. 15A.4 on page 642 to see how the angles are defined in relation 
to a, band c. The volume of the unit cell, V, is V = a- b x c where a, b and 
c are vectors defining the sides of the unit cell. Writing vector a in terms of 
its components along the orthogonal set of unit vectors i, j and k gives a = 
ajt + ajj + ack. It is convenient to first find V’, given by 


V’? =(a-bxc)(a-bxc) 


ai aj ak 
=| b; bj be 
Cj Cj Ck 
ai aj ak 
=| b; bj by 
Cj Cj Ck 


aj 


b; 


by 


Note that transposing a matrix does not alter the value of the determinant. 


AjAj + Ajaj + Aa 
= bja; + bjaj + bag 
Cia, t+ Cjaj + Cha, 


a-a a-b a-c 


=| a-b b-b b-c 
a-c b-c c:c¢ 
a* abcosy 

=| abcosy 


accosB bccosa 


ajbj + ajbj+aybe ajc, + ajc; + acy 
bjb; + bjbj + byby bjcj + bjcj + beck 
cjbj + cjbj t+ cpbp — CiCi + CjCj + CKCK 


ac cos 


bc cosa 
2 


a’b*c*(1— cos” a — cos” B — cos” y + 2cos acos B cos y) 


For the penultimate line the fact that y is the angle between a and b is used 
so that the dot product is a- b = abcosy, and likewise for the other pairs of 
vectors; the final line simply involves evaluating the determinant. Thus for a 


triclinic unit cell 


V =|abc(1 — cos” a — cos” B — cos” y + 2cos a cos B cos y)!/? 


For a monoclinic unit cell a = y = 90° so cos a = cosy = 0 and 


V = abc(1- cos? B)'/? = [abe sin B 


where the identity cos’ @ + sin? @ = 1 has been used. For a orthorhombic unit 
cell a = 8 = y = 90° so cosa = cos B = cosy = 0 and 


V= 


abc 


A tetragonal unit cell, as shown in Fig. 15A.8 on page 643, has a = b +c so 


V = (651 pm)’ x (934 pm) = 


3.96 x 10°78 m? 
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P15A.6 For an orthorhombic unit cell, V = abc. Given that m = M/Na, where m is the 
mass per repeating unit CH,CH) and M is its molar mass (M = 28.0...g mol‘), 
it follows that for two repeating units per cell the mass density p is 


2m 2M 
ce Vv . Naabc 
7 2 x (28.0... gmol ') 
(6.0221 x 1023 mol ') x (740 pm) x (493 pm) x (253 pm) 
=|L01 gcm™? 
PI5A.8 For an orthorhombic unit cell, V = abc. Because there are 8 molecules per 


unit cell, the mass density p is p = 8m/V = 8M/NaV where m is the mass per 
molecule, V is the volume of the unit cell and M is the molar mass. 


M= M([N(C4Ho)a4][Ru(N) (S2C6H,4)2]) + 2M(CoH,S27" ) 
= [(637.9...) +2 x (140.2...)] gmol * = 918.3... gmol ' 


_ 8M 
7 Naabc 


p 


8 x (918.3... gmol *) 


(6.0221 x 1023 mol‘) x (3.6881 nm) x (0.9402 nm) x (1.7652 nm) 
3 


=|199 gcm™ 


For the osmium analogue, M = 1007.5... gmol '. The osmium mass density is 
estimated, assuming that the unit cell volume remains constant, using 


_ M(Os)pru _ (1007.5... gmol*) x (1.99 gem") ; 


s = |2.19 gcm™ 
eo M(Ru) 918.3... gmol | 8 
15B_ Diffraction techniques 
Answers to discussion questions 
DI15B.2 The scattering factor determines how strongly an atom scatters the X-rays, and 


hence how strong the contribution from a particular atom is to a reflection. It is 
defined and described in Section 15B.1(c) on page 649. For forward scattering, 
the scattering factor is equal to the number of electrons in the atom. 


Solutions to exercises 


E15B.1(b) Bragg’s law [15B.1b-648], 1 = 2d sin 0, describes the relationship between wave- 
length of the X-rays A, the Bragg angle 0, and the plane separation d. Thus 


A = 2d sin @ = 2 x (99.3 pm) x sin (19.76°) =|67.1 pm 


E15B.2(b) 


E15B.3(b) The separation of the (hk!) planes of an orthorhombic lattice is given by [15A.1b- 


E15B.4(b) 


E15B.5(b) 


E15B.6(b) 


As shown in Fig. 15B.10 on page 652, for the cubic F lattice reflections from 
planes where h, k and / are all even or all odd are present in the diffraction 
pattern. Hence the first three possible reflections occur for planes (111), (200) 
and (220). Using the Bragg law [15B.1b-648], A = 2d); sin 0, and the expres- 
sion for the spacing of the planes [15A.la—645], jx) = a/(h? + k? +17)", the 
following table is drawn up 


Miller indices (111) (200) (220) 

dnt asia yy? gies af@sry 
dinki/pm 234.9... 203.5 143.8... 

sin 0 0.274... 0.316... 0.448... 

6/° 15.9 18.5 26.6 


645], 1/dy,, = h?/a* + k*/b? + 1?/c”. This distance is used with [15B.1b-648] 
to compute the angle of reflection as 0 = sin™!(A/2d)41). 


Miller indices (100) (010) (111) 

(1/dy,,)/pm™*  17/574.1? 17/796.87 17/574.1? + 17/796.8? + 17/495.9? 
dnxi/pm 574.1 796.8 B39. 5. 

6/° 4.166° 3.001° 7.057" 


The Bragg law [15B.1b-648], A = 2d sin(@), is rearranged to give the glancing 
angle as 20 = 2sin™' (A/2d), where d is the plane separation and A is the 
wavelength of the X-rays. For the case where A = 93.222 pm, 


20 = 2x sin”! [(93.222 pm)/2 x (82.3 pm)] = 68.9...° 
For the case where A = 95.123 pm, 


20 = 2x sin! [(95.123 pm)/2 x (82.3 pm)] = 70.6...° 


The difference in the glancing angles is 70.6...° — 68.9...° = [1.61°|. 


In Section 15B.1(c) on page 649 it is shown that the scattering factor in the 
forward direction, f(0), is equal to the total number of electrons in the species, 
Ne. Thus for Mg’* | f (0) = 10} 


The structure factor is given by [15B.3-650] 


Frit = fi eiPnni (i) 
j 
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E15B.7(b) 


E15B.8(b) 


where f; is the scattering factor of species j and $y41(j) = 2n(hx; + ky; + 1z;) 
is the phase of the scattering from that species. 


It is assumed that all the atoms are the same and have the same scattering factor 
f. Species at the corners of the unit cell are shared between eight adjacent unit 
cells so they have weight and so the contribution from each is 3 f. The atom 
at position (5, , +) has weight 1 with scattering factor f. 


i ; 
Frei =) fie $nxi (i) 

j 
= Fly + eink 4 qtinl  Qdin(k+!) 4 Q2imh 5 Q2im(h+k) 4 e2in(h+!) 4 Q2in(h+k+!)) 


8 
c: forrars) 

The indices h, k and | are all integers, and e'"" = (-1)" for integer n. For the 

terms in the bracket all the exponents are even multiples of in, so all the terms 

are equal to +1 and together they contribute + f to the structure factor. The 

term due to the central atom evaluates to f(—1)"***!. For (h+k +1) even this 

term is f so the structure factor is | F),,) = f + f =2f| for (h+k+1) odd this 


term is —f so the structure factor is|F,,; = f — f = 0} 


The cubic I unit cell is shown in Fig. 154.8 on page 643. The structure factor is 
given by [15B.3-650] 


Fre = Mi einti(/) 
j 


where fj is the scattering factor of species j and $j41(j) = 2n(hx; + ky; + 1z;) 
is the phase of the scattering from that species. 

The ions at the corners of the unit cell are shared between eight adjacent unit 
cells so they have weight + and therefore, if they all have the same scattering 
factor f, the contribution from each is : f. As is shown in Exercise E15B.6(b), 
these ions together contribute +f to the structure factor. 

The body centre atom at position (4, 3, +) has weight 1 with a scattering factor 
given as twice that of the other ions, hence its contribution is 2. The contri- 
bution of this ion to the structure factor is 


Zfpermatais) = afer? 


The structure factor is therefore Fx; = f +2f(-1)“"***). For (h+k+1) odd, 
Fig = f —2f =f), and for (h +k +1) even, |Fyx = f +2f = 3f\ 


The electron density distribution p(r) in the unit cell is given by [15B.4-651], 
p(r) = (1/V) Snes Faerie 2+"), where V is the volume of the unit cell. 
In this case the structure factors are only given for the x direction so the sum 
is just over the index h. Furthermore, because F;, = F_;, the summation can be 
taken from h = 0 toh = +00 


(eck + Page) 


M43 


Vp(x) = >> Bye? = Fy + 


h=—o00 


= Fy + >> Fh (ene + eu) = Fy+2)° Fy, cos(2nhx) 
h=1 h=1 


> 
I 


1 


In this case there are a total of ten terms to include, h = 0 to 9. Figure 15.1 shows 
a plot of Vp(x) against x; the electron density is at a maximum of 142/V at 


x =0or x = 1, the boundaries of the unit cell. 


150 


100 


50 


Vp(x) 


Figure 15.1 


E15B.9(b) ‘The Patterson synthesis is given by [15B.5-653], 


1 ; 
P(r) aes x [Frxil” e 2ti(hxtky+lz) 
V hel 


In this case the structure factors are only given for the x direction so the sum 
is just over the index h. Furthermore, because F), = F_}, the summation can be 
taken from from h = 0 to h = +00. Using a similar line of argument to that in 


Exercise E15B.7(b), the Patterson synthesis is 


VP(x) = Fo +2 >> Fj, cos(2mhx) 
h=1 


In this case there are a total of ten terms to include, h = 0 to 9. Figure 15.2 shows 
a plot of VP(x) against x. As expected, there strong feature at the origin; this 
arises from the separation between each atom and itself. There is also a strong 
feature at x = 1 which indicate that atoms are separated by 1 x a unit along the 


x-axis. 


E15B.10(b) To constructor the Patterson map, choose the position of one atom to be the 
origin. Then add peaks to the map corresponding to vectors joining each pair 
of atoms (Fig. 15.3). The vector between atom A and atom B has the same 
magnitude as that between B and A, but points in the opposite direction; the 
map therefore includes two symmetry related peaks on either side of the origin. 
The vectors between each atom and itself give a peak at the centre point of the 
Patterson map, and the many contributions at this position create an intense 


peak. 
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Figure 15.2 
Carbon atoms in benzene Patterson map 
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Figure 15.3 


E15B.11(b) Using the de Broglie relation [7A.11-244], 1 = h/p = h/(m.v), where p is the 
momentum, m, is the mass of a electron and v its speed, it follows that 


h 6.6261 x 10734Js : 


Ame (105 x 10-!2 m) x (9.1094 x 102! kg) 


6.93 x 10? kms” 


v= 


E15B.12(b) From the equipartition principle the kinetic energy is Ex, = SkT. This en- 
ergy can be written in terms of the momentum as p?/(2m) and hence p = 
(mkT)"/?. The de Broglie relation [7A.11-244], A = h/p, is then used to find 
the wavelength 


ye 6.6261 x 10°**Js 
(mkT)*/?— [(9.1094 x 10-3! kg) x (1.3806 x 10-23 JK~!) x (380 K)]!/2 
9.58 nm 


Solutions to problems 


P15B.2 


P15B.4 


Combining Bragg’s law [15B.1b-648], A = 2d sin @, with the expression for the 
the separation of planes for a cubic lattice [15A.la-645], djy) = a/(h* + k? + 
1?)1/?, gives sin 0 = (A/2a) (h? + k? + 17)4/?, 

The diffraction patterns for cubic cells of different types is illustrated in Fig. 15B.10 
on page 652. Diffraction is possible for all (hk1) planes for a cubic P lattice, but 
reflections corresponding to (h+k+1) odd are absent for a cubic I lattice. Fora 
cubic F lattice, reflections are absent where two out of h, k and I are odd. These 
systematic absences in a diffraction pattern allow the lattice type to be assigned. 
The observation of a (100) reflection, for which (h + k + 1) is odd, rules out 
cubic I. The observation of a (110) reflection, for which h and k are odd, but 
] is even, rules out cubic F. Therefore polonium must be cubic P, for which all 
reflections are present. 

The sequence of reflections expected for cubic P is shown in Fig. 15B.10 on 
page 652: the fifth, sixth and seventh reflections are (210), (211) and (220), 
respectively. The sine of the reflection angle is proportional to (h? +k? + 17)'/?, 
which for these three reflections is 5'/?, 6'/?, and 8!/: the separation between 
the sixth and seventh is indeed larger than that between the fifth and sixth, as 
described. 

The cell dimension is calculated from a = A(h? + k? + I*)'/?/(2sin 0); each 
reflection allows a separate determination of a. For the (100) reflection 


Mh? +k2412)¥2 AQ? +02 +02)? AQ) ¥? 
= 2sin0 . 2sin 0 ~ 2sin 0 

(154 pm) x (1)! 
7 2 x 0.225 


Similar calculations for the other reflections given a = 3.44... x 10? pm and 
a = 3.43... x 10° pm. The average is [a = 344 pm]. 


= 3.42... x 107 pm 


Combining Bragg’s law [15B.1b-648], A = 2d sin 0, with the expression for the 
the separation of planes for a cubic lattice [I5A.la—645], dyx) = a/(h? + k* + 
1?)'/?, gives sin@ = (A/2a)(h? + k? + 17)". For the same reflection, a is 
proportional to 1/ sin 0, therefore 

sin 9nac1 _ (564 pm) x (sin 6.00°) 
sin Oxc] sin 5.38° 


4KCl = 4NaCl = 628.7... pm =|629 pm 


The mass density p is p = m/V, where m is the mass of the unit cell. If there 
are N formula units per cell then p = NM/N,4V, where M is the molar mass 
of a formula unit. Based on the cell parameter a, the ratio of densities of KCl 
and NaCl is therefore 
pxal _ Mxci@yacq, _ (74.55 gmol ') x (564 pm)? 
prac! Myaciage (58.44 gmol') x (628.7... pm)? 


= [0.921 


3 


The experimentally determined ratio of mass densities is 1.99 gcm7*/2.17 gcm™?= 


0.917, which is close to the value determined from the diffraction data. The data 
therefore support the X-ray analysis. 
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P15B.6 


P15B.8 


The intensity of a reflection is proportional to the square modulus of the struc- 
ture factor given by [15B.3-650], Fax = ©; feild D) , where the phase is 447(/) = 
2n(hx; + ky; + 1z;). 

For atoms at positions (0,0,0), (0, s, +), G, 545)s and (+, 0, 3) with the same 
scattering factor f 


Frei = f (e + eit (k+l) + eit(h+k+!) + eit(+31/2)) 
For the (114) reflection, Fi14 = f (1 erm 4 oot 4 ea), Using the result e'™” = 


(-1)” it follows that Fj;4 = f(1-1+1-1) =|0| The I atoms therefore contribute 
no net intensity to the (114) reflection. 


The scattering intensity is given by the Wierl equation [15B.8-654], 
I(@) = DSA; sin (sRi;)/(sRij) 
sj 


where s = 4m sin (0/2)/A and the sum is over all pairs of atoms in the species. 


(a) For the Br, molecule, f, = f2 = f with Riz = R. Thus 1(@) = f* sin (sR)/(sR). 
To find the positions of the first maximum and minimum, differentiate I 
with respect to 6 and set equal to zero. 

dl dids 2nf? ; 

ah ap Rl [sRcos(sR) — sin(sR)]cos(@/2) =0 
Rearranging sR cos(sR) —sin(sR) = 0 gives tan(sR) = sR which is solved 
numerically to give solutions at sR = 0, 4.493, 7.725,.... Inspection of 
the form of the function I(@) shows that the solution sR = 0 corresponds 
to the first maximum, therefore sR = 4.493 corresponds to the first min- 
imum. The angle @ is computed from sR using 0 = 2sin™!(sl/4n) = 
2sin”'(sRA/4nR). Taking the Br, bond length as 228.3 pm gives for 
neutron scattering 


__, (4.493) x (78 pm) 


Omax ={0} Omin = 2 x sin =|14.0° 
sae “ 4n(228.3 pm) 
and for electron scattering 
4.493) x (4.0 pm 
O max =(0 Amin =2x sin’ ( ) ( us ) = |0.72° 


4n(228.3 pm) 
(b) For CCl, there are four carbon-chlorine pairs and six chlorine-chlorine 
pairs 


sin sRec| 4 sinsRcici 
I= Afcfe +6 cl 
sRecl 


sReici 
, sin [(8/3)'” sReci| 


insR 
H4x6x 17x fe 6 i7)? x F = 
sReci (8/3) sRea 
: 1/2 
I insR sin} (8/3) ‘~ sRcc 
= 498 SSS 4. 1061.8... x | 


fic sReca sRceca 
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A plot of I/f? against sRcc is shown in Fig. 15.4. The values of sRcci 
at which the maxima and minima occur are found using mathematical 
software or, alternatively, the values can be estimated from the graph. 
These values are indicted on the plot. 

From the experimental data on the angles at which extrema occur, 0.x, it is 
possible to calculate an experimental value s., using sex = 4m sin (O¢x/2)/A. 
From the graph the values of (sR) theo at which extrema occur are known, 
so from each item of data a value of R is found by computing R,.x = 
(sR) theo/Sex. The data and computed values are shown in the table. 

To complete these calculations it is necessary to know the de Broglie wave- 
length associated with 10 keV electrons. The kinetic energy is E = p*/(2me) 
= eV where p is momentum, m, is the electron mass, e is its charge and 
V is the potential difference applied. Using the de Broglie relation, 


h oh 
p (mevyP 


A= 


7 6.6261 x 10°*Js 
[2x (9.1094 x 10-3! kg) x (1.6022 x 10719 C) x (1.00 x 104 V)]}/2 
= 12.2... pm 


maxima minima 


Dex 3.17°  — 5.37° 7.90° 1.77° 4.10° 6.67° 9.17° 
Sex/pm™! | 0.0283 0.0480 0.0706 | 0.0158 0.0367 0.0596 0.0819 
(sR)theo | 4.770 8.512 12.62 2.909 6.542 10.59 14.46 


R.x/pm 168.3. 1773 178.8 183.8 = 178.5 177.7 176.5 


The outlying values 168.3 pm and 183.8 pm are rejected, to give an average 
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value of [Rec = 178 pm}. 


15C Bonding in solids 


Answers to discussion questions 


D15C.2 


In a face-centred cubic close-packed lattice, there is an octahedral hole in the 
centre. The rock-salt structure can be thought of as being derived from an fcc 
structure of Cl” ions in which Na* ions have filled the octahedral holes. 


The caesium-chloride structure can be considered to be derived from the ccp 
structure by having Cl” ions occupy all the primitive lattice points and octahe- 
dral sites, with all tetrahedral sites occupied by Cs* ions. This is rather difficult 
to visualize and describe without carefully constructed figures or models: refer 
to S.-M. Ho and B.E. Douglas, J. Chem. Educ. 46, 208, (1969), for the appropri- 
ate diagrams. 


Solutions to exercises 


E15C.1(b) 


E15C.2(b) 


The distance x, indicated in Fig. 15.5, is half of the width of the triangular face 
of a rod. The area A of this face is 5 x base x height which is A = ; x 2x x 
2x x sin60° = \/3x”. The small equilateral triangles which are formed by the 
spaces between the rods have edges of length x and thus area Aspace = V3x? /4. 
Each rod is adjacent to 6 of these small triangular spaces, but in turn each of 
these spaces is in contact with 3 rods. Overall, therefore, there are two small 
triangular spaces per rod. The length of the rods is irrelent to the packing 
fraction, and so 


7 A 7 V3x? [2 
A+t 2Aspace V3x2 +2 x /3x2/4 


7 


Ww 


Figure 15.5 


The packing fraction is f = NV,/V- where N is the number of spheres per unit 
cell, V, = 4nR? /3 is the volume of each sphere of radius R, and V- is the volume 
of the unit cell. 


An orthorhombic C cell is shown in Fig. 15A.8 on page 643. The spheres touch 
along a face diagonal which therefore has length 4R. If the edge of the cube 


E15C.3(b) 


E15C.4(b) 


E15C.5(b) 


has length a it follows, by considering a face, that (4R)* = a* + a* and hence 
a = \/8R. For this cell N = 2 and hence 


_ 2x 4nR*/3 0 


(V8R)> 62 


= |0.3702 


f 


The coordination number N of an ionic lattice depends on the radius ratio of 
the cation and anion of the lattice. The radius-ratio rule, which considers the 
maximum possible packing density of hard spheres of a given radius around a 
hard sphere of a different radius, provides a method to determine the structure 
type. The radius ratio is y = r,/r; where r, is the radius of the smallest ion and 
7 is the radius of the largest ion. If y < (2!/? — 1) then N < 6; for (2/7 - 1) < 
y < (3'/? -1) then N = 6; for y > (3'/? - 1) then N =8. 

The range for sixfold coordination is therefore 0.414 < y < 0.732, and hence 
r, x 0.414 <r, < m x 0.732. For the case of the Rb* anion (149 pm) x 0.414 = 
61.7 pm and (149 pm) x 0.732 = 109 pm. Therefore for sixfold coordination 
the smallest radius for the anion is |61.7 pm|, whilst for eightfold coordination 


the smallest radius is |109 pm|. 


The unit cell volume V is related to the packing density f and the atomic vol- 
ume v by f V = v. Assuming the atoms can be approximated as spheres then 
v = 4nR?/3 where R is the atomic radius. The packing densities for bec and hcp 
are 0.6802 and 0.7405, respectively (Exercise E15C.2(a)). With the given data 


Vicp Vhep force (Rhep)?foce 126° x 0.6802... 


Vice _ Vbce ) Facp _ (Roce) fincp _ 122° x 0.7405... setae 


Thus transformation from hcp to bec causes cell volume to |contract by 1.2% 


The lattice enthalpy AH is the change in standard molar enthalpy for the pro- 
cess MX(s) > M*(g) + X (g) and its equivalent. The value of the lattice en- 
thalpy is determined indirectly using a Born—Haber cycle, as shown in Fig. 15.6 
(all quantities are given in kJ mol‘). From the cycle it follows that 


~524 kJ mol”! + AH, = (148 + 2187 + 31+ 193 — 2x 331) kJmol 


Thus AHy, =|2421 kJ mol”! 


Solutions to problems 


P15C.2 


Figure 15.7 shows the packing of the ellipses; the area ofan ellipse is tab where a 
and b are the semi-major and -minor axes, respectively. The unit cell, indicated 
by the dashed lines, is a parallelogram and contains one rod cross-section. A 
pair of stacked ellipses have relative coordinates (x, y) and (x, y + 2b). The 
adjacent column of ellipses is centred b higher and so the contact point has 
y-coordinate b/2 higher. The equation for an ellipse is (x/a)? + (y/b)* = 1, 
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Mg** (g)+2 Br(g) 
aa Mg’*(g)+ Bro(g) 
31 2+ 2x —331 
Mg’* (g)+ Bra(1) Mg” (g) +2Br-(g) 
2187 
Mg(g)+ Br2(1) AH, 
148 Mg(s)+ Br2(1) 
—524 MgBr2(s) 
Figure 15.6 


and with this the x coordinate corresponding to y = b/2 is found as x = /3a/2. 
If follows that the distance h is given by h = 2x = a\/3, and thus the area of the 
unit cell is 2bh = 2\/3ab. It follows that the packing density is 


_1lxnab _ Tt 


2/3ab 2/3 


The eccentricity of an ellipse is defined as ¢ = [1 — (b*/a*)]!/*. The packing 
fraction is independent of a and b and thus is independent of eccentricity. 


= |0.907 


1/2. 


Figure 15.7 


P15C.4 (a) The general expression for the energy levels in a one-dimensional metallic 
conductor is given by [15C.1-658], E(k) = «+28 cos(kn/[N +1]) where 
k =1,2,..., N. It is convenient to first compute dE/dk 


dE d [a +2Bcos( kr )| 2pr sin( kr ) 
es i 
dk dk N+1 N+1 N+1 

The identity cos? x+sin” x = 1 is used to write sin x = (1 — cos” x), and 


in turn this is used to rewrite sin[kn/(N+1)]as [1 — cos? (kn/[N + 1] )] — 
The expression for the energy levels, E(k) = a + 2B cos[kn/(N + 1)], is 
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rearranged to give cos (kn/[N +1]) = (E - a)/(2). These two substi- 
tutions are used in the expression for the derivative 


dE api sin( kn ) 2Br [i cos'( ei 


dk N+ N+1 N+1 N+ 


Density of states p(E) is defined as p(E) = dk/dE, thus 


_dkoo1 (N +1)/2Bn 
dE dE /dk E _ (se) ]" 
2B 


p(E) 


(b) As E > a +28, E-a > +26, and thus (E - a)/26 > +1. It follows that 


(N +1)/2Bn _ 
[1 - (#1)?]"? 


p(E) > 


Thus the density of states increases towards the edges of the bands in a 
one-dimensional metallic conductor. 


P15C.6 The wavefunction for a ring of N atoms must be such that it has the same value 
at the (hypothetical) atom with index (N+ 1) as it does for the atom with index 
1 because, in a ring these two atoms are the same. This can only be achieved if 
the wavefunction varies in such a way that it goes through a whole number of 
cycles around the ring. 


The wavefunction for a line of atoms is not constrained in this way, so ifa linear 
chain were to have its ends ‘connected’ to form a ring, some wavefunctions of 
the linear chain would not satisfy requirements necessary to be a wavefunction 
for a ring of atoms. 


The energy levels of a line of atoms are non-degenerate, but for a ring all of the 
levels, apart from the one with k = 0, are doubly degenerate. This degeneracy 
can be associated with the possibility that the electron can travel clockwise or 
anti-clockwise around the ring. For a chain, no such net motion is possible. 


P15C.8 (a) Assuming that the ionic radius of Ca* is close to that of K*, the radius- 
ratio rule can be used to predict the lattice structure of CaCl. The radius 
ratio is y = 138 pm/181 pm = 0.762; this is > 0.732, therefore eightfold 
coordination, as in CsCl, is predicted and the appropriate value of the 
Madelung constant (Table 15C.3 on page 662) is A = 1.763. 

The Born-Mayer equation, [15C.5-662], is used to estimate the lattice 
enthalpy since when zero-point contributions to potential energy are ne- 
glected then lattice enthalpy is equal to the negative of Ep min. In this 
expression, z; is the charge number of ion i, d is the distance between 


neighbouring centres, A is the Madelung constant, €9 is the vacuum per- 
mittivity and d* is taken to be 34.5 pm. 

Taking the ionic radii from Table 15C.2 on page 661 as rca+ * K+ = 
138 pm and rc- = 181 pm, d = (138 + 181) pm = 319 pm. 


Nalzazple? d* 
ui Alzazs| (1 A 


Anegd d 
_ (6.0221 x 1073 mol’) x (1.6022 x 107°C)? 
An x (8.8542 x 10-1? J-! C? m7!) x (319 pm) 
late 34.5 pm 
319 pm 


x 1.763 = —685 kJ mol! 


Thus the lattice enthalpy of CaCl(s) is AH, =|685 kJ mol ‘|. 
The relevant Born-Haber cycle is shown in Fig. 15.8; all of the enthalpy 
changes quoted in the diagram are in kJ mol . The first ionisation energy 
of Ca, +589.7 kJ mol”', is taken from Table 8B.4 in the Resource section. 
It follows from the cycle that AsH® = 176 + 589.7 + 122 — 349 — 685 = 


~146 kJ mol! 


Ca* (g)+Cl(g) 
ie Ca* (g)+4Ch(g) ~349 


Cat Cl (g) 
£55 a*(g) + Cl (g 


Ca(g) +3Cho(g) 


176 Ca(s)+4Clo(g) —AH, = -685 


A;H* CaCl(s) 
Figure 15.8 


(b) The disproportionation reaction for CaCl (s) is 2 CaCl(s) + Ca(s)+CaCl(s). 
Using data from Table 2C.5 in the Resource section and using the enthalpy 
of formation of CaCl (s) calculated in part (a), 
A,H® = AgH® (Ca(s)) + ApH® (CaCl2(s)) — 2A¢H® (CaCl (s)) 
= [0 — 795.8 — 2(-146)] kJ mol! = -504kJ mol’ 


Hence the disproportionation reaction is strongly exothermic. The en- 
tropy change for this reaction is expected to be close to zero since there 
is no change in the number of species or their physical state, so it can 
reasonably by concluded that A,G® will also be negative, thus favouring 
the products of the reaction. Thus, it is plausible that CaCl is thermody- 
namically unstable with respect to disproportionation. 


P15C.10 


The Madelung constant is found by considering the contributions to the po- 
tential energy of an ion that arise from interactions with the surrounding ions, 
taking into account their number and distance from the ion in question. Con- 
sider the central cation, and assume that the successive circles of anions and 
cations are at distances r, 2r .... The first circle contains four anions, so the 
interaction with these will result in a negative contribution to the potential 
energy of —4xe*/(4megr). The next closest are four cations, and these will make 
a positive contribution to the potential energy of +4 x e*/(4me92r). Similar 
considerations apply to further circles of ions giving a series 


Ae? Ae? Ae? Ae? 
+ + +... 
Anegr 4meo(2r) 4meo(3r) 4neo(4r) 


e? 1 11 
=- x4xf1l—-~-+2--—-+4... 
Aneor 2 3 +4 


The series in parenthesis is the series expansion of In 2, so the potential energy 
is 
#2 
V=- x4~xIn2 
Aneor 


The Madelung constant in therefore |A = 41n2 = 2.773]. 


For the periodic lattices described in the text the same result is obtained regard- 
less of which ion it chosen as the ‘central’ ion in the calculation. This is certainly 
not the case for the arrangement considered in this Problem simply because the 
arrangement of ions is not periodic and no unit cell can be defined. 


15D The mechanical properties of solids 


Answer to discussion question 


Solutions to exercises 


E15D.1(b) ‘The relationship between the applied pressure p, the bulk modulus K, and the 


fractional change in volume AV/V is given by [15D.1b-666], K = p/(AV/V). 
From Exercise E15D.1(a) the bulk modulus of polystyrene is 3.43 GPa. The 
fractional change in the volume is therefore 


AV _ p _ 1000 x 10° Pa 


= 0.029... 
VK 3.43 x 109 Pa 


The change in volume is expressed in terms of the initial and final volumes, Vj 
and V; 


AV/V =(V;- Vi)/Vi hence V;=(AV/V)V, + V; 


where it is assumed that the change in volume is small enough that V is well- 
approximated by V;. Thus V; = —(0.029... x 1.0 cm?) + 1.0 cm? = [0.97 cm?|, 
Note that AV must be negative because the sample is compressed by the addi- 
tional pressure. 
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E15D.2(b) 


E15D.3(b) 


The Young’s modulus E is related to the stress o and the strain ¢ by [15D.1a-666], 
E = o/e. Stress is given by o = F/A where F is the force applied and A is the 
cross-sectional area. Strain is given by e = AL/L where L is the initial length 
of the rod. It follows that E = FL/AAL and hence F = EAAL/L. The Young's 
modulus of polystyrene is 4.42 GPa. 


EAAL 
F = —— 
E 
_ (4.42 x 10° Pa) x [1 x (0.5 x 107° m)*] x (10.05 cm — 10.00 cm) 


=|17N 


10.00 cm 


Poisson’s ratio, vp, is defined in [15D.2-667], vp = Etrans/Enorm, Where Etrans iS 
the transverse strain and €yo9rm is the normal (uniaxial) strain. If the normal 
strain is 2.0%, it follows that the change in length AL norm is 


Ait = Ghee need = 002 * (1m) =2,0% 10° m 


The transverse strain is trans = VpEnorm, SO the change in dimension in the 
transverse direction AL trans is 


ALtrans = EtransLtrans = VpEnormLtrans = 0.41 x 0.02 x (0.1 m) =8.2x 1074 m 
It is expected that the result of applying the stress will be to decrease the size 
of the cube in the transverse dimension (that is ALtrans is negative), and that 
the decrease will be the same in each transverse direction. The volume after the 


stress has been applied is therefore 


(0.1 m+ 2.0 x 107° m) x (0.1 m—8.2 x 10°* m)? = 1.00334... x 107° m? 


The change in volume is 1.00334... x 10~> m?—1.0x 107? m3 = |3.3 x 107° dm? 


Solutions to problems 


P15D.2 


If neighbouring molecules interact by a Lennard-Jones potential energy then 
the bulk modulus K is related to the Lennard-Jones parameter e (the depth of 
the potential well) by K = 8N,¢é/V,, where V,, is the molar volume. The molar 
volume is expressed in terms of the molar mass M and the mass density p as 


Vin = M/p. From the Resource section the mass density for water at 298 K is 
-3 


1.0 gcm ”, and the molar mass is 18.01... gmol ’. 
-_ Km _ KM (3.4 x 10° Pa) x (18.01... gmol ') 
8Nx  8Nap 8x (6.0221 x 1023 mol *) x (1.0 x 10° gm-3) 
= 1.27... x 1077 J 


Hence € = (1.27... x 10-2° J) x (6.0221 x 107? mol’) =|7.7 kJ mol! 


15E_ The electrical properties of solids 


Answer to discussion question 


Solutions to exercises 


E15E.1(b) 


EI5E.2(b) 


EL5E.3(b) 


Assuming that the temperature, T, is not so high that many electrons are excited 
to states above the Fermi energy, Er, the Fermi-Dirac distribution can be writ- 
ten as [I5E.2b-671], f(E) = 1/[e(®-##)/KT + 1], where f(E) is the probability 
of occupation of a state with energy E. 

For E = Ep — kT, f(Ep — kT) = 1/[e(#-*7-#e)/k? + 1] = 1/[e! +1] = [0.731 
Compared to the state with energy E = Ep+kT, for E = Ey —kT the probability 
of the state being occupied is much greater, and this is simply a reflection of 
the fact that the probability of a state being occupied decreases as the energy 
increases. 


The Fermi-Dirac distribution is given by [15E.2b-671], f(E) = 1/[e(®-##)/"? + 
1], where f(E) is the probability of occupation of a state with energy E, and 
Eg is the Fermi energy. In this case Ep = 2.00 eV = 3.20... x 107! J, using the 
conversion factor from inside of the front cover. With some rearrangement of 
the expression for f(E) it follows that 
E=kTIn{1/f(£) -1] +E 
= (1.3806 x 107° JK7') x (298 K) x In(1/0.10 - 1) + (3.20... x 107!” J) 
=3.29...% 10°” J = |[2,06eV 


Gallium is a Group 13 element and germanium is a Group 14 element. Thus, an 
electron can be transferred from a germanium atom to a neighbouring gallium 
atom, thereby creating a hole in the valence band and increasing the conduc- 
tivity of the material relative to pure germanium. This type of doping results in 
an |p-type] semi-conductor. 


Solutions to problems 


PI5E.2 


The Fermi-Dirac distribution is [15E.2a-670], f (E) = 1/[e®-/*7 +1], where 
f(E) is the probability of occupation of a state with energy E and yp is the 
chemical potential. 


(i) For E < w then lim (E — p)/kT =-00 so lim f(E) =1/(e°+1)=[1 


For E > wthen lim (E ~ w)/kT = +o so lim f(E) =1/(e +1) =1/oo= 


(ii) The integral is evaluated at T = 0 by splitting it into two and using the 
limits obtained in (i). 


Gay f(E)=0 
n= [™ p(e)s(e)az = [" pte) f(E) aes [ p(e) f(E) dE 


Hu Hu 
>) p(E)de = f CE? dE = 2043? 
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PI5E.4 


Substituting C = 4nV(2m,/h?)?/? gives 


ya atte ate 3/2 
3 \R # 


(iii) Rearranging the previous equatio to make yp the subject gives 


3N \2/3 72 
#=(=5) 2Me 


With V = N/V gives 


“Be 


81 2m. 


(iv) Ifeach sodium atom contributes one electron to the solid, N is equal to the 
number of sodium atoms in the solid. The mass density p is expressed as 
p = MN/NaV = MN/Na, where M is the molar mass of sodium. Hence 
N = pNa/M 


7 par h2 
81M 2mMe 


_ [3x (9.7 x 10° gm™) x (6.0221 x 107° mol‘) - 
| 81 x (22.99 gmol *) 
(6.6261 x 10°**Js)? 
“2x (9.1094 x 10-3! kg) 


=5,049...x 10°? J =[3.2 eV 


The conductance, G, of germanium is predicted to have an Arrhenius-like tem- 
perature dependence. The given equation is rearranged to give a straight-line 
plot 


E 
G= Cee hence InG =InGp - —& 
2kT 
Hence a plot of In G against (1/T) should bea straight line with slope —E,/2k.The 
data are plotted in Fig. 15.9. 


T/K  G/S (4/T)/K? In(G/s) 


312 = 0.0847 0.00321 —2.469 
354 0.4290 0.00282 —0.846 
420 2.8600 0.00238 1.051 


Linear regression analysis gives the equation for the best-fit line as 
In (G/S) = (—4.270 x 10°) x (1/T)/K7' + 11.22 
The band gap is computed from the slope 
E, = —2k x (slope) 
= -2x (1.3806 x 10-73 J K7!) x (—4.270 x 10? K) = 1.179 x 10°! J 
= [0.736 eV 


PI5E.6 
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0.0024 0.0026 0.0028 0.0030 0.0032 


(1/T)/K 


Figure 15.9 


It is assumed that the volume of the unit cell does not change on substitution 
of Ca for Y. A tetragonal unit cell has volume V = a’c, where a and ¢ are the 
sides of the unit cell. The mass density p is given by p = m/V, where m is the 
total mass of the unit cell. Therefore p = NM/(N,V) where N is the number 
of formula units per unit cell and M is the molar mass of a formula unit. It 
follows that M = pNaV/N. 


There are two formula units in each unit cell so N = 2 and 
M = 2(200.59) + 2(137.33) + 88.91(1 — x) + 40.08x + 2(63.55) 
+ 7.55(16.00)] gmol ' = (1012.65 - 48.83x) gmol | 
From the data given 
M= ipNaa’c 
= $(7.651 x 10° gm’) x (6.0221 x 10” mol") x (0.38606 x 107° m)? 
x (2.8915 x 10°? m) 
= 992.82 gmol ! 


Equating the expression for M with its numerical value gives 992.82 = (1012.65- 
48.83x), hence x = (1012.65 — 992.82) /48.83 = [0.406]. 


15F The magnetic properties of solids 


Answer to discussion question 


Solutions to exercises 


E15E.1(b) 


The magnetic moment m is given by [15F.3-675], m = ge[S(S+1)]'/?4g, where 
Ze = 2.0023 and pp = eh/(2m.). For Mn**, 5.3ug = ge[S(S + 1)]'/?up, the 
constant fg cancels leaving a quadratic which is solved for S 


S?+S-(5.3/2.0023)°=0  S=4(-14V1+4x1x 7.006...) = -0.500+2.693... 
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EI5E.2(b) 


EI5E.3(b) 


E15F.4(b) 


Of the two solutions, § = —3.19 is non-physical, and the solution $ = 2.19 
is reasonably close to S = 2. A plausible conclusion is that Mn** has [four 
unpaired electrons. Most Mn** complexes in fact have five unpaired electrons. 


The molar susceptibility ym of a substance is given by [I5F.2-674], ym = ¥Vm> 
where y is the volume magnetic susceptibility and V,, is the molar volume. 
The mass density p can be written p = M/V,, hence V,, = M/p. With the data 
given 


XM _ (-7.9x 10-7) x (6 x 12.01 + 12 x 1.0079) gmol 
0.811 gem 


Xm = XV = 


=|-8.2 x 107!! m3 mol! 


The molar susceptibility ym of a substance is given by [15F.4b-675], the Curie 
law, 
_ NageHotsS(S + 1) 
3k 
This is rearranged to give the spin quantum number as 


in=< where C 


S(S+1)= py 
ASe Hola 
3 x (1.3806 x 10°73 JK7!) x (298 K) 
"(6.0221 x 1023 mol!) x (2.0023)? 
, 6.00 x 10-* m? mol? 
(1.2566 x 10-6 J s? C-2 m-!) x (9.2740 x 10-24J T“!)2 
= 2.838... 


To sort out the units the relations 1 T = 1 kgs-* A7' and 1 A=1Cs"’, hence 
1C=14As, are useful. The value of S is found by solving the quadratic 


S*+S-2.838..=0  S=}(-L4V1+4x 1x 2.838...) = -0.500 + 1.757... 


The root S = —2.26 is non-physical. The other root, S = 1.26, implies an 
effective number of electrons of 2 x 1.26 = [2.5] (higher precision is not justified 
because the expected result is an integer). 


The 8 electrons in a Ni** octahedral complex are arranged in the tz, and e, 
orbitals such that there are 2 unpaired electrons. The discrepancy between this 
and the value of determined above arises because the analysis here considers 
only the contribution from the electron spins and does not include any possible 
orbital contribution; in addition, the effect of interactions between the spins is 
not considered. 


The spin contribution to the molar magnetic susceptibility is given by equation 
the Curie law, [15F.4b-675] 


_ NagevorpS(S +1) 
3k 


in=< where C 


E15E.5(b) 


If octahedral coordination and a high-spin arrangement are assumed, the 5 d 


electrons in Mn** are arranged as Ce so theoretically there are 5 unpaired 


electrons and S = 3 
NageHole _ (6.0221 x 10°? mol *) x (2.0023)? 
3k 3 x (1.3806 x 10-23 JK7!) 
e(1 2566240 ls Com ye (2x0 Ty 
= 6.302... x 10° m?Kmol ! 


To sort out the units the relations 1 T = 1 kgs-* A“! and 1 A=1Cs"', hence 
1C=14As, are useful. The molar susceptibility follows as 


(6.302... x 10-° m3 Kmol *) x (3)(2 + 1) 
298 K 


1.85 x 1077 m? mol! 


Xm 


Superconductors classed as Type I show abrupt loss of superconductivity when 
an applied magnetic field exceeds a critical value 1, characteristic of the mate- 


rial. The dependence of H, on T is given by [15F.5-676], H.(T) = H<(0) [1 - T?/T?], 


provided T < T,. This relationship is rearranged to give T for a given applied 
field 


1/2 -191/2 
T= r.{1 | = (9.5K) f eed =(21K 
H.(0) 158kAm 


The material must be cooled to 2.1 K or lower to remain superconducting in a 
magnetic field of 150 kAm‘'. 


Solutions to problems 


PISR2 


No data is given in the degeneracy of the electronic levels, so any possible effect 
of this is ignored in this answer (in fact both the ground and excited states are 
doubly degenerate, which does not affect the result). Assuming that the ground 
state has energy zero, and the excited state has energy ¢, it follows that p:/po = 
e/kT where Po and p are the probability of the ground and excited states 
being occupied. By definition po + p: = 1, so it follows that p, = e*/*"/(1 + 
eu), Multiplying top and bottom of this expression by gee gives p, = 
1/(e/*T +1) 

Since the ground state of NO exhibits no paramagnetism, only molecules in 
the excited state contribute to the molar magnetic susceptibility. Consequently, 
[15F.4b-675] must be modified to include the probability of the state being 
occupied 


a PiNageHoHpS(S+1) _ NagevoupS(S + 1) 
“ 3kT 3kT(e/kT +1) 


The magnetic moment m is given by [15E3-675], m = ge{S(S + 1)}!/7ug. 
Rearranging this gives S(S + 1) = [m/(geup)]”, which is substituted into the 
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previous equation to give 


— Navom? | Nao x (248)? 
3kT(e/FT 41)  3kT(ee/kT +1) 


where m = 24g is used, as given in the question. 


Xm 


It is convenient to evaluate the term e/k = hcv/k 
hc? (6.6261 x 10°**Js) x (2.9979 x 10'° cms") x (121.1 cm") 
k 1.3806 x 10-3 JK"! 
and also to evaluate 
ANaUoHR _ 4x (6.0221 x 107 mol") x (1.2566 x 10-°J s* C? m) 
3k 3 x (1.3806 x 10-23 J K7') 
x (9.2740 x 10-4 J T“!)? = 6.286... x 10°° m? mol | K 


= 174.24...K 


The final expression for the molar susceptibility is therefore 


_ (6.286... x 10° m? mol * K) 
a (T/K) x (1 + e742 K)/(7/8)) 


This quantity is plotted as a function of temperature in Fig. 15.10. Initially 7m 
increases due to the increasing population of the (paramagnetic) upper state. 
Eventually, a temperature is reached at which the populations of the two states 
are pretty much equal, and then y,, starts to fall off in the way predicted by the 
Curie law. Thus, there is a maximum in the plot of ym against T. 
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Figure 15.10 


15G_ The optical properties of solids 


Answers to discussion questions 


D15G.2 See Section 15G.3 on page 680. Significant non-linear effects are only seen when 
strong (oscillating) electric fields are applied. The intense light available from 
some lasers provides such a field. 


Solutions to exercises 


E15G.1(b) The maximum wavelength that allows promotion of electrons is 


or 


A= 


he _ (6.6261 x 107**Js) x (2.9979 x 108 ms“!) 


= 1.10...x 10°° m 
Ae (1.12 eV) x (1.6022 x 10-!9feV~!) 


1pm 


Solutions to problems 


P15G.2 


(a) 


(b) 


The excited states of a dimer have energies 9, = mon + p. With the given 
parameters f is evaluated as 


2 


R Umon 2 
= mk. (1-3 0 
p A4neghcr? ( meg) 


7 [4.00 x (3.3356 x 10° °° Cm) ]? 
4n(8.8542 x 10-1 J-! C? m7!) x (6.6261 x 10-34J s) 
(1 - 3cos? 6) 
x 
(2.9979 x 108 ms~!) x (0.50 x 10-° m)3 
= (6.44... x 10* m™!)(1 — 3 cos” 0) = (6.44... x 107 cm™!)(1 - 3cos” 0) 


Therefore the energies are 
¥./cm™! = 25000 + (6.44... x 10”)(1 — 3cos” 6) 


A plot of these as a function of @ is shown in Fig. 15.11. 
By analogy with [15C.1-658] the energies are given by 


Vchain = Vmon + 2V cos (kn/[N + 1]) 


where k = 1,2,3,...,N. From part (i) when @ = 0, B = -1.28... x 
10? cm~!; this is the value of V. 

The lowest-energy spectroscopic transition is from the ground state (de- 
fined to have energy zero) to the state with k = 1, and therefore occurs at 
a wavenumber of 


Vmin = Vmon + 2V cos (n/[N + 1}) 
Jmin/em™! = 25000 - (2.57... x 10°) cos (n/[N + 1]) 


This value of k makes cos(kn/[N+1]) as close as possible to its maximum 
value of 1, and because V is negative, this gives the lowest energy. 


N=5 — %minfem™! = 25000 — (2.57... x 10°) cos (1/6) = [2.277 x 104 


N=10 — tmin/em™! = 25000 — (2.57... x 10°) cos (m/11) =|2.253 x 104 


N=15 — tmin/em™! = 25000 — (2.57... x 10°) cos (1/16) =|2.247 x 104 


N=0o — tmin/em™! = 25000 — (2.57... x 10°) cos (1/00) = [2.242 x 104 


For large N the cosine term tends to 1 and the transition is as )mon + 2V. 
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(c) Because the model considers only nearest neighbour interactions, the tran- 
sition dipole moment of the lowest energy transition is |independent| of 
the size of the chain. 


27 000 
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Figure 15.11 


Answers to integrated activities 


The scattering factor f (6) is given by [15B.2-649] 


sinkr , 


f(6)=4n fo p(r) iy dr k= sind 


The quantity 4nr?p(r) is identified as the radial distribution function P(r), 
which is given in terms of the radial wavefunction of the orbital, P(r) = R(r)?r? 


sin kr 


dr 


f(@)= PO) 
The requested plot is of f(@) as a function of & = sin @/A, hence k = 4né and 


sin(4nér) 
4nér 


f(0) = f[ P(r) dr = : [ R(r)* sin(4nér) rdr 
0 4n& Jo 

From Table 8A.1 on page 306 the 1s hydrogenic orbital the radial wavefunction 
is R(r) = 2(Z/ay)?/*e-2"/, and so the radial distribution function is P(r) = 
R(r)?r? = 4(Z/ay)*r?e?2"/", The integral has to be evaluated numerically 
using mathematical software. The parameter € is some fraction of 1/A, where 
A is the wavelength of the X-rays used. Typically A = 100 pm so € is less 
than 10'° m™’. The upper limit of the integration can conveniently be set to 
a modest multiple of the Bohr radius, say 10049, because beyond this distance 
the electron density will be negligible. The computed scattering factor is shown 
in Fig. 15.12 for Z = 1 and Z = 2. As expected, for forward scattering, & = 0, 
the scattering factor is equal to the number of electrons, in this case 1. As & 


increases the scattering factor falls off, but the decay is slower for the more 
compact orbital with Z = 2. 


For a 2s hydrogenic orbital 


R(r) = 8-Y*(Z fag)? (2 me Zr/ay)e 2112 
P(r) = 81 (Z/ao)?(2 - Zr/ao)*re 21 


The computed scattering factor is shown in Fig. 15.13 for Z = 1 and Z = 2. 
As for the 1s orbital the scattering factor is equal to 1 for forward scattering. 
Compared to the 1s the scattering from 2s falls off more quickly and also shows 
some small negative excursions. 
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1 Molecules in motion 


16A Transport properties of a perfect gas 


Answers to discussion questions 


D16A.2 


The diffusion constant is given by [16A.9-694], D = +AUmean: The mean free 
path A decreases as the pressure is increased ([16A.la—690]), so D decreases 
with increasing pressure and, as a result, the gas molecules diffuse more slowly. 
The mean speed Umean increases with the temperature ([16A.1b-690]), so D also 
increases with temperature. As a result, molecules in a hot gas diffuse more 
quickly than those when the gas is cool (for a given concentration gradient). 
Because the mean free path increases when the collision cross-section o of 
the molecules decreases, the diffusion coefficient is greater for small molecules 


than for large molecules. 


The viscosity is given by [16A.11c-696], 7 = +UmeanAmN. The mean free path 
is inversely proportional to the pressure and NV is proportional to the pres- 
sure, therefore the product AW, and hence the viscosity, is independent of 
pressure. The physical reason for this pressure-independence is that as the 
pressure increases more molecules are available to transport the momentum, 
but they carry it less far on account of the decrease in mean free path. The 
mean speed goes as T!/2 (at constant volume) and so the viscosity increases 
with temperature. This is because at high temperatures the molecules travel 
more quickly, so the flux of momentum is greater. 


Solutions to exercises 


E16A.1(b) For a perfect gas, the collision flux Zw is [16A.7a-693], Zw = p/(2nmkT)". 


The number of helium molecule collisions within area A in time interval t is 
therefore N = ZyAt. The mass m is written in terms of the molar mass M: 
m=M / N. A: 


1/2 


P PN» 
N =Z,At = At = 
(2nmkT) 1/2 (2nMkT)}/2 


_ (111 Pa) x (6.0221 x 107 mol”')!/? x [(3.5 x 4.0) x 1074 m?] x (10s) 
[2m x (0.004 kg mol ') x (1.3806 x 10-23 J K~!) x (1500 K) ]}/2 


At 


=|5.3 x 1077] collisions 


E16A.2(b) ‘The diffusion constant is given by [16A.9-694], D = AU mean» where A is the 
mean free path length A = kT/op [16A.1a—-690], and Umean is the mean speed 
Umean = (8RT/nM)"/? [16A.1b-690]. 


LkT [8RT]? 
~ 360p Ea 
3o0plLnmM 

_ (1.3806 x 10-23 J K-1) x (293.15 K) [ 8x (8.3145] K-! mol") x (293.15 K) ]"” 


3 x (4.3 x 10-19 m2) x (p/Pa) mt x (0.02802 kg mol ') 
1 
= (1.476... m’*s! 
( ye p/Pa 


The flux of nitrogen molecules atoms J, is related to the diffusion coefficient D 
and the concentration gradient dN//dz by [16A.4-691], J, = -DdN/dz. From 
the perfect gas equation, pV = NkT, the number density is expressed in terms 
of the pressure as V = N/V = p/kT. With this, the concentration gradient is 
written in terms of the pressure gradient: dN’/dz = (1/kT)dp/dz, and hence 
the flow is J, = -(D/kT)dp/dz 


-Ddp_ -1 | (1.476...m?s7') x (1.2 x 10° Pam‘) 


a kT dz p/Pa (1.3806 x 10-23 J K~!) x (293.15 K) 
= (4.37... x 107 ms!) x z 
p/Pa 
p/Pa D/(m*s"') —Je/(m™* 8") Uz/Na)/(mol m™ s™*) 
100.0 1.48x10°° -4.38x 107? = -0.73 


1.00x10° 1.48 x 107° —4.38 x 107° -~7.3 x 1074 
2.00x 107 7.38x 10-8 -2.19 x 1018 -3.6 x 107° 


E16A.3(b) The thermal conductivity is given by [16A.10c-695], x = vpD/T, where the 
diffusion coefficient D is given by [16A.9-694], D = AUmean/3. The mean free 
path A is given by [16A.1la-690], A = kT/op, and the mean speed Umean is 
given by [16A.1b-690], Umean = (8RT/nM)"/?. The quantity v is the number 
of quadratic contributions to the energy, and this is related to the heat capacity 
by Cy.m = vkNa, hence v = Cy,m/kNa. The thermal conductivity is therefore 
expressed as 


= PD _ vpAvmean _ Cvim Pp kT Lae Cis Ey 
T 3T kNa 3T op \ 1M 30Na \ 1M 
20.8JK7! mol! 
3 x (4.3 x 10-19 m?) x (6.0221 x 1023 mol) 
: (° x (8.3145J K-! mol!) x (298 K) )" 
mt x (2.802 x 10-2 kg mol") 
13810" [Kare 


hence k = 


E16A.4(b) 


E16A.5(b) 


E16A.6(b) 


The thermal conductivity is given by [16A.10c-695], x = vpD/T, where the 
diffusion coefficient D is given by [16A.9-694], D = AUmean/3. The mean free 
path J is given by [16A.la-690], A = kT/op, and the mean speed Umean is 
given by [16A.1b-690], Umean = (8RT/1M)!/?. The quantity v is the number 
of quadratic contributions to the energy, and this is related to the heat capacity 
by Cy.m = vkNa, hence v = Cy,m/kNa. The thermal conductivity is therefore 
expressed as 


_vpD — vpAvmean _ Cvsm p kT easy or Caw aca 
T 3T kNa 3T op \ nM 30N, \ nM , 


Rearranging gives an expression for o in terms of the thermal conductivity 


Cin eu 
— 


~ 3KN A \ 1M 

The value of Cp, m is given in the Resource section; Cy,m is found using Cp m — 
Cy.m = R for a perfect gas. The tabulated values of the thermal conductivity 
are at 273 K. These can be converted to values at 298 K by using the fact 
that x o T'/?, which follows from eqn 16.1 provided that the hat capacity 
can be assumed to be constant over the temperature range of interest. Hence 


K298 K © (298 K/273 K) u/2 K273 x; With the value from the Resource section this 
gives Ko9g K = 2.40 x 10-?(298/273)/? = 2.50... x 10-2 JK"! m™! $7! 
(29.125 JK~! mol) — (8.3145J K7! mol‘) 
3 x (2.50... x 10-2 JK7! m=! s~!) x (6.0221 x 1023 mol *) 
|. (8 (8.3145) K"! mol) x (298 K) us 
Tt x (2.802 x 10-? kg mol ') 


= {0.218 nm? 


The value reported in Table 1B.2 on page 17 is 0.43 nm?. 


The flux of energy is given by [16A.3-691], J, = —xdT/dz. The value of the 
thermal conductivity « for N2 at 298 K is determined in Exercise E16A.3(b) as 
1.3 x 10 JK-!m='s"!. As is seen in that Exercise, x « T1/? provided that 
the heat capacity is constant over the temperature range of interest. It therefore 
follows that 299 x = (290 K/298 Ky Koop K = 1.28... x 10°? JK mi! s7}, 
With these data the flux is computed as 


J, = -x dT /dz = -(1.28...x10-7 JK! m™'s7')x(8.5Km') =|-0.11Jm’s7} 


The flux of energy is given by [16A.3-691], J, = -—xdT/dz, where x is the 
thermal conductivity and the negative sign indicates flow of heat is towards 
the lower temperature. The rate of energy transfer is r = J,A, where A is the 
cross-sectional area. The temperature gradient is approximated as dT/dz = 
AT/Az. The value of « is approximated as the value given for N> in the Re- 
source section, 24 mW K7! m™!; because 1 W = 1J s_! it follows that « = 
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E16A.7(b) 


E16A.8(b) 


2.4x 10-7 JK m!s7!. 


[(0) - (70)] K _ 


=—-(2.4x 107 JK i m's7) x (2.00 m’) x 
( J yes ) 0.0500 m 


The viscosity 4 is given by [16A.11c-696], 7 = pMD/RT. In turn the diffusion 
constant is given by [16A.9-694], D = AU aieans where A is the mean free 
path length A = kT/op [16A.la-690], and Umean is the mean speed Umean = 
(8RT/1M)'/? [16A.1b-690]. The first step is to find an expression for y as a 
function of temperature 


_ pMD _ pM kT cay M eos 1 Coy rn 
Tl 


RT RT30p\nM)  30Na\nM) — 30Na 
7 1 
3 x (8.8 x 10-19 m2) x (6.0221 x 1023 mol ') 


, (° x (8.3145JK7! mol ') x (0.078... kgmol *) )" rie 
Tt 


= (8.08... x 10-7 kgK7/? m™! §"!) x (T/ K)'/? 


where 1J = 1 kg m’ s~ has been used to arrive at the units on the final line. Us- 
ing this expression the following table is drawn up (recall that 10~” kg m7‘ s"! = 


1 uP) 


T/K — nf(kgm™'s') —_y/(uP) 


273 1.34 x 107° 134 
298 1.40 x 107° 140 
1000 =2.56x 107° 256 


In the solution to Exercise E16A.7(b) it is shown that 


1 (— 


7 1 eay 
7 30Na 


1/2 
hence o = 
3yNa 


Tt Tt 


Recalling that 10-? kgm’ s~! = 1 uP, the cross section is computed as 


1 
_ 
3 x (1.66 x 10-5 kgm“! s~!) x (6.0221 x 1023 mol") 


(° x (8.3145JK~! mol ') x (0.02802 kg mol") x (273 K) )" 
Tl 


=|0.424 nm? 


E16A.9(b) The rate of effusion, r is given by [16A.12-697], r = pAyNa/(2nMRT)"/?; this 
rate is the number of molecules escaping through the hole in a particular period 
of time, divided by that time. The mass loss Am in period At is therefore Am = 
AtpAoNa/(2mMRT)"/? x m, where m is the mass of a molecule. This mass is 
written m = M/Na and soit follows Am = AtpAyM'/?/(2nRT)'/?. Evaluating 
this with the values given 


AtpAgM!/2 
~ (2nRT) 2 
(86.400 s) x (0.224 Pa) x m x (4 x 3.00 x 10° m)? x (0.300 kg mol *)1/? 
: [2 x mx (8.3145J K! mol’) x (450 K) ]}/2 
= 4.89 x 10-7 kg = [489 mg 


Am 


E16A.10(b) The rate of effusion, r is given by [16A.12-697], r = pAgNa/(2nMRT)"”; this 
rate is the number of molecules escaping through the hole in a particular period 
of time, divided by that time. The mass loss Am in period At is therefore Am = 
AtpAoNa/(2nMRT)'/? x m, where m is the mass of a molecule. This mass is 
written m = M/Ng and so it follows Am = AtpAyM'?/(2nRT)'/. This is 
rearranged to give an expression for p 


— Am(2nRT)"? Am eau 


AtAoM}/? AtAy\ M 
2.77 x 10-4 kg 2n x (8.3145) K"! mol *) x (573.15 K) ue 
~ (500 s) x mx (2.5 x 10-4 m)? 0.200 kg mol ' 
=|1.09 x 10° Pa 


E16A.11(b) The rate of effusion, r is given by [16A.12-697], r = pAgNa/(2nMRT)"”; this 
rate is the number of molecules escaping through the hole in a particular period 
of time, divided by that time. In this experiment the pressure changes so the rate 
of effusion changes throughout the experiment; nevertheless, the rate is always 
proportional to M~'/?, The two experiments involve comparing the time for 
the same drop in pressure, therefore the only factor that affects this time is the 
molar mass of the effusing gas. Because the rate is proportional to M~!/? the 
time for a given fall in pressure will be proportional to the inverse of this, that 
is M'/?, It follows that 


rate for gas A _ time for gasB _ ( Mg " 


rateforgasB timeforgasA \Ma 
Therefore 
1/2 2 
82.3 M _ 82.3 = 
ey eal hence Mg = (28.02 gmol ') (=) =|555 gmol | 
185s \My, 18.5 
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E16A.12(b) The rate of effusion is given by [16A.12-697], dN/dt = pAyNa/(2nMRT)'?; 


this is the rate of change of the number of molecules. If it is assumed that the 
gas is perfect, the equation of state pV = NkT allows the number to be written 
as N = pV/kT, and therefore dN/dt = (V/kT)dp/dt. The rate of change of 
the pressure is therefore 


dp kT  pAoNa RTAg : -—49/ RT \" 
dt V (2nMRT)!/2,— -V(2nMRT)!}/2 P V \2nM P 
ecxc——qw«~ 


a 


The minus sign is needed because the pressure falls with time. This differen- 
tial equation is separable and can be integrated between p = pj; and p = pr, 
corresponding to t = Oand t = ¢. 


Prt t 
f (1/p) dp = 7 —a dt hence In(p¢/pi) = —at 
Pi 0 


The time for the pressure to drop by the specified amount is therefore 


RT 

1.22 x 10° Pa (22.0 m*) 2n x (2.802 x 107 kgmol') oa 
oe ( 1.05 x 10° =) [7(5.0 x 10-5 m)?] (ee mol ') x (293 K) 
= 3.57 x 10° s =/41.4 days 


nM \1/2 
t = —In(p¢/pi)/a = In(pil Ps) (- r) 


0 


Solutions to problems 


P16A.2 


P16A.4 


The thermal conductivity is given by [16A.10c-695], x = vpD/T, where the 
diffusion coefficient D is given by [16A.9-694], D = AUmean/3. The mean free 
path A is given by [16A.la-690], A = kT/op, and the mean speed Umean is 
given by [16A.1b-690], Umean = (8RT/mM)"/?. The quantity v is the number 
of quadratic contributions to the energy 


vpD vpAvmean vp kT Eas vk ey 
ee 2 7 _ 
T 3T 3T op \ nM 30 \ mM 


At 300 K the expectation is that three translational degrees of freedom and 
two rotational degrees of freedom will contribute, giving v = 5/2 (recall that 
for a linear molecule there is no rotation about the long axis). At 10 K the 
temperature is far too low for the rotational degrees of freedom to contribute 
and so v = 3/2. The ratio «399 x/K 10x is therefore 


K300K _ V300K(300K)'/?__ (5/2) x (300 K)'/? 


= (9.13 
Ki0K Viox(10 K)!/2 (3/2) x (10 K)}/2 


The rate of effusion, r is given by [16A.12-697], r = pApNa/(2nMRT)"/?; this 
rate is the number of molecules escaping through the hole in a particular period 


P16A.6 
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of time, divided by that time. The mass loss Am in period At is therefore Am = 
AtpAoNa/(2nMRT)'/ x m, where m is the mass of a molecule. This mass is 
written m = M/Ng and so it follows Am = AtpAyM'?/(2nRT)'/. This is 
rearranged to give an expression for p 


— Am(2nRT)'? Am elu 


AtAyM1/2 AtAy \ M 
(4.3 x 1078 kg) Qn x (8.3145J K7! mol”) x (1273.15 K) | 
~ (7200s) x [2(5.0 x 10-4 m)?] ( 0.07264 kg mol! 
=|7.28 x 1073 Pa 


The rate of effusion is given by [16A.12-697], dN/dt = pAyNa/(2nMRT)"?; 
this is the rate of change of the number of molecules. If it is assumed that the 
gas is perfect, the equation of state pV = NkT allows the number to be written 
as N = pV/kT, and therefore dN/dt = (V/kT)dp/dt. The rate of change of 
the pressure is therefore 


dp kT pAoNa RTAg . =| RT )" 
= - x 
dt V (2nMRT)!/2,— V(2nMRT)!/2 P V \2nM P 
ee.’ 


a 


The minus sign is needed because the pressure falls with time. This differen- 
tial equation is separable and can be integrated between p = po and p = p, 
corresponding to f = 0 and t = ft. 


P t 
f[ (1/p) dp = f -adt hence In(p/po) =-at 
Po 0 


The time dependence of the pressure is therefore given by 


Ao 


-—at RT ue - 
P = Poe a= 2 (——} or P = Poe 


The time t}/2 for the pressure to fall from po to po/2 is given by 


In[ (po/2)/po] = —atyj, hence ty/2 = (In2)/a 


The half life of the pressure is therefore 


Vin2 /2nM \'/? 
h/2 = ( 


Ao RT 


This half-life is independent of the pressure. 
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16B Motion in liquids 


Answers to discussion questions 


D16B.2 


The Grotthuss mechanism for conduction by protons in water is described 
in Section 16B.2(a) on page 701 and illustrated in Fig. 16B.2 on page 703. It 
seems plausible that such a mechanism could also occur in the relatively open 
hydrogen bonded structure of ice. 


Solutions to exercises 


E16B.1(b) 


E16B.2(b) 


The temperature dependence of the viscosity 74 is given by [16B.1-699], 4 = 
noe’/®™, where no is viscosity in the limit of high temperature and E, is the 
associated activation energy. Taking the natural logarithm gives In 7 = In yo + 
E,/RT. Hence 


E. 
Inq, — Inn = (In qo + E,/RT,) — (Inno + E,/RT>) = a (= - =) 


Rearranging gives an expression for the activation energy 


E,=R In (41/N2) 
(T° - T3") 
In [(1.554 cP) /(1.450 cP)] 


= (8.3145J K”' mol *) [(293.15 K)-! — (313.15 K)-"] 


=|2.64 kJ mol! 


According to the law of independent migration of ions, the limiting molar 

conductivity Af, of an electrolyte is given by the sum of the limiting molar 

conductivities A; of the ions present, [16B.6-701], AS, = v4A4 + v_A_; in this 

expression v, and v_ are the numbers of cations and anions provided by each 

formula unit of electrolyte. For each of the given electrolytes it follows that 
Avr = At + Ap- AKcH,Co; = At + AcH;Cco,- 


° 
AMg(CH;CO2), = Ag? + 2AcH,co.- 


These expressions are manipulated to give A itor, 


AMgr, = Ayig2+ + 2Ap- 
= (A\g(cHco,), ~ 2AcH:co,- ) + 2(Axg - Ax+) 
= AMe(CHsCO.), + 24Kr ~ 2(AcH,co,- + Axe) 
= AMg(CH;CO2)> + 2AKp — 2AKcH;co; 


= [18.78 + 2(12.89) — 2(11.44)] mS m? mol! =|21.68 mS m2 mol”! 


E16B.3(b) The ion molar conductivity J is given in terms of the mobility u by [16B.10-703], 
A = zuF, where z is the charge number of the ion (unsigned) and F is Faraday’s 
constant; it follows that u = A/zF. Note that 1$=1CV7's"1. 


5.54 mSm? mol! 


© (1) (96485 C mol) 


=5.74x10-° mS m? C7! =|5.74 x 1078 m? V7! 7! 


7.635 mS m* mol! 


= 7.913x10-> mS m? C7! =|7.91 x 1078 m2 V7! s~ 


Uuci- 


~ (1)(96485 C mol) 


7.81 mS m? mol ! 


= 8.09x107> mS m2 C7! =|8.09 x 1078 m2 V~! s~! 


Upr- 


~ (1)(96485 C mol) 


E16B.4(b) The ion molar conductivity A is given in terms of the mobility u by [16B.10-703], 
A = zuF, where z is the charge number of the ion (unsigned) and F is Faraday’s 
constant. Note that1S=1CV's"!. 


) = zuF = (1)x(4.24x 1078 m? V7! s~!) x (96485 C mol _') =|4.09 mS m? C7! 


E16B.5(b) The drift speed s of an ion is given by [16B.8b-702], s = u£, where £ is the 
electric field strength. This field strength is given by £ = Ad/I where Aq is the 
potential difference between two electrodes separated by distance /. 


Ag 


24.0 V 
S=uE= t= (4.01 x 10° m* V's") x 


5.00 x 10-3 m 


= 1.92 x 1074 ms7! =/192 ums"! 


E16B.6(b) The Einstein relation, [16B.13-704], u = zDF/RT, gives the relationship be- 
tween the mobility u, the charge number of the ion z, and the diffusion coeffi- 
cient D. 
uRT — (4.24x 10-8 m?V~'s"') x (8.3145 JK"! mol’) x (298 K) 
2F (1) x (96485 Cmol ') 
=|1.09 x 107? m? s"! 


D= 


Solutions to problems 


P16B.2 To fit the data to the expression y = const. x e*/®®, the natural logarithm is first 


taken and then the base changed to common logarithms using In x = log x x 


In 10 7 

Iny =1 t.+— oh log 7 = const. + ——— 

ny =Inconst.+ 5 hence logy =const.+ 77 a 
The log of the ratio 7/y*, where y”* is the viscosity at temperature T™, is there- 
fore 


‘ a. ee FE A 
log n/n” = logy — logy -atalF =) (16.2) 
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P16B.4 


This expression is compared with that in the question by taking T* = (20 + 

273) = 293 K and rewriting the relationship as 

1.3272[20 — (T/K - 273) ] — 0.001053[20 — (T/K — 273)? 
(T/K — 273) + 105 


log y/n20 = 


where 0/°C = (T/K - 273) is used. One approach is to generate values of 
log y/720 in the range 20 °C to 100 °C and then plot these data against 1/T; 
according to eqn 16.2 the slope of such a graph is E,/R1n 10. Such a plot is 
shown in Fig. 16.1. 


0.0 x 

=> 0.27 7 

& 

=~ | 4 

= 

2 

—= -0.4- 4 
0.6 ! ! | L | 1 | 
0.0026 0.0028 0.0030 0.0032 0.0034 

(1/T/K) 
Figure 16.1 


The data are a modest fit to a straight line with equation 
log (q/N20) = (7.4667 x 10°) x 1/(T/K) — 2.5655 
The activation energy is computed from the slope as 


E, = R1n 10 x (slope) 


= (8.3145J K7! mol *) x (In 10) x (7.4667 x 10? K) =|14.3 kJ mol’ 


The conductance G is the reciprocal of the resistance R, G = 1/R. The con- 
ductivity of the solution in the cell depends on the measured conductance and 
the physical dimensions of the cell. However, because in these measurements 
the same cell is being used, it follows that the conductivity of the solution is 
given by x = A/R, where A is a constant. If the resistance of two solutions are 
measured in the cell the ratio of the measured resistances is the inverse of the 
ratio of their conductivities: Ry /Rz = K2/k1. 


Both solutions are aqueous and hence their conductivities consist of contribu- 
tions from the water component and acid component. Therefore 

«(acid solution) _ «(acid) + x(water) | R(KCI solution) 

«(KCl solution) «(KCl)+x(water) R(acid solution) 
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Hence 
R(KCI soluti 
«(acid) = aad mene x [x(KCl) + «(water) ] — «(water) 
33.21 0 
= 1.1639 + 0.076) Sm™'] - (0.076 Sm"! 
300.0 0 * LI nS) ae ay 
=61.2..mSm" 


The molar conductivity, Am is defined by equation [16B.4-700], Am = «/c, 
where x is conductivity and c is concentration. Thus for 0.100 mol dm ° ethanoic 
acid, 


k(acid) 61.2..mSm™_ 61.2... x 10° Sm"! 
c 0.100 moldm™* 0.100 x 103 molm™~* 


= 0.613 mS m? mol! =|6.13 Scm? mol”! 


Am = 


P16B.6 (a) & (b) The drift speed s of an ion is given by [16B.8b-702], s = w£. The electric 
field strength £ is given by £ = A@/I where A¢ is the potential difference 
between two electrodes separated by distance /. Hence s = u£ = uA¢@/I, 
and the time taken to travel distance / is t = I/s. 


100 V 


For Lit s = (4.01 x 10-8 m* V7! s') x —————- = |80.2 ums“! 
5.00 x 10-7 m 
I 5.00 x 10°? m 
t=-= = [623 s 
s 80.2x10-° ms"! 
100 V 
For Na* s = (5.19 x 107° m7 V~' 7!) x ———_—_ = 104 ums“! 
5.00 x 10-2 m 
I  5.00x 10-7 m 
t=-= = [481s 
s 104x 10-6 ms7! 
100 V 
For K* s = (7.62 x 10-8 m? V-'s"') x —————- = 152 ums“! 
5.00 x 10-2 m 


i] 5.00 x 10°? m 
t=-= = [329s 
s  152x10-&ms7! 


(a) An alternating potential difference with frequency v = 2.0 kHz requires 
time f)/ = 1/2v to complete a half-cycle. The electric field strength is 
given by £ = €osin(2nvt) where Z) = (100 V)/(0.05 m) = 2.00 x 
10° Vm! 


The instantaneous displacement is given by s dt, so the net displacement 
d is found by integrating this over a half cycle with s = u£p sin(2mvt); the 
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solvent diameter is taken at 0.3 nm. 


1/2v 
d= f[ u£ sin(2nvt) dt = a 
0 


TV 
(4.01 x 10-8 m* V-! s"!) x (2.00 x 10? Vm"') 


d(Li*) = = [12.8 
ond mx (2 x 103 s-!) am 
= [43] solvent diameters 
5.19 x 1078 m? V's!) x (2.00 x 10? Vm“ 
d(Na*) = ore = i a2 16.5 nm 
mx (2x 103 s-!) 
= [55] solvent diameters 
7.62 x 1078 m? V's!) x (2.00 x 10? Vm™ 
a(t) = { : = oie ad Ck = ) 3mm 
m x (2 x 103 s-!) 
= |81] solvent diameters 
P16B.8 A spherical particle of radius a and charge ze travelling at a constant speed 


through a solvent of viscosity 7 has mobility u given by [16B.9-702], u = ze/f, 
where f is the frictional coefficient with Stokes’ law value f = 61a. It follows 
that a = ze/6nyu. The mobility is related to the diffusion coefficient D by 
the Einstein relation, [16B.13-704], u = zDF/RT, hence D = uRT/zF. The 


viscosity of water is 0.891 x 10°? kgm™'s7}. 


One (1) x (1.6022 x 1071? C) x 101? 
6nyu 6 x (0.891 x 10-3 kgm | s~!) x (u/ m2 V-!s-!) 
953.0% 10" 
7 (u/ m? V-!s-1) 
D/ ms" = uRT — (u/m?V~'s") x (8.3145JK7! mol‘) x (298 K) 


ZF (1) x (96485 C mol ') 
= (2.56... x 10-7) x (u/ m* V_'s"') 


Lit Na* K* — Rbt 
u/(108m?V's') 401 519 762 792 
D0 m*s*) 103 133 «1.96 2.03 
a/ pm 238 «6184. «125—Ss«*120 
ionic radius, r./ pm 59 102 138 149 


As commented on in the text, although a ‘free’ Li* is much smaller than a free 
Na™ ion the hydrodynamic radius of Li* is greater than that of Na* on account 
of the more intense electric field generated by the smaller ion resulting in more 
solvent molecules be attracted. The number of water molecules being dragged 
along with an ion is estimated as 


volume of the solvated ion — volume of the freeion a® — r3 


a = 
volume of one water molecule re 


The volumes are given by $1r? with the relevant radius: a is the hydrodynamic 
radius, r, is the radius of the ion, and ry is the radius of a water molecule, taken 


to be 150 pm. 
2387 — 593 
Ny(Li*) = =3.9=|4 
we) 1503 
Nw(Na*) aie 2 1.5=[L to 2 
a = HES lo= Oo 
“ 1503 


16C Diffusion 


Answers to discussion questions 


D16C.2 See the text following [16C.6-709]. 


Solutions to exercises 


E16C.1(b) The root mean square displacement in three dimensions is given by [16C.13b- 
712\, (r?)'/? = (6Dt)"/?, where D is the diffusion coefficient and f is the time 
period. 


‘ae (1.0 x 10°? m)? 7 
6D 6x (2.26 x 10-9 m*s~') 


7.4x 103 s 


E16C.2(b) ‘The diffusion in one dimension from a layer of solute is described by [16C.10- 
710] 
No —x?/4Dt 
A(nDt)!/2 
where c(x, t) is the concentration at time t and distance x from the layer, and 
no is the amount in moles in the layer of area A placed at x = 0. If the mass of 
I, is m, then mg = m/M, where M is the molar mass (253.8 gmol '). 


c(x, t) = 


m —x?/4Dt 


eae) = MA(nDt)'/2 


(0.01 kg) x 7 (5-0 107? m)?/4x(4.05x107? ms!) 


c(5.0 cm, f) = 
( ) (253.8 gmol ')x(10.0 x 10-4 m?) x[7(4.05 x 10-9 m2 s~!) ¢]}/2 


= [(3.49... x 10? moldm™”) x (t/ S elcll gemma a) 
c(5.0 cm, 10s) = (3.49... x 10? moldm™) x (10)7!/ x @7154--%10°/(20) 


=|0.00 moldm° 


c(5.0 cm, 24h) = (3.49... x 10? mol dm7?)[24(3600)]7!/? x e7 154% 10°/[24(3600)] 


3 


=|0.199 mol dm™ 


Diffusion is a very slow process: after 10 s the concentration at a height of 10 cm 
is zero to within the precision of the calculation. 
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E16C.3(b) ‘The thermodynamic force F is given by [16C.3b-706] 


Substituting c(x) = co — Bcox? into the above expression gives 


RT 2BxRT 
Fe 2 = 
Co — Bcox? Fee) 1 — Bx? 


The constant a is found by noting that c = co/2 at x = 20 cm = 0.20 m. Hence 
co/2 = co — Bco x (0.20 m)* and therefore B = 12.5 m™’. 


At T = 298 K and x = 8 cm the force is 


_ 2x (12.5 m™?) x (8 x 10-7 m) x (8.3145JK7! mol’) x (298 K) 


F 
1 — (12.5 m7?) x (8 x 10-2 m)? 


=|54kNmol | 


A similar calculation at x = 16 cm gives F =|73 kN mol ‘| 


E16C.4(b) The thermodynamic force F is given by [16C.3b-706] 


ax 


Substituting c(x) = coe™ * into the above expression gives 


RT 
Fs ae ee) = 2axRT 
coe o* 
The constant a is found by noting that c = co/2 at x = 10 cm = 0.10 m. Hence 
Co/2 = coe *0-!0 ™” and therefore a = In2/(0.10 m)? = 69.3 m~ 


The thermodynamic force at T = 291 K and x = 10.0 cm is 


F = 2(69.3m *)x(0.10 m)x(8.3145JK ' mol ')x (291 K) = [33.5 kN mol! 


E16C.5(b) ‘The root mean square displacement in three dimensions is given by [16C.13b- 
712], (r?\\/? = (6Dt)!/*, where D is the diffusion coefficient and t is the time 
period. Hence, 


aa (1.0 x 10°? m)? 7 
6D 6x (4.05 x 10-9 m?s~') 


4.1x 10° 5 


E16C.6(b) The Stokes—Einstein equation [16C.4b-708], D = kT/6nya, relates the diffu- 
sion coefficient D to the viscosity 7 and the radius a of the diffusing particle, 


which is modelled as a sphere. Recall that 1 cP = 10° kgm™'s7!. 


kT (1.3806 x 10-73 J K7') x (298 K) 


=|0.207 nm 


oe - 
6myD 6m x (1.00 x 10-3 kgm‘ s~!) x (1.055 x 10-9 m2 s~) 


E16C.7(b) ‘The Einstein-Smoluchowski equation [16C.15-713], D = d 2 /2r, relates the dif- 
fusion coefficient D to the jump distance d and time T required for a jump. 
Approximating the jump length as the molecular diameter, then d » 2a where 
a is the effective molecular radius. This is estimated using the Stokes—Einstein 
equation [16C.4b-708], D = kT /6nya, to give 2a = 2kT/6nnD. 


Combining these expressions and using the value 7 = 0.386 x 10°° kg ms? 


for the viscosity of heptane gives 


#1 (TY _ 1 (kTY 
2D 2D \6nyD 18D? \ my 
1 (1.3806 x 10-23 JK~) x (298 K) \” 
ys 


~ 18 x (3.17 x 10-9 m? s- mx (0.386 x 10-3 kgm’! s~!) 
= 2.01 x 107'! s = [20.1 ps 


E16C.8(b) The root mean square displacement in three dimensions is given by equation 
[16C.13b-712], (r?)'/? = (6Dt)'/?, where D is the diffusion coefficient and t is 
the time period. Therefore t = (r?)/6D. 


For an iodine molecule in benzene, D = 2.13 x 107° m*s7! 


Gey (1.0 x 10°? m)? 7 
6D 6x (2.13 x 10-9 m?s-!) 


t(1.0 mm) = 


78 $ 


i) (1.0 x 10°? m)? 
6D 6x (2.13 x 10-9 m?s~!) 


t(1.0 cm) = =7.8% 10 s=(2.2h 


For a sucrose molecule in water, D = 0.5216 x 107? m?s7! 


Vices 2. Vm oe 
; 6D 6x (0.5216 x 10-9 m?s~!) 


(r?) (1.0 x 10-7 m)? 
6D 6x (0.5216 x 10-9 m2s~') 


t(1.0 cm) = =3.2x10*s=[8.9h 


Solutions to problems 


P16C.2 The thermodynamic force F is given by [16C.3b-706] 


ax 


Substituting c(x) = coe™ * into the above expression gives 


RT 
Fz ao (ace) = 2axRT 
coe 4* 
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P16C.4 


Hence for a = 0.10 cm~? = 0.10 x 104 m7’, 
F =2x (0.10 x 10* m™) x (8.3145J K7! mol) x (298 K) x (x/m) 
= (4.95... x 10° N mol”) x (x/m) 
=|(5.0 MN mol") x (x/ m) 


=|(8.2 x 107'8 N molecule™!) x (x/ m) 


200 


—200 


! | | 
—4.0 —2.0 0.0 2.0 4.0 
x/ cm 
Figure 16.2 


A plot of the thermodynamic force per mole against x is shown in Fig. 16.2. It 
demonstrates that the force is directed such that mass is pushed by the thermo- 
dynamic force toward the ends of the tube, down the concentration gradient. A 


negative force pushes mass toward the left (x < 0) and a positive force pushes 
mass toward the right (x > 0). 


The concentration c of diffused solute at radius r is give by [16C.11-711]. In that 

equation no is the total amount of solute present, and this can be expressed as 

ny = m/M where m is the mass of solute and M is the molar mass, to give 
noe? /4Pt met /4Dt 


»t = = 
(8) = spp? ~ aM(nDD 


(10.0 g) x (1073) x 7 (10%10°7 m)?/[aex(5.22x10° m?s™)] 
8 x (342.30 gmol ') x (1(5.22 x 10-10 m? s-!)t)3/2 
= (5.49... x 10” moldm’*) x (t/s)~7/? x Pea 
c(10 cm, 1.0 h) = (5.49... x 10”? moldm™*) x (3600)~7/? x grit 


c(10 cm, t) 


=|0.00 moldm~3 


c(10 cm, 1.0 wk) = (5.49... x 107)(6.048 x 10° s)~2/ x @~4:78+-*10°/(6.048%10" s) 


=|4.25 x 107> moldm ° 


P16C.6 


The process is very slow; even after 1 hour the concentration at a radius of 10 
cm is zero to within the precision of the calculation. 


(a) 


(b) 


The generalised diffusion equation is given by [16C.9-710], where c is 
concentration, t is time, D is the diffusion coefficient, x is displacement 
and v is the velocity of convective flow. 


An expression for c(x, t) is a solution of the diffusion equation if substi- 
tution of the expression for c(x, t) into each side of the diffusion equation 
gives the same result. The proposed solution is 


- Co —(x-xo—-vt)?/4Dt 
c(x,t) (anDty® 
LHS ‘ ; 
1 (x-x9)* uv 
Rae it 
Ts | at 4D2 | 
RHS 


pot 086 =p [EB i, | ee) 


2Dt 


(2Dt)? 2Dt 
(x-xg-vt)? 1 ov 
=c(x,t xX — Xo — vt 
( | 4D i? oe op 


c]| 1 , = 40)’ | 


2t 4D?t? 4D 


The LHS is equal to the RHS, and so the proposed function is indeed a 
solution to the generalised diffusion equation. 


As t — 0 the exponential term e-* /4D¢ falls off more and more rapidly, 
implying that in the limit t = 0 all the material is at x = 0. The exponential 
function dominates the term t'/? in the denominator. 


Using the values D = 5x 107! m*s~' and v = 10°° ms" |, Fig. 16.3 shows 
the concentration profile against time at different distances (x - xo) = 
0.5mm, 1.0 mm, 5.0 mm. As expected, the initial concentration at a given 
distance is zero. As time passes, the concentration begins to increase to 
a maximum value when (x — x9 = vf) and then, as diffusion continues 
in the x-direction, the concentration begins to decrease toward zero at 
longer times. The value of c(x, t)/co reaches its maximum value at longer 
times as the value of (x—xo) is increased since it takes longer for the solute 
to reach distance (x — x9). 
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800 1 


600 |} 


400 | 


c(x, t)/co 


r 


t/ hours 


Figure 16.3 


150}: : --- t= 20hrs | 


100 |; : | 


c(x, t)/co 


Figure 16.4 


(c) 


Setting xo = 0, Fig. 16.4 shows the concentration profile against distance x 
at different 1 hour, 5 hours and 20 hours. The shorter the time, the closer 
the maximum is to the origin; for longer times, the maximum moves 
out to larger distances as a result of the convective flow. In addition, as 
time proceeds diffusion occurs and this causes the bell-shaped curves to 
widen and spread. Because the amount of material is conserved, the area 
under each curve must be the same: this is why their maximum amplitude 
decreases as they spread out. 


Defining x, = xo + vt and z = (x — x,)/(4D)'/? allows a general set of 
concentration profiles at different times to be plotted without specifying 
either x9, v or D. 


(x,t) = ge ee ee a coe (%-¥e) [ADE : coe? /t 
ei (4nDt)!/2 (4nD)1/2 £1/2 — (4nD)1/2 ¢1/2 


1.0 
rr ee cee t=1hr 

0.84 — t=5hrs 
|. --- t=20hrs 


Figure 16.5 


Hence 


_ (4nD)'c(x, t) 


C(z, ft) 


z 1 grit 


co 
as required. 


A plot of C as a function of z for times 1, 5, and 20 hours is shown in 
Fig. 16.5. These long times have been chosen unit because of the slow rate 


of diffusion. 


P16C.8 


steps taken to the left. 


Nrp=N-N,=N,+n_ hence 


Ny, = N- Np=Np-n_ hence 


N! 
therefore P(nd) = 


p1/2 


eo 
2 
me 
2 
N! 


The probability of being n steps from the origin is P(nd) = N!/(N-Np)!Np!2% 
where Np is the number of steps taken to the right and N is the total number 
of steps. Note that n = Np — Ny and N = Np + Nj, where Ny is the number of 


The combination N = 4 and n = 6 is physically impossible, so P(6d) = 


The combination N = 6 and n = 6 has probability 


P(6d) = : : 


(Sy 


0.0156 


The combination N = 12 and n = 6 has probability 


12! 


P(6d) = = [0.0537 


(28 


[v= (ro Ge) ere 


0}. 
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P16C.10 ‘The root-mean-square-displacement in three dimensions is given by [16C.13b- 
712], (r?)'2 = (6Dt)'/?, where f is the time period and D is the diffusion 
coefficient. It follows that t = (r*)/6D 


APY (1.0 x 10-° m)? 7 
6D 6x (1.0 x 10“! m?s7!) 


1.7x 107? s 


Answers to integrated activities 


116.2 (a) The diffusion equation is [16C.6-709]. 
ae _ yee 
ot ax? 


The proposed solution is 
c(x, t) = co + (cs — co) [1 — erf(&) ] 


where &(x, t) = x/(4Dt)!/? anderf() = 2n71/? i e~”” dy. Note that, by 
definition, d[erf(E)]/d& = 2n7V/e, 

The first step is to examine the initial and boundary conditions. At ¢ = 0, 
E(x,0) = 00. Hence erf(&) = 2n7"/? f° e-” dy = (2n-/?)x(An?) = 1 
and c(x,0) = co + (cs — co)[1 - 1] = co for0 < x < o. At x = 0, 
E(0,t) = 0. Hence erf(£) = 2n7¥/ f? e dy = (207?) x 0 = O and 
c(0, t) = co + (c;—co)[1-0] = c; for 0 < t < oo. Therefore, this expression 
for c(x, t) satisfies the initial and boundary conditions. 


To determine whether or not the proposed solution solves the diffusion 
equation it is substituted into the each side. For the LHS 


dc A(co + (cs — co) [1 - erf(E)]) Cant y alerts) 0g 
ot ot GEE 
, / 
= (6, ~ e9) (20 Per ®) LAPT 
7 —x?/4Dt ( s ) x?/4Dt 
= —(c,—¢o) (2 ae ) Feared = eee a 
For the RHS 
ac F) d[erf(&)] 0& 
2 ae v2] (6s co) Fe 3] 
2D(c,- co) d[e* /4P*] — 2D(c, -€9) ( -x se 
(4nDH)2 Ox (4nbi)'2 \2pe° 
_ x(c; — 0) ex /4Dt 
(4nD)1/2(t)3/2 


Therefore the LHS is equal to the RHS and the proposed form of c(x, f) 
does indeed satisfy the diffusion equation, as well as the initial and bound- 
ary conditions. 


(b) Diffusion through aveoli sites (about 1 cell thick) of oxygen and carbon 
dioxide between lungs and blood capillaries (also about 1 cell thick) oc- 
curs through about 75 um (the diameter of a red blood cell). Thus, the 
range 0 < x < 100 um is reasonable for concentration profiles for the 
diffusion of oxygen into water. Given the maximum distance, the longest 
time is estimated using [16C.12-71]]. 

nx m(0.1 x 10°? m)? 


fight — == = 3.745 
mm 4D ~~ 4(2.10 x 10-9 m?s~!) 


The plots shown in Fig. 16.6 are with co = 0, c; = 2.9 x 10-* moldm™?, 


and D = 2.10 x 107? m’s7!. 


104 c/(moldm™*) 


0.00 0.02 0.04 0.06 0.08 0.10 


x/mm 


Figure 16.6 
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for Chemical kinetics 


17A_ Therates of chemical reactions 


Answers to discussion questions 


DI7A.2 


DI17A.4 


A reaction order for a particular species can only be ascribed when the rate 
is simply proportional to a power of the concentration of that species. For 
example, if the rate law is of the form v = k,[A]*[B]°... an order is ascribable 
to both A and B, but if the rate law is of the form v = (k,[A])/(k2 + k3[B]), an 
order is ascribable to A, but not to B. 


This is discussed in Section 17A.1 on page 723. 


Solutions to exercises 


E17A.1(b) 


E17A.2(b) 


Assuming perfect gas behaviour the total pressure is proportional to the amount 
in moles of gas present, provided that the temperature is constant and the vol- 
ume of the container is fixed. Imagine that a certain amount of N2 is consumed 
so that its partial pressure falls by Ap. Due to the stoichiometry of the reaction 
the partial pressure of H» will fall by 3Ap, and the partial pressure of NH3 will 
increase by 2Ap. The overall change in the total pressure will by -Ap — 3Ap + 
2Ap = —2Ap. 

If the initial pressure is po then, because the reactant gases are in their stoi- 
chiometric ratios, the partial pressure of N> is ; po. Ifa fraction a of the N2 
is consumed, its partial pressure falls to 4 Po(1—- a), thus Ap = Z po. It has 
already been established that the total pressure changes by —2Ap, therefore the 
final pressure is 


Pt = po — 2Ap = po — 2(F Pox) = po(1- +a) 


When the reaction is complete, a = 1 and hence pr = 5 Po» which is in accord 
with the overall stoichiometry of the reaction in which four moles of gas go to 
two. 


The stoichiometry of the reaction shows that one mole of CH3CH; is formed 
for every two moles of CH; consumed. ‘The rate of formation of CH3CH3 is 
therefore half the rate of consumption of CH. As explained in Section 17A.2(a) 
on page 725 the rate of consumption of a reactant R is given by —d[R]/dt. 
Therefore the rate of formation of CH3CH; is 
d[CH3;CH3] ,  d[CHs;]| 


a eT = $x-(-1.2 moldm™ 


3 


s') =+0.6moldm™ s! 
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E17A.3(b) 


E17A.4(b) 


E17A.5(b) 


For a homogeneous reaction in a constant volume system the rate of reaction 
is given by [17A.3b-726], v = (1/vy)d[J]/dt, which is rearranged to d[J]/dt = 
vyv. In these expressions vy; is the stoichiometric number of species J, which 
is negative for reactants and positive for products. For this reaction va = —1, 
vp =—-3, Vc =+1 and Vp = +2. 

3 


For A d[A]/dt = vav = (-1) x (2.7 moldm ° s“!) = -2.7 moldm™* s“! 
ForB  d[B]/dt = vgu = (-3) x (2.7 moldm™ s~') = -8.1 moldm * s7! 

ForC d[{C]/dt = vcv = (+1) x (2.7 moldm™ s“!) = +2.7 moldm™ s“! 
ForD d[D]/dt = vpv = (+2) x (2.7 moldm™’ s"') = +5.4 moldm™? s“! 


The rate of consumption of A is|2.7 moldm~* s~!,, the rate of consumption of 
-1 


Bis|8.1 moldm ~ s7!|, the rate of formation of C is |2.7 mol dm s~!|, and the 


rate of formation of D is|5.4 moldm™ s~!|, 


For a homogeneous reaction in a constant volume system the rate of reaction 

is given by [17A.3b-726], v = (1/v;)d[J]/dt, where vy is the stoichiometric 

number of species J which is negative for reactants and positive for products. 

For species B, which has vg = —3, this gives 
_ 1 dB] 1 


= — x (-2.7 moldm™ s"') =|0.90 moldm™ s7! 
VB dt -3 


Because B is consumed in the reaction, the rate of change in the concentration 
of B, d[B]/dt, is negative and equal to minus the rate of consumption of B. 
Rearranging [17A.3b-726] then gives 


For A. d[A]/dt = vav = (-1) x (0.90 moldm™* s"') = —0.90 moldm™* s! 
ForB  d[C]/dt = vcv = (+1) x (0.90 moldm * s~') = +0.90 moldm™ s™! 
ForD d[D]/dt = vpv = (+2) x (0.90 moldm™* s~!) = +1.8 moldm™’ s! 


The rate of consumption of A is 0.90 moldm~ s~!|, the rate of formation of C 


is|0.90 moldm~* s~! |, and the rate of formation of D is|1.8 mol dm~? s~!|, 


As explained in Section 17A.2(b) on page 726 the units of k, are always such as 
to convert the product of concentrations, each raised to the appropriate power, 
into a rate expressed as a change in concentration divided by time. In this 
case the rate is given in moldm~’ s~!, so if the concentrations are expressed 


in moldm °° the units of k, will be |dm®° mol * s~!| because 


k, [A] [B/’ 
a a ee 


(dm® mol s~') x (moldm~*) x (moldm~*)? = moldm™ s~! 
The rate of reaction is given by [17A.3b-726], v = (1/vy)(d[J]/dt), where vy 
is the stoichiometric number of species J. Rearranging gives d[J]/dt = vyv. In 
this case vc = +1, va = -1, and v = k,[A][B]? so 
dC] 


vee = (ANB? = van = -&e[A] [BP 


E17A.6(b) 


EI7A.7(b) 


The rate of formation of C is therefore d[C]/dt = |k,[A][B]?| and the rate of 
consumption of A is —d[A]/dt =|k,[A][B]?|. 


The rate of reaction is given by [17A.3b-726], v = (1/vy)(d[J]/dt). In this case 
vc =+lso 


1afc] 3 


Vy dt +1 


k,[A][B][C] =|k,LA][B][C]"' 


As explained in Section 17A.2(b) on page 726 the units of k, are always such as 
to convert the product of concentrations, each raised to the appropriate power, 
into a rate expressed as a change in concentration divided by time. In this 
case the rate is given in moldm~’ s“!, so if the concentrations are expressed 


in moldm > the units of k, will be|s~!| because 


ke [A] [B [c]"’ 
SS _ SS SSS SSS SS SSS SS 


(s-!) x (moldm™) x (moldm™) x (moldm™)~! = moldm™ s! 


As explained in Section 17A.2(b) on page 726 the units of k, are always such as 
to convert the product of concentrations, each raised to the appropriate power, 
into a rate expressed as a change in concentration divided by time. 


(i) A second-order reaction expressed with concentrations in molecules per 
cubic metre is one with a rate law such as v = k,[A]?. If the rate is given 


in molecules m7? s~! then the units of k, will be |m? molecules”! s~!| be- 
cause 


ky [Ay 
a 
3-1 


(m? molecules‘ s~!) x (molecules m~*)? = molecules m™* s 


A third-order reaction expressed with concentrations in molecules per 


cubic metre is one with a rate law such as v = k,[A]*[B]. The units of k, 


will then be |m° molecules ” s~!| because 


ky [A]? [B] 
SSS, SS SS 


(m° molecules * s~') x (moleculesm~)* x (molecules m~*) 
= moleculesm~ s~! 
(ii) Ifthe rate laws are expressed with pressures in pascals then a second-order 
reaction is one with a rate law such as v = k,pappz and a third-order 
reaction is one with a rate law such as v = k;papppc. If the rate is given 


in Pas~' then the units of k, will be [Pa7' s~'| and |Pa~” s~" | respectively. 


ky Pa PB 
i —_ears—x—mr"nD 


For second-order (Pa 's~') x (Pa) x (Pa) = Pas”! 


For third-order (Pa~*s~') x (Pa) x (Pa) x (Pa) = Pas”! 
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E17A.8(b) 


E17A.9(b) 


If k,"[A] >> ky, which might occur when the concentration of A is very high, 
then the term ky in the denominator of the rate law is negligible compared to 
the k,’[ A] term and so the rate law becomes 


v = kaky [A]°/ka’[A] =kyetf[A] where ket = kakp/ka’ 


Under these conditions the concentration of A appears raised to the power +1 
so the reaction is first order in A. 


If instead k,'[A] « ky, which might occur when the concentration of A is 
very low, the term k,’[A] is negligible in the denominator and so the rate law 
becomes 

v=k,aky [A]?/kp = k,[A]° 


Under these conditions the order with respect to A is +2. 


In between these two limits, when k,’[A] and k, are comparable, no order with 
respect to A can be defined. 


The gaseous species is denoted A and the order with respect to A as a. The rate 
law expressed in terms of partial pressure is then v = k,p4. Taking (common) 
logarithms gives 


log v = logk, + log p4 = logk, + alog pa 
where the properties of logarithms log(xy) = log x + log y and logx* = alogx 
are used. 


This expression implies that a graph of log v against log pa will be a straight line 
of slope a, from which the order can be determined. However, because there 
are only two data points a graph is not necessary so an alternative approach is 
used. 


If the initial partial pressure of the compound is p,o then the partial pressure 
when a fraction f has reacted, so that a fraction 1 — f remains, is (1 — f) pao. 
Data are given for two points, f; = 0.100 and f; = 0.200. Denoting the rates 
at these points by v; and v2 and using the expression log v = logk, + alog pa 
from above gives the equations 

log v; = logk, + alog[(1 — fi) pao] log v2 = logk, + alog[(1- f2) pao] 


Subtracting the second equation from the first gives 


log v; — log v2 = alog[(1 — fi) pao] — alog[(1 - fr) pao] 


log (“*) - atog {eas - atog( 5 —*) 

v2 (1 - fr) pa.o L= 7p 

where the property of logarithms log x —log y = log(x/y) is used and the factor 
of pa,o is cancelled. 


Hence 


Rearranging for a gives 


a log(v;/v2) _ log[(10.01 Pas™')/(8.90 Pas’) ] 
log((1-fi)/(l-f2)] log [(1 - 0.100) /(1 - 0.200) } 


_ 


00 


Solutions to problems 


PI7A.2 


The rate law is assumed to take the form v9 = k,[Y]*[complex]? where vo is the 
initial rate, and a and b are the orders with respect to Y and the complex. De- 
noting k,[Y]* by ky, e¢¢ gives Vo = ky,er¢| complex] b which on taking logarithms 
gives 


log vo = log ky er¢ + log[ complex] be log k,,e¢¢ + b log| complex] 


where the properties of logarithms log(xy) = log x + log y and log x* = alogx 
are used. 


This expression implies that a graph of log vp against log[ complex] will be a 
straight line of slope b and intercept log k,,.¢. The data are plotted in Fig. 171 
for both initial concentrations of Y 


Case (i): [Y] = 2.7 x 107? moldm™* 


[complex] v9 log([complex] log(vo 
/moldm™*? /moldm™s~! /moldm~*) /mol dm” s~) 
0.008 01 125 —2.096 2.097 

0.009 22 144 —2.035 2.158 

0.01211 190 —-1.917 2.279 


Case (ii): [Y] = 6.1 x 10-3 moldm™ 


[complex] v9 log([complex] log(vo 
/moldm™*? /moldm™s~! /moldm~*) /mol dm s~') 
0.008 01 640 —2.096 2.806 

0.009 22 730 —2.035 2.863 

0.01211 960 -1.917 2.982 


Both sets of data fall on good straight lines, the equations for which are 
case (i): log(vp/moldm~’ s“') = 1.014 x log([complex]/moldm~*) + 4.222 


case (ii): log(vo/mol dm ~~ s~!) = 0.984 x log([complex]/moldm*) + 4.868 


Both lines have a slope of approximately 1, so it is concluded that the order with 
respect to the complex is |1|, Hence the rate law is v9 = k,,e¢¢[ complex]. 


The intercepts are identified with log k,,-¢¢ in each case. For case (i), the inter- 
cept at log([complex]/moldm™*) = 0 is logvo/moldm™* s~! = 4.222, which 
on taking the antilogarithm corresponds to vp = 1.66... x 10* moldm™* s“! 
when [complex] = 1 moldm™*. Because the rate law has already been estab- 
lished to be vo = k;,ef¢[ complex], it follows that 


Vo _ 1.66... x 104 mol dm *s7! 


[complex] 1 moldm”’ 


ky, eff,i = = 1.66... x 10* 57! 


577 


578 


—~ 3.0-F 

De case (ii) 

2 P| 
: 

aS) 

3S 2.5} 4 
& 

Ss 

= case (i) 

iS) 

™ 2.0 a 

l l l 
—2.2 —2.1 —2.0 -1.9 -1.8 
log([complex]/mol dm) 
Figure 17.1 


3 §-1 = 4.868 which cor- 


3 


Similarly, for case (ii) the intercept is log vp/mol dm™ 
s-' when [complex] = 1 moldm™. 


responds to U9 = 7.37... x 10 moldm ” 
Hence 


Vo _ 7.37... x 104 mol dm’ s"! 


= =7.37 610 &" 


ky eff,ii = 
ia [complex] 1 moldm 


Because ky eff = k[Y¥]?, taking the logarithm gives 
log k, err = logk, + log[Y]” = log k, + blog[Y] 


where the properties of logarithms log(xy) = log x + log y and log x* = alogx 
are used. 


This expression implies that a graph of log k,.,.¢¢ against log[ Y] will be a straight 
line of slope b. However, because there are only two data points, one for [Y] = 
2.7 mmol dm ~ and one for [Y] = 6.1 mmol dm’, a graph is not necessary and 
an alternative approach is used. The two data points give the equations 


log k,,tf,; =logk,+blog[Y]; and logk, eri = logk, + blog[Y]ji 
Subtracting the second equation from the first gives 
log ky ef¢,; — log ky ,ct,i: = Blog| Y]; - blog[Y]ii 
Hence, using log x — log y = log(x/y), 
ky eff,i ( [Y]i ) 
lo —— | = blo 
6 ( ke ett ii 6 LY ii 


Rearranging for b gives 


_ log (kretta/krettit) _ log[(1.66... x 10* s-')/(7.37... x 104 s“')] 
log ([Y]i/[Y]ii) log [(2.7 mmol dm~*)/(6.1 mmol dm~*)] 


= 1.83... 


This value is moderately close to 2, implying that the reaction is |second-order 
with respect to Y. 


The value of k, is found using k;,ef¢ = k.[Y]? with the value of b just found. 
Taking b = 2 and rearranging gives k, = k,,err/[Y]’. 
1.66... x 104 57! 
(2.7 x 10-3 moldm=?)’ 
7:37... 810s * 
(6.1 x 10-3 mol dm™*)’ 


= 2.28... x 10° dm® mol * s7! 


For case (i) k, = 


For case (ii) k, = = 1.98... x 10° dm® mol’ 7! 


The average value of k, from these two results is |2.1 x 10° dm° mol” s!|, 


17B_ Integrated rate laws 


Answers to discussion questions 


D17B.2 


In general the rate of a reaction depends on the concentration of the various 
species involved. If all but one of the species is placed in large excess, such 
that their concentrations do not vary with time, the rate law may reduce to the 
simple form v = k/[A]*, where A is the species not in excess. If this is the case, 
the power a is the order with respect to A: if a = 1 the reaction is said to be 
pseudofirst order with respect to A, if a = 2 it is pseudosecond order. It is also 
possible that under certain conditions a more complex rate law will simplify to 
pseudofirst or pseudosecond order. For example if the rate law is of the form 
v = (ki [A]*)/(k2+k3[A]), when k3[A] >> ky the rate law becomes pseudofirst 
order in A, but when k3[A] « ko, the rate law is pseudosecond order in A. 


Solutions to exercises 


E17B.1(b) 


E17B.2(b) 


The integrated rate law for a first-order reaction of ethanol CH;CH,OH is given 
by [17B.2b-732], In([CH3CH2OH]/[CH3CH2OH ]o) = —k,t. Rearranging for 
k, and taking [CH3;CH2OH] = 56.0 mmol dm when ¢ = 1.22 x 10s gives 


ky = 


1, ( [CHsCH2OH] 1 ie 56.0 x 10°> moldm * 
t \[CH3;CH,OH]o)  1.22x 104s \ 220 x 10-3 moldm™? 


=(1.12 x 1074s"! 


The fact that the two half lives are not the same establishes that the reaction is 
not first-order because, as explained in Section 17B.2 on page 731, a first-order 
reaction has a constant half-life. For orders n + 1 the half-life is given by [17B.6- 
734], ty. = (2""'-1)/[(n-1)k,[A]9""]. Denoting the two measurements by 
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E17B.3(b) 


ty/2,; and 1/2 4; and expressing concentration in terms of partial pressure gives 
the two equations 


gn-l _ 1 : - gn-l _ 1 
(n-lkpe "(n= Dkepied 


The second equation is divided by the first to give 


n-1 
fh /2,i1 i 1 /2,ii i 
at - (Bat) hence tog( 22) = (n 1) 10g ( 2+) 


fh /2,i PAiii 1/2,i PAiii 


f/2,4 = 


where log x” = alog x is used. Rearranging for n gives 


7 log (t1/2,ii/t1/2,i) eee log [(178 s)/(340 s) ] 


1 =8.24x 10°? 
log (paa/Paa) log[(55.5 kPa)/(28.9 kPa)] . 


This is very close to zero, so the reaction is [zeroth-order 


For the reaction 2A(g) — products the rate, as given by [17A.3b-726], v = 
(1/¥;)(d[J ]/dt), is 

_ 1 dpa 

— =2 dt 
where concentrations are expressed in terms of partial pressures. It is given 
that the reaction is first-order in A, so v = k,pa. Combining this with the 
above expression for v gives 


——— =k,pa hence “Pa =—-2krpa 


This has the same form, except with 2k, instead of k,, as [17B.2a—731], (d[A]/dt) = 
-k,[ A], for which it is shown in Section 17B.2 on page 731 that the half-life and 
the integrated rate law are 


In2 = 
tj2 = — [A] = [A]oe*" 


The expressions for the reaction in question are analogous, but with k, replaced 
by 2k;,. 
In2 ket 
t = = e i. 
1/2 2k, Pa = (Pao) 


The half-life is 


In2 _ In2 
2k, 2x3.56x 10-7 s7} 


tyj2 = 9.74 x 10° s 


The partial pressures at the specified times are calculated from the above inte- 
grated form of the rate law. Hence 


t=50s pa = (33.0 kPa) x e 2% (356x107 s°")(508) _ 133.0 kPa 


t=20min pa = (33.0 kPa) x e72%(3-56%107 $°")x([20x60] s) _ [33.0 kPa 


E17B.4(b) The reaction is of the form A+2B—> P. From Table 17B.3 on page 735 the 
integrated rate law for this reaction, assuming that it has rate law v = k,[A][B], 
is 

ppp = LAloLB]o(1 = e(B)-21al0 

2[A ]o — [B]e((Blo—2{A]o) ket 
The equation gives the concentration of a product P produced in 1 : 1 sto- 


ichiometry with the reactant A. It therefore applies to the species C in the 
reaction A + 2B > C+ D. Hence 


[A]o[B]o(1 - e*) 
2[A]o - [B]oe* 


[C] = 


A= ([Blo - 2[A]o) rt 


For t = 20s 


A= [ (0.130 mol dm) — 2 x (0.027 mol dm™~)] x (0.34 dm? mol! s~!) 
x (20s) = 0.516... 
(0.027 mol dm ~*) x (0.130 mol dm~*) (1 - e® 51°) 
~ 2x (0.027 mol dm™*) — (0.130 mol dm™°) x €9-516--- 
0.014 mol dm 


For t = 15 min 


A = [(0.130 moldm™*) - 2 x (0.027 mol dm™*) ] x (0.34 dm* mol’ s~') 
x ([15 x 60] s) = 23.2... 
(0.027 mol dm) x (0.130 mol dm~*) (1 - e???"-") 

- 2 x (0.027 mol dm~*) — (0.130 mol dm™*) x e23-2-- 

0.027 moldm™* 


E17B.5(b) Using [17A.3b-726], v = (1/v;)(d[J]dt), the rate of the reaction 2A > P is 
v = -;(d[A]/dt). Combining this with the rate law v = k,[A]* gives 


1 d[A] 3 d[A] 3 
-~—— =k,|[A h —— =-2k,[A 
2 dt i eee aa Et 


This rate law is integrated following the method in Section 17B.3 on page 733. 
The equation is first rearranged to 


Integral A.1 
——— 


d{A] _ Se 2 ' 
ray = 2kr hence i [A]? d[A] = 2k, [ dt 


where the limits of the integration arise because the concentration is [A]p at 
t = 0 and at a later time tf it is [A]. Performing the integration gives 


_9 [A] t 1 1 1 
[A] 2 = 2k, t| hence = (a - aq) = 2k,t 
tas = fh *\TAP [ATS 


le 
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Rearranging for t gives 


1 1 1 
tae (tap aE) 


4x (6.50 x 10-4 dm° mol * gs) 


1 1 3 
x 5 5 | =[1.6 x 10° s/or 19 days 
(0.015 moldm™)° (0.067 moldm~*) 


E17B.6(b) From Table 17B.3 on page 735, the integrated rate law for a second-order reac- 
tion of the type A + 2B > P is 


1, [Alo({BJo- 21) 
[B]o-2[A]o  ([A]o-[P]) [Blo 


Because one mole of P is formed for every mole of A that reacts, it follows that 
[P] = [A]o — [A], because the quantity [A]o — [A] is equal to the amount of A 


that has reacted. The term [A ]o—[P] in the above expression is therefore simply 
equal to [A]. Similarly, [P] = +([B]o — [B]) because one mole of P is formed 


for every two moles of B that react. Rearranging gives [B]o — 2[P] = [B]. It 
follows that the integrated rate equation can be written as 
1 [A]o[B] 1 [B]/[B]o 


eda le ee ae 


k.t= 


(i) After 1 hour the amount of A has fallen by 0.010 mol dm~* from 0.050 
mol dm * to 0.040 moldm *. The stoichiometry of the reaction means 
that B must have fallen by twice this amount, that is by 0.020 mol dm’, 
from its initial value of 0.030 moldm ° to 0.010 mol dm7*. Rearranging 
the above integrated rate equation for k, and using these values, together 
with t = 1h x (607 sh”') = 3600, gives 


[ (0.030 moldm~*) - 2 x (0.050 moldm~*)] x (3600 s) 
(0.010 moldm~*) / (0.030 moldm™*) 
(0.040 moldm™~*) / (0.050 moldm™*) 


= 3.47...x 107? dm? mol! s7! = |3.5 dm? mol! 57! 


(ii) The half-life of a reactant is the time taken for the concentration of that 
reactant to fall to half its initial value. Thus the half-life of A is the time 
taken for [A] to fall to $[A]o = (0.050 mol dm~*)/2 = 0.0250 moldm~’. 
However, this is not possible from the given starting conditions, because 
the stoichiometry of the reaction requires the concentration of B to fall 


by twice this amount, that is, by 0.050 moldm ”, but the concentration 

of B is only 0.030 moldm~*to start with. The half-life of A is therefore 

infinite], since the condition [A] = 0.0250 mol dm ~~ can never be reached. 
The half-life of B is the time at which [B] = 5[B]o = (0.030 mol dm *)/2 = 
0.015 moldm ~. To achieve this the concentration of B must fall by 0.015 

mol dm**, which from the stoichiometry of the reaction means that the 

concentration of A must fall by x (0.015 mol dm) = 0.0075 moldm ”. 
The concentration of A will therefore be 


[A]o 
———_—_—_— 


[A] = (0.050 mol dm~*) —(0.0075 mol dm~*) = 0.0425 mol dm~* 


Rearranging the integrated rate equation for t and using these concentra- 
tions for A and B gives 
ty, BIBI 
k, [B]o-2[A]o — [A]/[A]o 
1 1 


x 
3.47...x10-3 dm? mol 's~! (0.030 mol dm~*)—2x (0.050 mol dm ~*) 
in (0.015 mol dm~*)/(0.030 mol dm~*) a 
(0.0425 mol dm~*)/(0.050 mol dm ~) 


2.2 x 10° s}or 0.61h 


Solutions to problems 


P17B.2 


P17B.4 


The concentration of B is given in the question as 


_ nk,tlAR [B] _ nk, t[A]o 
Tea Te 


The concentration of A for a second-order reaction is given by [17B.4b-733], 


___ [Alo 
[A] = 17 &t[Alo hence 


[A] _ 1 
[Alo 1+k,é[A]o 


These expressions are plotted in Fig. 17.2as[A]/[A]o or [B]/[A]o against k,t[A]o. 


The order is determined by testing the fit of the data to integrated rate law 
expressions. A zeroth-order reaction of the form A — P has an integrated rate 
law given by [17B.1-731], [A] = [A]o — k;t, so if the reaction is zeroth-order 
then a plot of [A] against ¢ will be a straight line of slope —k,. In this case, A 
is (CH3)3CBr. On the other hand, a first-order reaction has an integrated rate 
law given by [17B.2b-732], In([A]/[A]o) = —k;t, so if the reaction is first-order 
then a plot of In[A]/[A]o against ¢ will be a straight line of slope —k,. Finally, 
if the order is n > 2 the integrated rate law is given in Table 17B.3 on page 735 
as 


1 1 
hence 


hat = ( =] 
O° nat Tajo Pp TAT) fay 


(n-1)k,t+ 


1 
[A] 
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2.0 


[A]/[A]o or [B]/[A]o 


Figure 17.2 


where to obtain the second expression the relation [P] = [A]o — [A] is substi- 
tuted and the equation rearranged. This expression implies that if the reaction 
has order n > 2 plot of 1/[A]"”’ against ¢ will be a straight line of slope 
(n -1)k,. 

The data are plotted assuming zeroth-, first-, second-, and third-order in Fig. 17.3. 
The first-order plot shows the best fit to a straight line, so it is concluded that 
the reaction is | first-order}, 


yo FAL gy FAL AD TAP 
/moldm [A]o /dm°’ mol” /dm* mol 
0 0.1039 0.000 9.62 9.263 x 10! 
0.0896 -0.148 11.16 1.246 x 102 
0.0776 —0.292 12.89 1.661 x 102 
10 0.0639 —0.486 15.65 2.449 x 10? 
18 0.0353 -1.080 28.33 8.025 x 107 
31 0.0207 -1.613 48.31 2.334 x 10° 


The equation of the line in the first-order plot is 
In([A]/[A]o) = —5.42 x 10~* x (t/h) + 1.54 x 10°? 


Identifying the slope with —k, as discussed above gives the first-order rate con- 
stant as k, = [5.42 x 10° h"! |, 


The concentration of (CH3)3CB4 remaining after 43.8 h is calculated using the 
integrated rate law for a first-order reaction, [17B.2b-732], [A] = [A ]oe7*! 


[A] = (10.39 x 1072 moldm~*) sz 7 (5.42107 h7!)x(43.8 h) 


3 


=|0.97 x 10°? moldm™ 


P17B.6 
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Noting from the definition pH = —log([H*]/moldm*) that the H* concen- 
tration is given by ([H*]/moldm *) = 10-P4, the initial rate is 


v = k,[HSO3" ]?[H*]? 
= (3.6 x 10° dm’ mol’ s"') x (50 x 10°° moldm™*)? x (107°° moldm7*)? 


3 


5.7 x 107'4 moldm~” s7! 


From the definition of reaction rate [17A.3b-726], v = (1/v;)(d[J]/dt), the 
rate is written in terms of the HSO3~ concentration as v = —}d[HSO3" ]/dt. 
Combining this with the rate law v = k,[ HSO3° ]*[H*]* gives 


d/H ~ . : 
a = k,[HSO3"]?[H*]’_ hence en 


Because the pH and hence [H”*] is assumed constant, this is written as 


d[H" ] 
di 


7 —ky,etf[ HSO3” ]* where ky eff = 2k,[H*]’ 


This expression corresponds to the rate law of an effective second-order reac- 
tion, for which the half-life is given by [17B.5-734], t)/2 = 1/(kr,err[A]o). Hence 


= -2k,[H* ]’?[HSO37 ]? 


585 


586 


the time taken for the HSO3~ concentration to fall to half its initial value is 
ions 1 7 1 
12 ketfLHSO3 Jo 2k,[H* ]?[HSO3~ ]o 
1 
~ 2.x (3.6 x 106 dm? mol™ s~!) x (1075-6)? x (50 x 10-6 moldm™)2 


4.4 x 10° s| or 14 years 


P17B.8 Visual inspection of the data suggests that the half-life is constant at about 
2 minutes. This indicates that the reaction is [first-order| because first order 
reactions have a constant half-life. 
Using [17A.3b-726], v = (1/vy)(d[J]/dt), the rate is written as v = -}d[N2Os]/dt. 
Combining this with v = k,[N2Os ], the rate law for a first-order reaction, gives 


_1 N25] a[N205] 
ane: 3 dt 
The integrated form of this rate law is given by [17B.2b-732] 


=k,[N2.Os5] hence = —kyetf[ N2O5] where ky, ge = 2k, 


In( [N205]/[N2Os ]o) = —ky ett or In[N2Os] = In[N2Os Jo = k,t 


This expression implies that a graph of In[N2Os | against t will be a straight line 
of slope —k,,.¢¢ = —2k,. To estimate k, without drawing a graph, pairs of data 
are considered and used to estimate the slope according to 
_ A In[N2Os | _ In[N2Os ]i+az _ In[N2Os]; 

At At 


Taking At = 1 min the results are 


slope 


t/min [N.Os]/moldm’ In({N20;]/moldm™)  slope/min™! 


0 1.000 0.000 —0.350 
1 0.705 —0.350 —0.350 
2 0.497 —0.699 —0.354 
3 0.349 —1.053 —0.350 
4 0.246 —1.402 —0.352 
5 0.173 —1.754 


The approximately constant value of the slope confirms that the reaction is first- 
order. The average value of the slope is —0.350... min™'; identifying this with 


—2k, as described above gives |k, = 0.175 min ?|, 


In an alternative approach, In[N2Os ] is plotted against t, as shown in Fig. 17.4. 


The data lie on a good straight line, thus confirming that the reaction is first- 
order. The equation of the line is 


In([N2Os]/moldm~*) = —0.351 x (t/min) + 1.077 x 107° 


Identifying the slope with -2k, gives |k, = 0.175 min” ‘|. 


P17B.10 


In([N2O5]/moldm~*) 


t/min 


Figure 17.4 


The reaction is confirmed to be first-order by fitting the data to an integrated 
rate law. The integrated rate law for a first order reaction is given by [17B.2b- 
732), In([A]/[A]o) = —krt; this expression implies that if the hydrolysis of 
sucrose is first order then a graph of In([sucrose]/[sucrose]9 ) against t should 
be a straight line of slope —k,. The data are plotted in Fig. 17.5 


+/10° s Coe [sucrose | 

/moldm [sucrose] 
0 0.316 0.000 
14 0.300 —0.052 
39 0.274 —0.143 
60 0.256 —-0.211 
80 0.238 —0.283 
110 0.211 —0.404 
140 0.190 —0.509 
170 0.170 —0.620 
210 0.146 —0.772 


The data lie on a good straight line, thus confirming that the reaction is first- 
order. The equation of the line is 


In([sucrose]/[sucrose]) = —3.670 x 107° x (t/min) + 3.052 x 107° 


Identifying the slope with —k, gives = |k, = 3.670 x 107? min™'|. The half-life 
of a first-order reaction is given by [17B.3-732], t1/. = In2/k;. 


: In2 In2 
2k, 3.670 x 10-3 min? 


=|189 min 
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P17B.12 


In([sucrose]/[sucrose]) 


0 50 100 


t/min 


Figure 17.5 


The order is determined by testing the fit of the data to integrated rate law ex- 
pressions. If the rate lawis v = k,[ClO]”, where n is the order to be determined, 
expressing v in terms of the rate of change of concentration of [ClO] using 
[17A.3b-726], v = (1/v;)(d[J]/dt) gives 

1 d{clo} d[Clo] 


= =k,[ClO]” h = -2k,[ClO]” 
es [ClO] ence a [ClO] 


Integrated rate laws are given in Table 17B.3 on page 735, but care is needed 
because these are for reactions of the form A — P but here the reaction is 
2ClO => products. 


For n = 0, Table 17B.3 on page 735 shows that a reaction A > P with rate law 
v = d[P]/dt = k, has integrated rate law A = Ao — k,t. To adapt this expression 
for the reaction in question, the rate law for the reaction in the table is first 
written as d[A]/dt = —k, using d[P]/dt = —d[ A]/d¢t for a reaction of the form 
A — P. This rate law matches that found above, d[ClO]/dt = -2k,[ClO]", 
for n = 0 and A = ClO, except that k, is replaced by 2k,. The integrated rate 
law will therefore be the same except with k, replaced by 2k,, that is, [ClO] = 
[ClO ]o —2k,t. This expression implies that if the reaction is zeroth-order a plot 
of [ClO] against t will give a straight line of slope —2k,. 


Similarly Table 17B.3 on page 735 gives the integrated rate law for a first-order 
reaction A > P with rate law v = d[P]/dt = k,[A] as In([A]o/[A]) = kyt, 
equivalent to [17B.2b-732], In([A]/[A]o) = —k,t. By the same reasoning as 
above the integrated rate law for the reaction will be In([ClO]/[ClO]o) = -2k;,t, 
implying that a plot of In([ClO]/[ClO],) against t will give a straight line of 
slope —2k;. 

Finally, if the order is n > 2 the integrated rate law for a reaction A > P with 
rate law uv = d[P]/dt = k,[A]” is given in Table 17B.3 on page 735 as 


1 1 1 1 1 
k,t = 4 (am, Pp as) hence Tay = (n-1)k,t+ [Ayo 


where to obtain the second expression the relation [P] = [A]o — [A] is substi- 
tuted and the equation rearranged. Adapting this expression for the reaction 


in question gives 1/[ClO]""! = 2(n — 1)k,t + 1/[ClO]?"!. This expression 
implies that if the reaction has order n > 2 a plot of 1/[ClO]""! against t will 


be a straight line of slope 2(m — 1)k;. 


The data are plotted assuming zeroth-, first-, second-, and third-order in Fig. 17.6. 


None of the plots give a perfect straight line due to experimental scatter in the 
data. The values of the product moment correlation coefficient for each of the 
plots are -0.945, —0.971, 0.987 and 0.989 for zeroth-, first-, second-, and third- 
order respectively, suggesting that the second-, third- or a higher order plot 


gives the best fit. 


Hine [ClO] In [ClO] 1/[ClO] 1/[ClO]* 
/umol dm~* [ClO]o /dm* pmol”! /dm® umol™” 
0.12 8.49 0.000 0.118 0.013 9 
0.62 8.09 —0.048 0.124 0.0153 
0.96 7.10 —0.179 0.141 0.0198 
1.60 5.79 —0.383 0.173 0.029 8 
3.20 5.20 —0.490 0.192 0.037 0 
4.00 4.77 —0.577 0.210 0.044 0 
5.75 3.95 —0.765 0.253 0.064 1 
T T T T T 2 a T T T 
7 8 aa ae zeroth-order > oe hen first-order 
& | | O-e02 
So = 
E 6} | SS -0.4 ae 
= o 
Oo | | 06 
5, a} | =z 
I —0.8 | | 
0 2 4 
t/ms t/ms 
o - 1 1 1 slaw T T T 
0.25 second-order 3 0.06 third-order 
E Eg 
= 0.20 o, 
gq” — 0.04 
as) as) 
™~ ™~ 
7 0.15 7 
co © 0.02 
S, 0.10 | ae) 
! ! ! ! 
0 2 4 6 2 4 
t/ms t/ms 
Figure 17.6 
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If the reaction is second-order, the rate constant is found from the equation of 
the line in the second-order plot 


[ClO] "'/dm? umol! = 2.368 x 10-7 x (t/ms) + 0.118 


Identifying the slope with —2(-1)k, as discussed above, noting that n = 2 for 
a second-order plot, gives gives the second-order rate constant as 


k= -1 x (-2.368 x 10°* dm* umol! ms™') 


= 1.18... x 10°? dm* umol* ms“! 


10°umol 10° ms 
x 


= (1.18... x 10°? dm? umol! ms7!) x 
( H ) 1 mol 1s 


1.18 x 107 dm? mol! s7! 


The half-life of a non-first-order reaction depends on the initial concentration, 
and for a reaction with order n > 1 is given by [17B.6-734], ty. = (27-1 - 
1)/({n-1]k,[A]?). However, this is for a reaction of the form A > products. 
In this case the reaction is 2A — products, so k, must be replaced by 2k, as 
explained earlier. The half-life is then given by 


bud | 
2 2(n—1)k,[ClO]27 


If the reaction is second-order, using [ClO] = 8.49 umol dm © and the value 
of k, from above gives 


22-1 | 1 
Pte = 
Me 2(2-1)k,[ClO]§' = 2x 1 x (1.18... x 10-2 dm? umol™') x (8.49 umol) 
= |4.97 ms 


P17B.14 (a) If the reaction A + B > P is mth order in A and nth order in B the rate 
law is 
_ dP] 
dt 


For a short time period the derivative is approximated by finite changes 


= k,[A]™[B]" 


I =k,[A]"[B]" hence 8[P] = k,[A][B]"5t 


The concentration of P at a time 6¢ after the start of the reaction is there- 
fore 


[P] = [P]o + 8[P] = 0+ 6[P] = k,[A]"(B]"5t 


Dividing by [A], which is assumed to be approximately constant over the 
short time range dt, then gives [P]/[A] = k,[A]” '[B]”65t as required. 
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(b) The reaction propene+HCl —> chloropropane has the form of the reaction 
A+B = P analysed in part (a). Setting A as propene, B as HCl and 
P as chloropropane, and expressing concentrations in terms of partial 
pressures, the result derived in part (a) becomes 
Pchloropropane = = 
= Ky PpropenePHclot os Pironene 
Ppropene 
The fact that p chloropropane/ Ppropene is independent of Ppropene implies that 
m—1 = Oand hence m = 1. Therefore the reaction is [first-order] in 


propene. 
If instead HCl is treated as A and propene as B, the result from part (a) 


becomes 
Pchloropropane oy 


Puci 
where the order with respect to propene has been set to 1 as deduced 
above. Taking common logarithms gives 


-1 
rPHcl PpropeneOt 


chloropropane 
log Pahiot ain ppang log (krPpropeneSt) + (1 — 1) log pric 
Pucl 
where log(xy) = logx + log y and logx* = alogx are used. This expres- 
sion implies that a plot of log( Pchloropropane/PHc!) against log pyc) will be 
a straight line of slope n — 1. Such a plot is shown in Fig. 17.7. 


Pchloropropane log( puci/atm) log | Pchloropropane 


Puci/atm 
Puc Pucl 
10.0 0.05 1.00 —1.30 
75 0.03 0.88 —1.52 
5.0 0.01 0.70 —2.00 
1.0 
S 
7 
iy 
“S 
s -1.5- 
g 
e 
pet 
5 
2 -2.0}+ 


0.6 0.7 0.8 0.9 1.0 1.1 


log(puci/atm) 


Figure 17.7 
The data lie on a modest straight line, the equation of which is 


log( Pchloropropane/PHCI) =2.3 x log( puci/atm) — 3.6 
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The slope is moderately close to 2, suggesting that n — 1 = 2 and hence 
n = 3. Therefore the reaction may be |third-order|in HCl. However there 
are only three data points, they do not lie very close to a straight line, and 
slope of the line is not very close to 2, so the conclusion should be treated 
with caution in the absence of further data. 


P17B.16 —‘The stoichiometry of the reaction 2A + 3B — P implies that when the con- 
centration of P has increased from 0 to x, the concentration of A has fallen to 
[A]o — 2x and the concentration of B has fallen to [B]) — 3x. This is because 
each P that forms entails the disappearance of two A and three B. The rate law 
v = d[P]/dt = k,[A][B] then becomes 


P 
a =k,([A]o —2x)([B]o -3x) hence * = k,([A]o — 2x) ([B] - 3x) 
where to go to the second expression [P] = x is used, which implies that d[P ]dt = 
dx/dt. The expression is rearranged and the initial condition x = 0 when t = 0 
is applied. This gives the integrations required as 


Gaza St 


The right-hand side evaluates to k,t. The left-hand side is evaluated using the 
integrals from the Resource section 


x 1 * 1 
LE (appa 2(S[Alo ~ x) x 3(2[B]o -*) 


Integral A.3 


dx 


a. vay GlBlo= GTA) 
6 3[Blo-3fA]o = (G[A]o -*)(G[B]o) 
1 ([B]o - 3x)[A]o 


2[B]o—3[A]o  ([A]o — 2x) [B]o 


Combining this with the right-hand side the integrated rate law is 


P17B.18 A reaction of the form A — P that is nth order in A has rate law v = k,[A]". 
Combining this with [17A.3b-726], v = (1/v;)(d[J]/dt) gives 


1 df] 


——=k,[A]”" h -[A] "d[A] =k, dt 
= Se = ke[AJ" hence = [A] "dL A] = ke 


Initially, at t = 0, the concentration of A is [A] , and at a later time f it is [A]. 
These are used as the limits of the integration to give 


Integral A.1 


SS SS 
A 


[A] 1 [A] 
[ _[a}"" d[A] = i k,dt hence ——[A]@)| = 
[ 0 n-1 


Alo [A]o 


1 ( 1 1 
n—1\[A}! [Ay 


This integrated rate law is equivalent to that given in Table 17B.3 on page 735 
and is valid for all values of n, including fractional values, except for n = 1. 
Dividing through by k, gives 


hence =k,t (for n # 1) 


pe cl ( 1 1 
(n—1)k, \[A]"™* [A] 


Setting t = t)/. when [A] = 3[A]o gives 


Peete ( 1 1 —  aetat 
(a -De GAD TART) = DR LAT 
Similarly, setting t = t3/4 when [A] = 3[A]o gives 


(4h = 


= ( 1 1 )- 
4" (a-Dk VGlAD™ TART) (@-DeLA 


Hence 


hy ("1 -D/(n-Vk [Alo _ | 2" 1-1 


tsa [(3)" 1-1] /(n-Dk[A]o  [GG)" 2-1 


17C Reactions approaching equilibrium 


Answers to discussion questions 


If the equilibrium position shifts with pressure, a pressure jump can be used 
to alter the rate of the reaction. For such an effect on equilibrium, the volume 
change of the reaction must be non-zero. 


Solutions to exercises 


The binding of the drug to protein is represented by the equilibrium 
k, 
Protein + Drug a Complex 


The equilibrium constant in terms of rate constants is given by [17C.8-738], K = 
k,c° /k!. Because the forward and backward reactions are of different order, the 
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c® is included so that the ratio of k,, with units dm? mol! s!, to Kk‘, with units 
s~', is turned into a dimensionless quantity. Rearranging for k/, gives 


,_ kc? — (1.5 x 108 dm? mol”! s~!) x (1 mol dm”) 
: K 200 
7510? s* 


k 


E17C.2(b) The relaxation time in a jump experiment is given by [17C.9a-739], tT = 1/(k, + 
k{). Both forward and reverse reactions are first-order, so their rate constants 
are related to their half-lives according to [17B.3-732], t)/. = In2/k,, which is 
rearranged to k, = In 2/t)/2. This is used to replace k, and k/ in the expression 
for T to give 


-1 
In2 nz \* 
T=(k, +k) ¢ = eee =| ca = [21 ms 
ti/2 thi 24ms 39ms 
Solutions to problems 
PI7C.2 The forward and backward reactions are 
A 2B cal k,[A] 2B>A Eee kK’ [B]? 
dt dt 


The concentration of A is reduced by the forward reaction at a rate k,[A] but 
is increased by the backward reaction at a rate k/[B]”. The net rate of change is 
therefore d[A]/dt = —k,[A] + k/[B]?. If the initial concentration of A is [A]o, 


the stoichiometry of the reaction implies that [B] = 2([A]o — [A]). Therefore 
d[A 
SAL —x,[A] + 4k! (Alo ~ [A]? 


To solve this differential equation, it is convenient to define a new variable 
x = [A]/[A]o, so that [A] = [A]ox and d[A]/dt = [A]odx/dt. Making these 
substitutions gives 


= —k,[A]ox + 4k/([A]o - [A]ox)? = —kx[A]ox + 4k/[A}2(1 - x)? 


Dividing this expression through by [A ]o and then taking out a factor of 4k/[A]o 
gives 


dx / / ky 
dt = —k,x +4k [A]o(1 -x)’ = Aki [A ]o ar + (1 -x)’ 


= 4k A] |- I 1-284] 


The term in square brackets is a quadratic in x which may therefore be written 
(a-x)(b - x), where a and b are the roots of x? — (2 + k,/4ki[A]o)x + 1 = 0, 
that is 


-(2+k,/4ki[A]o) + \/(2 + k,/4k/[A]o)? - 4 
A= 
2 
and b is the same but with the negative square root. Therefore 


dx * 1 t 

— = 4ki[A]o(a—x)(b-x) hence [ dx= [ 4ki[A]odt 
= ARA]p(a-x)(B-2) hence f° ———— d= f"aki[ Ao 
where the initial condition that x = [A]/[A]o = 1 when t = 0 is applied. The 


integral on the right is 4k/[ A ]ot, while the integral on the left is evaluated using 
integral A.3 in the Resource section to give 


1 1 (ea x)a= 1) 
b-a_ (a-x)(b-1) 


Rearranging for x gives 


= 4k [A]ot 


(b-x)(a-1) _ ef(b-a)k[A]ot 
(a-x)(b-1) 


b= 1 gy 
hence (b-x)=(a-x) = ahaa 
a= 


hence b — 202 =D) -ao-a)kiLAlot = 5 (1 7 2a et(h-a)kLAb) 
a-l a-1 


b ~ [a(b~ 1)/(a ~ 1) Jeeta 
1 = [(b= 1H /(a= 1) Je OHTA! 


This expression gives x = [A]/[A]po as a function of time; as defined above a 
and b are constants that depend on the relative values of k,, k,, and [A ]o. 


hence x= 


As an example, for the specific case k, = k{[A]o evaluation of the expression 
for a and b given above yields a = 1.64... and b = 0.609.... Putting these into 
the expression for x and replacing k{ [A] by k, in the exponents for clarity in 
this specific case gives 


b a(b-1)/(a-1) 4(b-a) 
i a 


_ (0,609...) + (1.00...) x exp[(—4.12...) kyt] 
. 1+ (0.609...) x exp[(—4.12...) kt] 


a ans 
(b-1)/(a-1) 4(b-a) 

The dimensionless quantity x = [A]/[A]p is plotted against the likewise dimen- 

sionless quantity k,t in Fig. 178. The graph shows that initially the concentra- 

tion of A decreases, because the backwards reaction is unimportant compared 

to the forwards reaction due to little product B being present, but then levels off 


as the system comes to equilibrium. An expression for [B] is found by recalling 
from above that [B] = 2([A]o — [A]). Therefore 


[B] (0.609...) + (1.00... )e(~4 12+++) ket 
[A]o 1 — (0.609... e412...) ket 


This expression for [B]/[A]o is also plotted on Fig. 17.8. 


=2(1 x) =2(1 
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[A]/[A]o or [B]/[A]o 


Figure 17.8 


P17C.4 A mechanism containing three steps is 


ka kp ke 
A 


D 


= Bs Cs 
r , , 
ky ky ke 


At equilibrium, the forward and backward reactions of each step are equal. 


ka 
Step1 k,[Aleqg=Ki[Bleq hence [B]eq=[Al]eqx a 
Step2  ky[B]eq = ky[Ceq 
ky k, ky 
hence [C]eq = [Bleq x i = [Aleq x a % Hu 
Step3. k.[C]eg =ke[Deg 
k. ka kp k, 
hence [D]eq = [C]eq x a [A]eq x yy ke ea 


Generalising this process it is clear that for a reaction 


k 
A= B= C=—=D =... = P 
ki ki kK 


the equilibrium concentration of the final product P, and the equilibrium con- 
stant for the overall reaction A = P, are 


ka ky ky Pie ka ky ke 
[Pleq = [Aleq* <2 x x x... hence x= Plea | te ges, 
kK ke [Alea [ki Ke 


P17C.6 The reaction A = B+C is analysed in How is that done? 17C.1 on page 738 where 
it is shown that the relaxation time T is given by 1/1 = k, + ki([B]eq + [C]eq)- 
In addition, the equilibrium constant is given by [17C.8-738], K = (ka/ki) x 
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(k,/kj,) x .... but in this case in order for K to be dimensionless it is necessary 
to include a factor of 1/c® because k, is a first-order rate constant with units 
s~! while k! is a second-order rate constant with units dm’ mol ' s~!. 


r 


ki ce 


r 


hence k, = kic°K 


This is substituted into the expression for 1/T to give 
1/t = k,c°K + k,([B]eq + [C]eq) 
which is then rearranged for k/ 
Kal, l a 
e ¢K+([Blegt[Cleq 3.0«10-%s 
1 
x 
(1 mol dm™~*) x (2.0x 10-!°) + (0.20 10-3 moldm~*) +(0.20x 10-3 mol dm *) 


= 8.33... x 10° dm? mol! 7! =/8.3 x 108 dm? mol! s7! 


The rearranged expression for K above is then used to find k, 


k, = kc? K = (8.33... x 10° dm’ mol‘ s~!) x (1 moldm*) x (2.0 x 107!°) 


=11.7x 1077 57! 


17D The Arrhenius equation 


Answers to discussion questions 


D17D.2 The temperature dependence of some reactions is not Arrhenius-like, in the 
sense that a straight line is not obtained when Ink, is plotted against 1/T. 
However, it is still possible to define an activation energy using [17D.3-742], 
E, = RT?(dInk,/dT). This definition reduces to the earlier one (as the slope 
of a straight line) for a temperature-independent activation energy. However, 
this latter definition is more general, because it allows E, to be obtained from 
the slope (at the temperature of interest) of a plot of Ink, against 1/T even if 
the Arrhenius plot is not a straight line. Non Arrhenius behaviour is sometimes 
a sign that quantum mechanical tunnelling is playing a significant role in the 
reaction. A reaction with a very small or zero activation energy, so that k, = A, 
such as for some radical recombination reactions in the gas phase, has a rate 
that is largely temperature independent. 


Solutions to exercises 


E17D.1(b) ‘The rate constant k, for the decomposition is calculated at each temperature 
using the Arrhenius equation [17D.4-743], k, = Ae~*:/", The half-life is given 
by [17B.3-732], ty). = In2/k,. Combining these expressions gives 


—  In2_ In? gp yer 
2 = Ae-ByRT = A 
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(i) At 20°C 


In2 261 x 10° Jmol! 
is <-1 * &XP = eres 

4.00 x 10's (8.3145J K~! mol!) x ([20 + 273.15] K) 

=|5.6 x 10°° s|or 1.8 x 10”? years 


fij2 = 


(ii) At 500°C 


In2 261 x 10° Jmol! 
hija = p 


ee 
4.00 x 1015 s-1 (8.3145J KK"! mol’) x ((500 + 273.15] K) 
=|74s 


E17D.2(b) The relationship between the values of a rate constant at two different tempera- 
tures is given by [17D.2-742], In(ky,2/ky,1) = (Ea/R)(1/T; - 1/T»). Rearrang- 
ing for E, gives 


Rin(Ky2/k;,1) (8.3145 K7! mol") x In[ (4.01 x 10-7) /(2.25 x 107?) ] 
~ TR = tf ~ 1/([29 + 273.15] K) — 1/([37 + 273.15] K) 
= 5.62... x 104 Jmol’ = |56.3 kJ mol ' 


The frequency factor is found by rearranging the Arrhenius equation [17D.4- 
743), k, = Ae Es! RT for A. The data for both temperatures gives the same result. 


AtT, A= k,e@/®h 


5.62...x10*J mol! 


= (2.25x 10°? dm’ mol”! 7!) xex — 
Pp 1 1 
(8.3145JK~! mol‘) x ([29+273.15] K) 


1.21 x 108 dm? mol | s7! 


AtT, A= k,eb/®® 


5.62...x104J mol ! 


= (4.01x10-? dm’ mol! s~!) xexp = 
(8.3145JK~! mol) x([37+273.15] K) 


= 1.21 x 10° dm? mol! $7! 


E17D.3(b) ‘The relationship between the values of a rate constant at two different tempera- 
tures is given by [17D.2-742], In(k,,2/ky,1) = (Ea/R)(1/Ti - 1/T»). Rearrang- 
ing for E,, and using k,/k,,, = 2 because the rate constant doubles between 
the two temperatures, gives 


— Rin(ky2/kr) (8.3145J K7! mol’) x In2 
1/T-1/T, — 1/([25+273.15] K)—1/([35+273.15] K) 


=|53 kJ mol ! 


a 


E17D.4(b) The relationship between the values of a rate constant at two different tempera- 


E17D.5(b) 


tures is given by [17D.2-742], In(k,,2/k:,1) = (Ea/R)(1/T; - 1/T»). Rearrang- 
ing gives 
ce | 


In 
E, ky Ti T 


-1 
1 R. k, 
hence T= ii 
Ti E, ket 


If k, is to increase by 10 % then k,,2 = k,,1+0.10xk,,) = 1.10xky,1, 80 kyo/ky1 = 
1.10. Hence, taking T, = 25 °C, 


-1 
1 8.3145]K~! mol 
T) = J — Inl.10] =(/298.9K]=(25.7 °C 
[25+ 273.15]K 99.1 x 103 Jmol 


As explained in Section 17D.2(a) on page 743 the fraction f of collisions that are 
sufficiently energetic to be successful is given by the exponential factor gee, 


80 x 10° Jmol * 
fae P/RT exp = Ze =|4.4x 107? 
(8.3145 K"! mol ~) x (500 K) 


Solutions to problems 


P17D.2 


P17D.4 


The Arrhenius equation [17D.1-741], Ink, = In A- E,/RT, implies that a plot of 
Ink, against 1/T should give a straight line of slope —E,/R and intercept In A. 
The data are plotted in Fig. 17.9. 


afc T/K ~— k,/s! —-1/(T/K) In(k,/s~!) 
0.0 273.2 2.46x10-* 0.00366 -6.01 
20.0 293.2 4.51x107* 0.00341  -3.10 
40.0 313.2 5.76x107! 0.00319 —-0.55 


The data fall on a good straight line, the equation for which is 
In(k,/s~!) = (-1.167 x 10*) x 1/(T/K) + 36.71 


Identifying the slope with —E,/R gives the activation energy as 


E, = —slope x R = —(-1.167 x 10* K) x (8.3145JK7! mol *) =|97.0 kJ mol ' 


The Arrhenius equation [17D.1-741], Ink, = In A- E,/RT, implies that a plot of 
Ink, against 1/T should give a straight line of slope —E,/R and intercept In A. 
The data are plotted in Fig. 17.10. 


T/K  k,/dm* mols! 1/(T/K) In(k,/dm* mol! s~') 
300.3 1.44 x 107 0.00333 16.48 
341.2 3.03 x 10’ 0.00293 17.23 
392.2 6.90 x 10’ 0.00255 18.05 
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The data fall on a good straight line, the equation for which is 
In(k,/dm? mol! s~!) = (-2.007 x 10°) x 1/(T/K) + 23.15 


Identifying the slope with —E,/R gives the activation energy as 


E, = —slope x R = —(—2.007 x 10° K) x (8.3145JK7! mol’) =/16.7 kJ mol ' 


Identifying the intercept with In A gives the frequency factor as 


A=e*}5 dm? mol! s7! =/1.13 x 10!° dm? mol s7! 


The units of A are the same as the units of k,. 


P17D.6 (a) The rate constant is estimated using the Arrhenius equation [17D.4-743], 


ky = Ae Eel R?, 


-14.1 x 10° Jmol”? 
k, = (1.13 x 10° dm? mot"'s")xexp( ame 


(8.3145J K"! mol ') x (263 K) 


= 1.79... x 10° dm? mol! s7! 


The rate equation for the bimolecular reaction CH, +OH > CH3+H2Ois 
v = -d[CH4]/dt = k,[CH4][OH], so the rate of consumption of methane 
is 


_ d[CHa] 
dt 


= k,[CH4][OH] 


= (1.79... x 10° dm* mol *s~') x (40 x 10°? mol dm**) 
x (3.5 x 107° mol dm *) 


= 2.51...x 107!® moldm™ s7! =|2.5 x 107!© mol dm™? s7! 


(b) Multiplication of the rate in mol dm™* s! by the volume of the atmo- 
sphere gives the rate in mols~’, and multiplication by the molar mass of 
methane, 16.0416 gmol ", gives the rate in gs~!. Finally, multiplication 
by the length of a year in seconds, 365 x 24 x 60° = 31536000 s, gives the 
mass consumed anually. 


m = (2.51... x 107'° moldm~* 


1k 
x (31536000 s) x 2 =|5.1 x 10! kg 
1000 g 


s-') x (4x 10?! dm?) x (16.0416 g mol ') 


17E Reaction mechanisms 


Answers to discussion questions 


DI7E.2 


DI7E.4 


DI7E.6 


The rate-determining step is what it says it is, the step whose rate determines 
the overall rate of reaction. Any steps subsequent to the rate-determining step 
cannot, by definition, go any faster than the rate-determining step, and in fact 
they proceed at the same rate as the rate-determining step. A step prior to the 
rate-determining step may proceed faster that the rate-determining step. 


If several steps are involved in a reaction mechanism it is possible that changes 
in the concentrations of the species involved will result in a change in the rate- 
determining step, and hence a change in the rate law. This may result in a 
change of order. A simple example is the Lindemann-Hinshelwood mecha- 
nism considered in Section 17F.1 on page 753 where there is a change for first- 
to second-order kinetics depending on the pressure of the reactants. 


In a multi-step mechanism it is possible that the overall rate constant for the 
reaction will be a composite of the rate constants for different steps. If, in this 
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expression for the overall rate constant, a rate constant for an individual step 
appears to a negative power, k,“, then this term will decrease with increasing 
temperature and so make a negative contribution to the overall activation en- 
ergy. If this effect is the dominant one, the overall activation energy may be 
negative. A simple example of this behaviour is possible for reactions involving 


pre-equilibrium, as discussed in Section 17E.5 on page 750. 


Solutions to exercises 


EI7E.1(b) 


(i) The pre-equilibrium A + B = U is described by the equilibrium constant 
K given by 


We ene yy = KAI) 
K ([A]/c?)([B]/c?)  [A][B] hence [U] ~ 


The equilibrium constant K is written in terms of rate constants using 
[17C.8-738], K = (ka/k)) x (kp/kj) x ..... However, in order to make 
K dimensionless it is necessary in this case to include a factor of 1/c® 
because k, isa second-order rate constant with units dm? mol | s~! while 
k’ is a first-order rate constant with units s-!. Thus K = k,c°/k’,, which, 
on substituting into the above expression for [U] yields 


_ kac® _ [AJ[B] _ ka 


(U] ke cei 


[A][B] 


This expression is alternatively obtained by noting that at equilibrium 
the rates of the forward and reverse reactions are the same (provided the 
formation of H can be ignored) 


ka[A][B] = Ki[U] hence [U] = —[A][B] 


The rate of formation of H is d[H]/dt = k,[U]; substituting the expres- 
sion for [U] into this gives 


d(H] = kp[U] = kaky 


- (ANB 


(ii) The net rate of change in the concentration of U is 


d[U] 


wa 7 Ral AT[B] ~ ALU] ~ ko [U] 


In the steady-state approximation this is assumed to be zero 


k,[A][B] -k,[U]-kp[U]=0 hence k,[A][B] = [U](k, + ky) 
k,[A][B] 


hence[U] = ki + ky 


EI7E.2(b) 


EI7E.3(b) 
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The rate of formation of H is given by d[H]/dt = k,[U]; substituting the 
above expression for [U] into this gives 


0) x 


If the rate of decay of U back to A+B is much faster than the decay of U to 
H, that is if ki [U] >> kp[U], the k, term in the denominator is neglected 
in comparison to k/ and the expression becomes 


q[H] — kaky[A][B] — kaky 
dt ki ke Alle 


which is the same as the rate law derived in part (i) assuming a pre- 
equilibrium. This is because under these assumptions the removal of U to 
form product is then too slow to affect the maintenance of the equilibrium 
between A, B and U. 

On the other hand, if the rate of conversion of U to H with rate k,[U] 
is much faster than the decay back to starting materials with rate k/[U], 
that is if k, >> k/, the denominator of the rate law is approximated by ky, 
and the rate law becomes 


d[H] = kakp[A][B] 
re i =k,[A][B] 
b 
This rate law corresponds to the first step A+B — U being rate-determining: 
once U has formed from A and B in this step it immediately goes on to 


form product. 


If step (1) forms a pre-equilibrium, the equilibrium constant K is given by 
= ({CH2CICH,0° ]/c*) - [CH2CICH20™ |c® 


([CH,CICH,OH]/c*)([OH-]/c*) | [CH2CICH,OH][OH- | 
_ K[CH,CICH,OH][OH™] 


This is rearranged to [CH ,CICH,O ] 


ce 
The rate of formation of (CH2CHz2)20 is given by the rate of step (2), 
d| (CH2;CH2)20 
LC 2)20] _ ky[CH2CICH0° |] 


Substituting the above expression for [CH2CICH20° | into this gives 
ce d[(CH2,CH2)20] _ k2K 
dt c 


This is the required expression. The factor of 1/c® is necessary for the rate 
equation to be dimensionally consistent. 


[CH,CICH,OH][OH™ ] 


The overall activation energy for a reaction consisting of a pre-equilibrium 
followed by a rate-limiting elementary step is given by [17E.13-751], E, = Ea, + 
Ep — Ea,a’, where E,,, and E,,,, are the forward and reverse activation ener- 
gies for the pre-equilibrium and E,y is the activation energy for the following 
elementary step. In this case 


Eq = (27 kJ mol *) + (15 kJ mol *) - (35 kJ mol‘) =|+7 kJ mol ' 
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Solutions to problems 


PI7E.2 


PI7E.4 


ka . k 
The concentrations of A, I, and P in the reaction mechanism A > I - Pare 
given by [17E.4a—747], [17E.4b-747], and [17E.4c—747]. 


[A]=[A]oe™ [I] = pa (ete) fA] 
en ket ~kat 
[p= fre SN al 


These expressions are plotted for [A]o = 1 moldm™, ky = 1 s~!, and four dif- 
ferent values of k, in Fig. 1711. Note that the final plot has a different horizontal 
scale to the others. 


1 1 1 1 T T T T 
1.0|. ka=10 sl, ky=1s7' | Lok ka=0.5 s',kh=ls? 
7 we 7 
£ ry a) | £ 
ae) i ‘ oO 
= V Se I || 
0.0 © ——— 
0 2 4 
t/s 
T T T T T T T T 
1.0 k,=O0.1s',kp=1s7) | 1.0 ka = 9.01 st,ky=1s? 
i ‘i 
& A | & ay A 
| ae) 
—& 0.5} | & 0.5) 
= = P : 
SS ; Poe) SS | eee 
er I Lee 
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In the first plot, k, >> ky, so A is quickly converted to I, and I is then converted 
more slowly to P. The rise in P mirrors the fall in I. On the other hand, in 
the last plot k, << kp, so as soon as I is formed it immediately goes on to P. 
Consequently the concentration of I remains low and approximately constant, 
and the rise in P mirrors the fall in A. This latter situation is the one to which 
the steady-state approximation applies. The maximum concentration reached 
by I decreases, and moves to later times, as the ratio k,/k, decreases. 


ka k 
For the scheme A 2 B pe C the net rates of change of the concentrations of A, 
ky b 


PI7E.6 


PI7E.8 


B, and C are 
SAT. -egfa}+ei(B] SL) = kf] -e/[B] - bo[B] + KC] 
d(C] 


“ade = ky[B] = ky [C] 


If B is a reactive intermediate that reacts almost as soon as it is formed, the 
steady-state approximation applies to B and d[B]/dt = 0. Therefore 


k,[A] - k,[B] - ky[B] + &[C]=0 hence k,[A] - k,[B] = k,[B] - k,[C] 
ns SS 
term 1 term 2 


From the discussion above, it is evident that term 1 is equal to —d[A]/dt and 
term 2 is equal to d[C]/dt. Therefore 


ky 
which is precisely what is expected for the scheme A 2 C. 
ki 


a 


Application of the steady-state approximation to the intermediate N2.O) gives 


AN.02) = k,[NO]* - k{[N2O2] - kp[N202][O2] = 0 


This is rearranged for [N2O2]. 


k,[NO]? 
[N20. | (ki, + ky [O2]) = k,[NO]? hence [N2O. | = eo] 
The rate of formation of NO; is then 
d[ NO, | 2kakp[NO]?[O2] 
= 2k,|N20>2][O2] = 
dt p[N202][02] ki + ky[O2] 


The factor of 2 arises because two NO» molecules are formed in the final step. 
To go to the final expression, the concentration of N20 from above is substi- 
tuted in. 


ka k 
(a) The rate equations for the mechanism hhhh... = hchh... < cccc... are 
ki b 
aii) = —k,[hhhh...] + k/[hehh...] 
set | = k,[hhhh...] — ki [hchh...] — kp [hehh...] + kj [ccce...] 


d[ cece... | 
dt 


= ky[hchh...] - kj [eccc...] 
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(b) Applying the steady-state approximation to hchh... so that d[hchh...]/dt = 
0 gives 
ka[hhhh...] — ki {hchh...] — kp[hchh...] + kj[cccc...] = 0 
ka[hhhh...] + kj [cccc...] 
ki + ky 


hence [hchh...] = 


Substituting this into the expression for d[hhhh...]/dt gives 


” ka[hhhh...] + ki [ecee... 
anol. era pa beset) 
dt kia ky 
KK [ccce... 
Ja( p22 | Ge ee 
ki + ky ki + ky 
kak Kk 
=" hhhh... a 
ae! ig 
e_—’ ee" 
ky kt 


Similarly for d[cccc...]/dt 
d{[cccc...] ‘ “ + kf [ccce...] 
= Kp 


[hchh...] — kj,[cccc... ] 


dt ki + ky 
kakp[hhhh...] (.,  kpké 
2 k : 
kis kp eras 
kakp KEKE 
: hhhh...] - —— ; 
Fe ewe cae 
ee ee YY 
ky kl 


These expressions have precisely the same form as those for the mecha- 


ky 
nism hhhh... = cccc... for which the expressions are 
ke 


d{hhhh...] 


p= hel hhh... +k; Lecce... 


= k,[hhhh... |—k'[cccc...] 


Thus the two mechanisms are equivalent provided hchh... can be regarded 
as being a steady-state intermediate, that is, if the rate of its breakdown is 
much faster than the rate of its formation. 


An alternative, and rather simpler approach, is to use the same argument as 
deployed in Problem P17E.4. 


P17E.10 —‘The reaction is shown schematically in Fig. 17.12. 


As explained in Section 17E.6 on page 752, thermodynamic control arises when 
the reaction is allowed to reach equilibrium. The reactant R is therefore con- 
sidered to be in equilibrium with both P; and with Pz 


ky ky 
R=—P, R=—P, 
1 2 


P2 


Figure 17.12 


At equilibrium, the rates of the forward and backward reactions of R to P, are 
equal, as are those to P2. Therefore 


k,[R] 
ki? 


1 


ki[R] =k{[Pi] hence [Pi] = ka[R] = kj[P2] hence [P2] = 


The ratio of the two products is therefore 


[Po] ko[R]/ky | kaki) | Ko 
[Pi] ki[R]/kL [Aoki] [Ri 


where K, and K) are the equilibrium constants for R == P, and R == Py, 
respectively. 


17F Examples of reaction mechanisms 


Answers to discussion questions 


DI17F.2 


In the analysis of stepwise polymerization, the rate constant for the second- 
order condensation is assumed to be independent of the chain length and to 
remain constant throughout the reaction. It follows, then, that the degree of 
polymerization is given by [17F.12b-756], (N) = 1+ k,t[A]o. Therefore, the 
average molar mass can be controlled by adjusting the initial concentration of 
monomer and the length of time that the polymerization is allowed to proceed. 


As discussed in Section 17F.2(b) on page 756, chain polymerization involves 
initiation, propagation, and termination steps. The derivation of the overall 
rate equation utilizes the steady-state approximation and leads to the following 
expression for the average number of monomer units in the polymer chain 
({17F.15-757]) (N) = 2k,[M][In]-'/? where k, = kp(4fkik:)~"””, and where 
kp, ki, and k, are the rate constants for the propagation, initiation, and ter- 
mination steps respectively, and f is the fraction of radicals that successfully 
initiate a chain. It is seen that the average molar mass of the polymer is directly 
proportional to the monomer concentration, and inversely proportional to the 
square root of the initiator concentration, and to the rate constant for initiation. 
Therefore, the slower the initiation of the chain, the higher the average molar 
mass of the polymer. 


k2[R] 
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DI7F.4 


As temperature increases, the rate of an enzyme-catalyzed reaction is expected 
to increase. However, at a sufficiently high temperature the enzyme denatures 
and a decrease in the reaction rate is observed. Temperature related denatura- 
tion is caused by the action of vigorous vibrational motion, which destroys sec- 
ondary and tertiary protein structure. Electrostatic, internal hydrogen bond- 
ing, and van der Waals interactions that hold the protein in its active, folded 
shape are broken with the protein unfolding into a random coil. The active site 
and enzymatic activity is lost. 


The rate of a particular enzyme-catalyzed reaction may also appear to decrease 
at high temperature in the special case in which an alternative substrate re- 
action, which has a relatively slow rate at low temperature, has the faster rate 
increase with increasing temperature. A temperature may be reached at which 
the alternative reaction predominates. 


Solutions to exercises 


E17E1(b) 


E17E2(b) 


The effective rate constant for the Lindemann-Hinshelwood mechanism is given 
by [178-754], 1/k, = ki /kaky + 1/k,[A]. The difference between the effective 
rate constant at two pressures is therefore 


1 1 “(2 1 cee: & _ 1/[A}, -1/[A]i 


ky2 key ky A], [A]; . 1/ky2 — 1 ke, 


The rate constant for the activation step, k, is therefore 


1/(25 Pa) — 1/(1.09 x 10° Pa) = 
1/(2.2 x 10-4 s-!) - 1/(1.7 x 10-3 s~!) 


9.9 x 107° Pa! 57! 


a 


or|9.9 MPa! s~|, 


The fraction of condensed groups at time t of a stepwise polymerisation is given 
by [17F.11-755], p = k,t/A]o/(1 + k,t[A]o). Hence, after 10.00 h, or 10.00 h x 
(60 s)/(1 h) = 3.60 x 104s, 


__ k,tlA]o 
7 1+ k,t[A]o 
(2.80 x 10-? dm? mol! s~!) x (3.60 x 104 s) x (50.0 x 1073 mol dm‘*) 


1 + (2.80 x 10-2 dm? mol! s~!) x (3.60 x 104s) x (50.0 x 10-3 mol dm *) 
= 0.980... = [0.981 


The degree of polymerisation in a stepwise polymerisation is given by [17E12a-— 
755), (N) = 1/(1- p). 


1-p  1-0.980... 
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E17E.3(b) 


EI7E.4(b) 


E17E.5(b) 


The kinetic chain length in a chain polymerisation reaction is given by [17E.14c- 
757), \ = k,[M][In]~'/?. The ratio of chain length under the two different sets 
of conditions is therefore 


do _ ke(MJofIny"? _ ([M]2) (Dn _ i 
Atk [M], [In]; /? ( }»( 50x(-5) es 


The Michaelis-Menten equation for the rate of an enzyme-catalysed reaction 
is given by [17F.18a-759], v = Umax/(1 + Km/[S]o). Rearranging for Umax gives 


K 
Vinax =U (: + | = (0.205 mmol dm’ s~') x ( 
[S]o 
3-1 


=|0.212 mmoldm ~ s 


,, 0.032 moldm ° 
0.875 mol dm * 


The catalytic efficiency is defined in the exercise as ky / Ky, and Umax is related to 
ky according to [17F.17b-759], Umax = kp[E]o, hence ky = Umax/[E]o. Therefore, 
the catalytic efficiency is 


eS oe 4.25 x 10-4 moldm? $7! 
Km Kw[E]o (0.032 moldm~’) x (3.60 x 10-? moldm~*) 


= |3.7 x 10° dm* mol! s7! 


Solutions to problems 


PI7F2 


P17F4 


The kinetic chain length in a chain polymerization is given by [17E.14c-757], 
1 = k,[M][In]~!/?. This represents the average number of molecules in a chain 
produced by one initiating radical, at the point at which the chain is terminated. 
Disproportionation termination does not change the number of monomers in 
the chain, so the average polymer length is equal to the kinetic chain length 


(N) =A =|k,[M][In]-¥/? 


This is in contrast to mutual termination, where as explained in Section 17F.2(b) 
on page 756 the average number of monomers in a terminated polymer is the 
sum of the numbers of monomers in the two combining polymer chains. 


The Michaelis-Menten mechanism is 


ka ky 
E+S == ES —>E+P 
k’ 


a 


If E, S and ES form a pre-equilibrium, then the rate of the forward step in this 
equilibrium, k,[A][S], must be equal to the rate of the reverse step, k/ [ES]. 
Hence k,[E][S] = k{[ES]. The total concentration of enzyme is [E]o = [E] + 
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P17F.6 


[ES], so [E] = [E]o - [ES]. Substituting this into the expression previously 


found gives 
ka ([E]o — [ES]) [S] = k,[ES] hence [ES] = rae 


The rate of product formation is given by the rate of the second step, v = ky, [ES], 
hence 


_—AokalEJo[S] A [EJo | Ku [E]o 
k[S]+ki  1+k*/k[S] ]1+k/k.[S]o 
To go to the final expression, the fact that the substrate is typically in large 


excess compared to the enzyme, so that the free substrate concentration [S] is 
approximately equal to the initial substrate concentration [S]o, is used. 


The equation based on the steady-state approximation is given by [17F.16-759], 


, - _kolE]o 
> TRS lp ka 


This is the same as the pre-equilibrium equation if k) >> kp, that is, if the ES 
complex is much more likely to revert to E+S than to react onward to products. 
This condition is assumed in applying the pre-equilibrium hypothesis, which 
requires that the reaction of ES to products is too slow relative to the reversion 
of ES to E + S to significantly affect the setting up of the pre-equilibrium. 


The rate of product formation is v = k.[ES’], so the task is to find an expression 
for [ES’]. The steady-state approximation is applied to the two intermediates 
ES and ES’ 


aS i: k,[E] [S]—k,[ES]—kp[ES] x0 and 1 = ky [ES]-k.[ES’] ~0 


The concentration of free enzyme E is given by [E] = [E]o — [ES] - [ES’]. 
Substituting this into the steady-state expression for [ES] gives 
ka ({E]o — [ES] - [ES’]) [S] - k,[ES] - ky [ES] = 0 
hence k,[S][E]o — ka[S][ES] — ka[S][ES’] — k, [ES] - k, [ES] = 0 


The steady-state expression for [ES’] implies that [ES] = k.[ES’]/kp. This is 
used to substitute for [ES] in the above expression to give 
k. k 


ka[SJ[E]o ~ al] ,-[8S'] ~ kal SJ[ES'] - on [ES’] - k.[ES’] = 0 


This expression is multiplied through by ky and divided through by k,[S] 


ky[E]o — k-[ES’] - ky [ES’] 


ka[S] _ ka[S] 


/ ke(ky + ky) 
= [ES ] G + k.) + pa) 
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Dividing through by (ky + k.) gives [E]o 
b 


ka(ky + k-)[S] 


(ko/ [kb + ke]) [E]o 


hence [ES'] = — (ke [ki + kp ]/kalko + ke) /[S] 


This expression is substituted into v = k,[ES’] to give 


(koke/[k + ke]) [E]o 


v = K.[ES'] = 1+ (ke[ki + kp ]/kalkp + kJ) /[S]o 


Note that [S] is replaced by [S]o because the substrate is typically in large excess 
relative to the enzyme so that [S] ~ [S]o. The final rate equation has the same 
form as the Michaelis-Menten equation [17F.18a-759], with 


Umax . kpke [E]o k. (ki + ky) 
= th vmax = —— do ie = este BZ 
eK gee ek) 

PI7E8 (a) The Michaelis-Menten equation [17F.16-759] is v = kp[E]o/(1+Km/[S]o), 


or [17F.18a-759] v = Umax/(1 + Ku/[S]o). Rearranging gives 


v (: + | =v 
[Slo max 
hence v + Kw = Ua 
[S]o 
1 Umax 


v 
hence =- v+ 
[S]o Ku Ku 


This expression implies that a plot of v/[S]o against v should be a straight 
line of slope —1/Ky, and intercept Umax/Ku.- 


(b 


ee 


Note that the question should read a Hanes plot of [S]o/v against [S]o, not 
v/[S]o against [S]o. 

The Michaelis-Menten equation [17F.18a—759] is inverted and then mul- 
tiplied through by [S]po to give 


Be 1+ Ku/[S]o ewes [S]o _ [Slo " Ku 


Uv Umax VU Umax Umax 


This expression implies that a plot of [S]o/v against [S]o should be a 
straight line of slope 1/Umax and intercept Ky/Umax- 


(c 


ma 


The data are plotted as a Lineweaver-Burk plot in Fig. 17.13, as an Eadie- 
Hofstee plot in Fig. 17.14, and as a Hanes plot in Fig. 17.15. In all cases the 
data lie on a good straight line. 


612 


[H,0O>]/ v/mol 1/({H202]/ 1/(v/mol v/[H202] [H202]/v 
moldm™~> dm™*s"! moldm™*) dm ’s7!) /s7! /s 
0.300 4.431 3.333 0.2257 14.77 0.0677 
0.400 4.518 2.500 0.2213 11.30 0.088 5 
0.500 4.571 2.000 0.2188 9.14 0.109 4 
0.600 4.608 1.667 0.2170 7.68 0.1302 
0.700 4.634 1.429 0.2158 6.62 0.1511 
0.230 
Lineweaver-Burk plot 
7, 
2 0.225 + 
| 
E 
aS) 
xe) 
£ 0.220- 
=) 
= 
0.215 | . = 
1.0 1.5 2.0 2.5 3.0 3.5 
1/({H202]/moldm~*) 
Figure 17.13 
T T T q T 
15 Eadie—Hofstee plot - 
7 
= 
Sl] 
E} 10 4 
= 
2 
5 i ! i 
440 445 4.50 4.55 460 4.65 4.70 
v/(moldm™ s~!) 
Figure 17.14 


For the Lineweaver-Burk plot, the equation of the line is 


1/(v/moldm™* s~') = 5.190 x 10°° x 1/([H202]/moldm~”) + 0.2084 


The intercept is identified with 1/v ax so that 


1 


Umax 


0.2084 moldm ~~? s~! 


= 4.79...moldm~ 


3 


st= 


3 


4.80 moldm~ s7! 
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T T T T T 
0.15 |- Hanes plot . 
~~ 
= 
oS 
OQ 0.10 F a 
aan 
0.05 | | | | 
0.2 0.3 0.4 0.5 0.6 0.7 0.8 
[H20>]/(moldm~*) 
Figure 17.15 


The slope is identified with Ky./Umax so that 


slope Umax 
———— a FT 


Km = (5.190 x 10°? s) x (4.79... moldm™* s~!) = [0.0249 mol dm~* 


For the Eadie-Hofstee plot, the equation of the line is 
(v/[H202])/s~! = -40.02 x (v/moldm™* s~') + 192.1 


The slope is identified with —1/Ky so that 


-1 3 


= DT UOT 7020249... mol dm” =|0.0250 mol dm” 
STs 


Ku 


The intercept is identified with vmax/Kw so that 


Ku 
—_—_—— a 


_ -1 3) _ -3 -] 
Umax = (192.1 s °) x (0.0249... moldm™~) =|4.80 moldm™ s 


intercept 


For the Hanes plot, the equation of the line is 
([H2O.]/v)/s = 0.2084 x ([H20]/moldm™*) + 5.189 x 107 


The slope is identified with 1/vmax so that 


1 af = 
= 7—— = 4.79... mol dm > 5"! =|4.80 moldm™ s7! 
0.2084 dm” mol s 


Umax 


The intercept is identified with K\/vUmax so that 


intercept Umax 
— SSS 


Ky = (5.189 x 10°? s) x (4.79... moldm~* s~!) = [0.0249 mol dm~* 


The three plots thus give essentially the same values of Ky and Umax for 
these data. 
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17G_ Photochemistry 


Answer to discussion question 


Solutions to exercises 


E17G.1(b) 


E17G.2(b) 


E17G.3(b) 


The primary quantum yield is defined by [17G.1a-763], ¢ = Nevents/Nabs- In 
this equation Naps is the number of photons absorbed and Nevents is, in this 
case, the number of molecules of A that decompose, Ndecomposed- Rearranging 
gives 

Naecomposed _ NdecomposedNa _ NformedNa 


p $ $ 


In the final expression, formed is the amount in moles of B that is formed, which 
from the stoichiometry of the reaction A — B + C is equal to the amount of A 
that decomposes. The quantum yield is 120 mmol einstein™', or 0.120 mol mol’ 
= 0.120, hence 


Nabs = 


MformedNa _ (1.77 x 107? mol) x (6.0221 x 10? mol”') _ 


8.88 x 107! 


Nabs = 


o 0.120 


The fluorescence quantum yield is given by [17G.4-765], dp.o = kpto. The 
observed lifetime To is given by [17G.3b-764], Tt) = 1/(kp + kisc + kic), which 
is written as Tt) = 1/k, where k, = kp + kysc + kic is the effective first-order 
rate constant for the decay of the excited state of the fluorescing species. For a 
first-order process k, is related to the half-life according to [17B.3—732], t1/2 
In 2/k,, and combining this expression with to = 1/k, gives t,/. = In2/(1/tTo) = 
In 2Tp. Hence T9 = f)/2/1n2. 


Rearranging [17G.4—765] then gives 


k, = Po. Gro _ Proln2 _ 0.16 xIn2 
7 To ti/2/In2 tiy2 1.5x10-9s 


=|7.4x 107 5! 


The Stern-Volmer equation [17G.5-765] is $p,0/¢r = 1+ Tokq[Q], where 
and ¢p,9 are the fluorescence quantum yields with and without the quencher. 
The rate of fluorescence v, and hence the fluorescence intensity, is directly pro- 
portional to the fluorescence quantum yield according to [17G.1b-763], ¢ = 
v/Tabs- Therefore to reduce the fluorescence intensity to 75% of the unquenched 
value requires ¢p = = br. and hence ¢$p,0/¢r = . Rearranging the Stern- 
Volmer equation then gives 


_ dro/dr-1 c 4/3 -1 
Toka (3.5x10-9 s) x(2.5x109 dm’ mol ' s-!) 


[Q] 


= |0.038 moldm > 
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E17G.4(b) The efficiency of resonance energy transfer 77 is defined by [17G.6-767], yy = 
1 — ¢r/¢z,0, and the distance-dependence of the efficiency is given by [17G.7- 
767], nr = R§/(R§ + R°), where R is the donor-acceptor distance and Ro is a 
constant characteristic of the particular donor-acceptor pair. 
In this case a decrease of the fluorescence quantum yield by 15% implies that 
dp = (1 - 0.15) bp,9 = 0.85¢4,0. Hence the efficiency is yr = 1—- ¢g/¢p0 = 
1 — 0.85 = 0.15. Rearranging [17G.7-767] for R, and taking Ro = 2.2 nm from 
Table 17G.3 on page 767, gives 


1/6 1/6 

1- 1-0.1 

R= Ro a = (2.2 nm) x( : >} = (2.9 nm 
NT 0.15 


Solutions to problems 
P17G.2 The quantum yield in terms of the rates of processes is given by [17G.1b-763], 


rate of process, v 


aie of photon absorption hence v = ¢ x (rate of photon absorption) 
The rate of photon absorption is calculated by first finding the fraction of pho- 
tons that are absorbed by the layer of stratosphere. This is done using the 
Beer-Lambert law [11A.8-421], which states that the intensity of transmitted 
radiation I is related to the intensity of incident radiation Ip according to I = 
Ig10- U1, where [J] is the concentration of the absorbing substance, L is the 
thickness of the sample through which the radiation is passed, and « is the 
the molar absorption coefficient. The fraction of photons that are transmitted 
through the layer of stratosphere is therefore I/Iy = 10~*19°1!, and the fraction 
f that are absorbed is 


f=1-TIp= 1-10 1%! 
1- 107 (26° dm? mol™! cm7')x(8x10~° mol dm~*)x (1.0 km)x[(10° cm)/(1km)] = 0.380 


The rate of photon absorption is then calculated by considering a column of the 
stratosphere with a cross sectional area of 1 cm* anda height of 1 km = 10° cm. 
A flux of 1 x 10’'* photonscm~ s~! means that each second 1 x 10'* photons 
arrive at the top of this column. Of these photons, a fraction f = 0.380... are 
absorbed as they pass through the column, so the column absorbs 0.380...x 10! 
photons per second. The rate of photon absorption per dm’ of stratosphere is 
found by dividing by the volume of the column, which is (1 cm”) x (10° cm) = 
10° cm?, or 10? dm?. Hence 
0.380... x 101457! ict 


rate of photon absorption = 2 = 0.380... x 10'7 dm™ s~ 
10? dm 


Multiplication by the quantum yield ¢ gives the rate of ozone consumption in 
molecules dm ~* s~!, and division by Na then gives the rate in moldm* s“!. 


$ 
——~_ 0,380... x 1012 dm s“ =a ae 
v= 0.94 x 3 = [5.9 x 107" moldm “s 
6.0221 x 1023 mol 
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P17G.4 


The Stern—Volmer equation [17G.5-765] is $p,0/p = 1+ Toka[Q]. By analogy 
with this expression, the effect of a quencher on the phosphorescence quantum 
yield p is dp,o/¢p = 1+ TokQ[Q], where ¢p,o is the phosphorescence quantum 
yield in the absence of the quencher. 


By analogy with [17G.4—765], }p,0 = kT, the phosphorescence quantum yield 
is bp,o = kpto, where kp is the rate constant for phosphorescence. This implies 
that the rate constant for phosphorescence, and hence the rate of phospho- 
rescence, which in turn determines the intensity of the phosphorescence, is 
proportional to the quantum yield. Therefore Ipo/Ip = $p,o/¢p, which on 
substitution into the equation ¢p,o/p = 1 + Toka[Q] above gives 


I 1 1 k 
et 14 Tokg[Q] hence — = — + sass 
Ip Ip Ipo — Ip.o 


[Q] 


This expression implies that a plot of 1/Ip against [Q] should be a straight line 
of slope TokQ/Ip,o and intercept 1/Ip,o. The data are plotted in Fig. 17.16. 


[Q]/(moldm~*) Ip/(arbitrary units) Ip'/(arbitrary units)~! 


0.0010 0.41 2.44 
0.0050 0.25 4.00 
0.0100 0.16 6.25 


lon 


'/(arbitrary units)~? 
nN 


Ip 
i) 


L i Ll | 1 l Ll | 1 | 
0.000 0.002 0.004 0.006 0.008 0.010 0.012 


[Q]/(moldm™) 
Figure 17.16 


The data lie on a good straight line, the equation of which is 
I,'/(arbitrary units)! = (4.25 x 107) x ([Q]/moldm7*) + 1.97 


The intercept is identified with 1/Ip,9 so that 


1 
1.97 (arbitrary units)~! 


Ino = 0.507... arbitrary units 


P17G.6 


The slope is identified with t9kQ/Ip,o 


Le 4.25 x 107 dm’ mol’ (arbitrary units)“ 
P,0 

The value of Ip,o is known from the intercept, but it is necessary to find T 9 
before this expression can be used to calculate kg. This is done using [17G.3a- 
764], [S*] = [S*]oe~'/”, for the decay of the excited species in the absence of 
a quencher. The half-life of the phosphorescent species S*, and therefore of 
the phosphorescence, is the time taken for [S*] to reach half its initial value. 
Therefore 


118*]o =[S*]Je"v/ hence 2=e'//" hence 19 = ty>/In2 
Substituting this into the expression above involving the slope of the graph gives 


tijrke 


= 4,25 x 10? dm? mol ' (arbitrary units)~', hence 
Ip,o In2 


_ (0.507... arbitrary units) x In2 x (4.25 x 10? dm? mol ' (arbitrary units)~!) 


k 
” 29x 10-°s 


=|5.1 x 10° dm? mol! s7! 


The efficiency of energy transfer in terms of the donor-acceptor distance is 
given by [17G.7-767], nr = R§/(R§ + R°). Taking the reciprocal of both sides 
gives 
1 R6+R° R® 
= =1+ 
nr RG Ry 


This expression implies that a plot of 77 against R° should be a straight line of 
intercept 1 and slope 1/R§. The data are plotted in Fig. 1717. 


R/nm yr R&/nm& —1/yr 


1.2 0.99 3.0 1.01 
1.5 0.94 11 1.06 
1.8 0.97 34 1.03 


2.8 0.82 48x10? 1.22 
3.1 0.74 89x10? 1.35 
3.4 0.65 1.5x103 1.54 
3.7 0.40 2.6x10? 2.50 
4.0 0.28 4.1x103 3.57 
4.3 0.24 63x10% 4.17 
4.6 0.16 9.5x10° 6.25 


The data lie on a modest straight line with intercept close to 1, so it is concluded 
that these data are consistent with [17G.7-767]. The equation of the line is 


1/r = (5.5 x 107*) x R°/nm® + 0.97 
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0 | ! ! ! ! ! ! ! 


| 
0 2000 4000 6000 8000 10000 
R°/nm® 
Figure 17.17 


The slope is identified with 1/R6, so Ro for the naphthyl-dansyl pair is 


l 1/6 
Ro = =(|3.5nm 
: (=; x 10-4 | 


Solutions to integrated activities 


117.2 


117.4 


The step |S > I| is autocatalytic because the rate of this step, dS/dt = rSI, 
is proportional to I which is a product of the step. The step I > R is not 
autocatalytic because its rate dR/dt = aI does not depend on the product R 
of the step. 


Whether the disease spreads or dies out depends on whether the number in- 
fectives I increases or decreases with time. For the disease to spread, 
dI 


ap ee hence |a/r<S 


Similarly, for the disease to die out, 


I 
G = rSI- al <0 hence |a/r>S 


The total rate of change of all species present is 


dN dS dI dR 
deo det det dp 7 PSD) + (SE al) + (al) =0 


The result dN /dt = 0 implies that the total population is constant. 
It is supposed that each monomer has one end group A with which it can join 


to another monomer. In a polymer, only the terminal monomer unit in the 
chain has a free end group. 
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The probability Py that a polymer consists of N monomers is equal to the 
probability that it has N — 1 reacted end groups and one unreacted end group. 
The fraction of end groups that have reacted is p and the fraction of free end 
groups remaining is 1 — p, so the probability that a polymer contains N - 1 
reacted groups and one unreacted group is p\~! x (1 — p). The average value 
of N is then given by 


(N) = 5° NPy = ¥° NpX“1(1-p) = (1-p) ae 


N=1 N=1 


To evaluate the sum, it is noted that Np~! corresponds to the derivative of p™. 
Hence 


cp? |-2 +p +prt 
leer a? rag ptp+...| 


The expression in square brackets is a geometric series with first term p and 
common ratio p; the sum to infinity of this series is therefore p/(1- p). Hence 


= n-1_ a4/ p |_(i-p)+p 1 
2 NP 2 (-py G-py 


The average value of N is therefore 


(N= (1-9) Np" = (1-p)x ap» 7 i 


This is the same result as [17F.12a—755] which is derived in Section 17F.2(a) on 
page 755 by a different method. However the approach used here is more easily 
generalised to find an expression for (N”). 


(N*) = > N?Py = > N?p%*(1-p)=(1-p) Nx Np™” 
N=1 N=1 


N=1 


The quantity Np’! is recognised as the derivative of p™ 


alee) Ne pap) | wp" | 
3 dp dp 2 

= (1-p) 
The sum )y_, Np’! was already evaluated above; its value is 1/(1 — p)?. 


Hence 


4 d 1 l+p — 1+p 
Si a ns|*ol Dy G=p) 


The average values of M and M? are found by noting that the molar mass of a 
polymer with N monomers is given by M = NM, where M, is the mass of a 
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117.6 


single polymer unit. Hence 


1 M, 
(M) = (NM) = M,(N) = M, x ip ee ap 


(M°) = ((NM))°) = (M{N*) = Mj(N*) = Mj x 


l+p _ Mi(1+p) 
(i=p)? ~U=py 


Therefore 


2) _ayyv2_(Mid+p) Mi )=( 2 ?P Weer 
((M’) (M)’) ( (1- p)? (1- p)? Vi Ge a l-p 


The root mean square deviation of the polymer mass is then 


((M2) - (M)?)¥? = (((M,N)?) - (MyN)?)'” = (M3(N?) - M3(N)?)'? 


1/2 1/2 
M 
= My((N2)— (ny?) = My x : :} “|52 
ee (=p) L=p 
var(N 


as before. 


The time dependence of p is given by [17F.11-755], p = k-t[A]o/(1+ k+t[A]o). 
Substituting this into the expression for ((M7) — (M)*)'/? gives the root mean 
square deviation as a function of time as 


M,p'? 
l-p 


k,t[A]o y"( k,t[A]o ) 
Jo 


1+k,t[A ~-1+k,t[AJo 


_ uy, (_fetlAlo oe 1 = 
(ee) (<a) 


M, {k,t[A]o(1 + k,t[A]o)}? 


=Myp'?(1-p)'=M, ( 


The rate of the forward and backward steps are 
B B 
eel og, BoA dB) _ _y rey 
dt dt 


The overall rate of change of [B] is therefore d[B]/dt = I, — k,[B]?. In the 
steady state, d[B]/dt = 0, hence 


A>B 


1/2 
k,[B]’ =I, hence [B] = (=) 


This concentration can differ significantly from an equilibrium distribution 
because changing the illumination may change the rate of the forward reaction 
without affecting the reverse reaction. This is in contrast to corresponding 
equilibrium expression, in which the ratio [B]/[A] depends on a ratio of rate 
constants for the forward and reverse reactions as explained in Section 17C.1 
on page 737. 


Reaction dynamics 


18A Collision theory 


Answers to discussion questions 


D18A.2 


D18A.4 


To the extent that real gases deviate from perfect gas behaviour, they do so 
because of intermolecular interactions. Interactions tend to be more important 
at high pressures, when the size of the molecules themselves is not negligible 
compared to the average intermolecular distance (mean free path). Attractive 
interactions might enhance a reaction rate compared to the predictions of col- 
lision theory, particularly if the parts of the molecules that are attracted to each 
other are the reactive sites. Similarly, repulsive interactions might reduce the 
frequency of collisions compared to what would be predicted for perfect gases. 


Reactions between complex molecules might be expected to have strong steric 
requirements (small steric factors) as a result of the reaction requiring a par- 
ticular orientation and approach of the reacting parts of the molecule: the 
more complex the molecules, the smaller the fraction of collisions which are 
potentially reactive. 


In the RRK theory of unimolecular reactions molecular complexity plays a dif- 
ferent role in that it governs the distribution of energy in the excited molecule. 
In this theory the rate constant for the unimolecular decay of an energized 
molecule A* is given by [18A.11-785], 


ky(E) = (1 : ey ke 


Here E* is the minimum energy that must be accumulated in a bond for it to 
break, E is the total energy, and s is the number of modes of motion (modelled 
as harmonic oscillators) that the molecule possesses. The term in parentheses is 
less than 1, therefore the expression implies that the more complex the molecule 
(the greater s), the smaller the rate constant becomes. 


Solutions to exercises 


E18A.1(b) The collision frequency is given by [1B.12b-17], z = ov;-p/kT, where o is the 


collision cross-section, given in terms of the collision diameter d as o = nd’, 
and ve) is the mean relative speed of the colliding molecules. This speed is 
given by [1B.11b-16], vr) = (8kT/ny)'/?, with w = mamp/(ma + mg). For 
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E18A.2(b) 


1/2 


collisions between like molecules u = m/2 and v; = (16kT/nm)!/. 
_ OVreip _ md? p (77) 


, n \1/2 
= 4d 
kT kT ™! (7) 
= 4x (360 x 107!” m)* x (120 x 10° Pa) 


zs 1/2 
x 
( (28.01 x 1.6605 x 10-27 kg) x (1.3806 x 10-23] K~!) x (303 K) 


=|7.90 x 10° s7} 
To confirm the units of z it is useful to recall that 1] = 1 kg m’s~ and 1 Pa = 
lkgm's~?. 
The collision density between identical molecules is given by [18A.4b-781] 
anny? 
Zan =0(——] Ni [A]’ 
1mm 


where [A] is the molar concentration of the gas. In turn, this is expressed in 
terms of the pressure using the perfect gas equation to give [A] = na/V = 
pa/RT. 


AKT \"/? N2 p2 kT\'? p? 1/2 

Zan = nd? Pa -2g°(7 Pa = 24° ui Pr 
™™ R2T2 m k2T2 mk3T? 

= 2x (360 x 107'* m)? x (120 x 10° Pa)? 


7 1/2 
x 
( (28.01 x 1.6605 x 10-27 kg) x (1.3806 x 10-23 J K7!)3 x (303 os) 


=(1.13 x 10> m3 57! 


The above expression shows that z « or 2 but at constant volume p«T, 


therefore the overall temperature dependence is z « T'/?. The percentage 
increase in z on increasing T by 10 K is therefore 


3131/2 = 303!/2 


303172 = 0.0163... =|1.6% 


Similarly the final expression for the collision density shows Za, o p?T~*/? 


which, with p « T, gives Z,, « T?T~*/? x T'/?, This is the same dependence 
as z, so the same percentage increase will result. 


The collision theory expression for the rate constant is given in [18A.9-783]. 
In this expression, the factor e~£:/RT jg identified as the fraction of collisions f 
having at least kinetic energy E, along the flight path. For example with E, = 
15 kJ mol”! and T = 300K 


By 15 x 10° Jmol! _ 
RT (8.3145JK | mol‘) x (300 K) 


f = e O01... -|2.45 x 1073 


A similar calculation gives |f = 0.105] at T = 800 K. With E, = 150 kJmol | 
the result is] f = 7.64 x 10-*” |at T = 300K, and] f = 1.61 x 107'° Jat T = 800K. 
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E18A.3(b) The method for calculating the fractions is shown in the solution to Exercise 
E18A.2(b). For E, = 15kJ mol‘ and T = 300K itis found that f = 2.44...x107° 
and increasing the temperature to 310 K gives f = 2.96...x 10~*. The percentage 
increase is 

(2.96... x 107?) — (2.44... x 1073) 


100 x = |21% 
2.44... x 1073 


A similar calculation gives an increase by [2.8% |at 800 K. With E, = 150kJ mol * 
the result is [596%] at T = 300 K, and |32%| at T = 800 K. 


E18A.4(b) The collision theory expression for the rate constant is given in [18A.9-783]. 


1/2 
8kT 

pon (“*) ePlRt 
Ty 


= (0.30 x 107'8 m?) x (6.0221 x 107? mol) 


8 x (1.3806 x 10-23 JK7!) x (450 K) \? 
(3.930 x 1.6605 x 10-27 kg) 
“ e7 (200 10° J mol™')/[(8.3145J K~! mol™!)x(450 K)] 


=11.7 x 10715 mol7! m? s7! 


The units are best resolved by realising that (8kT/mp)!/ 


ms-!. Note that 0.30 nm? is 0.30 x 107!8 m?. 


is a speed, with units 


E18A.5(b) As described in Section 18A.1(b) on page 781, the reactive cross section may be 
estimated from the (non-reactive) collision cross sections of A and B: oes = 
L(gi! <: on! *)?. The steric factor is given by the ratio of the experimental 


reactive cross section, exp» to the estimated cross section 


_ Oexp | 8.7 x 10°77 m? 
Jest _ [ (0.88 x 10-8 m?)!/2 + (0.40 x 10718 m?)!/2]?/4 
=|LAx 10 


E18A.6(b) Inthe RRK theory the rate constant for the unimolecular decay of an energized 
molecule A* is given by [18A.11-785], 


*\ sl 


ae (1 e =) beatieay te 


where x = E*/E. Foralinear molecule with 4 atoms there are 3N—5 = 3x4-5 = 
7 normal modes, so s = 7. This expression is rearranged for x to give 


Ww 


x= 1-[ky(E)/ky] YO 
=1-[0.025]"(-) = [0.46 
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E18A.7(b) In the RRK theory the rate constant for the unimolecular decay of an energized 


molecule A* is given by [18A.11-785], 


ky (E) -(1 =). 


ky EB 


where E* is the minimum energy needed to break the bond, and E is the energy 
available from the collision. With the data given 


4.19 x 107° 


ky(E) () 200ml): 
ky 500 kJ mol! 


Solutions to problems 


The first step is to analyse the given rate constant data in terms of the Arrhenius 
equation, k, = Ae~®:/®?, A plot of Ink, against 1/T has slope —E,/R and 
intercept In A. The data are tabulated below and the plot is shown in Fig. 18.1. 


T/K (10°/T)/K"' k,/(cm? mol! s“') In[k,/(cm? mol! s')] 


600 1.67 4.6 x 102 6.13 
700 1.43 9.7 x 10° 9.18 
800 1.25 1.3 x 10° 11.8 
1000 1.00 3.1 x 10° 14.9 

— IF - 

7 

“ | | 

xo) 

= 

= 10f + 

12) 

= 

Ss 

5 ! ! ! ! 
1.0 1.2 1.4 1.6 1.8 


(10°/T)/K~ 
Figure 18.1 
The data are a good fit to the line 
In[k,/(cm? mol™! s~')] = -1.331 x 10*/(T/K) + 28.30 


From the intercept In A = 28.30 and hence A = 1.944 x 10’? cm? mol"! s"}; 
for the next part of the calculation this is conveniently expressed as 1.944 x 
10° m? mol! s71. 


P18A.4 


The collision theory expression for the rate constant is given in [18A.9-783] 


1/2 
tearm (ME) enn 
TH 

Here o* is interpreted as the reactive cross-section, related to the collision 
cross-section o by o* = Po, where P is the steric factor. Comparison of the 
above expression for k, with the Arrhenius equation, k, = Ae =a! Bi gives 
the frequency factor as A = o* Na (8kT/nyu)'!?; this is rearranged to give an 
expression for 0”. The mass of the NO) radical is 46.01 my, therefore the 
reduced mass of the collision is y = 5 x 46.01 my = 3.81... x 10-7 kg. For 
the calculation the temperature is taken to be in the middle of the data, which 
is 750 K. 


A Tt 1/2 
ea) 
_ 1.944 x 108 m? mol! 7! ( n(3.81... x 10-26 kg) )" 
6.0221 x 1023mol! —\ 8 x (1.3806 x 10-23 JK-) x (750 K) 
= 3.88... x 10°?! m* =|0.0039 nm? 


The units are best resolved by realising that (8kT/my)'/? is a speed, with units 


ms_'. The steric factor is P = o* /o = (3.88... x 10-7! m*)/(0.60 x 107'8 m?) = 
0.0065}. 


In Example 18A.1 on page 785 it is shown that for the harpoon mechanism the 
reactive cross-section o* can be estimated as 


2 
o =nR’?=T : 
Ameo (I - Ea) 


With the data for Na and Cl), and using the conversion 1 eV = 1.6022 x 107! J 
from inside the font cover 


. (1.6022 x 10-19. C)? : 
=T 
4n(8.8542 x 10-!2 J-1. C2 m=!) x (5.1 — 1.3) x (1.6022 x 10-!9 J) 
=4.51...x 107)? m? =|0.45 nm? 


The results of similar calculations for the other combinations of alkali metal 
and halogen are given in the table. All the values of o” in the table are smaller 
than the experimental values, but they do show the correct trends down the 
columns. The variation with E,, across the table is not so good. 


o* /nm? Cl, Bro I, 


Na 0.45 0.43 0.56 
K 0.72 0.68 0.96 
Rb 0.77 0.72 1.04 


Cs 0.96 0.89 1.35 
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18B Diffusion-controlled reactions 


Answers to discussion questions 


D18B.2 In the cage effect, a pair of molecules may be held in close proximity for an 
extended period of time by the presence of other neighbouring molecules, typ- 
ically solvent molecules. Such a pair is called an encounter pair, and their 
time near each other is called an ‘encounter’ as opposed to a simple collision. 
An encounter may include a series of collisions. Furthermore, as a result of 
collisions with neighbouring molecules, an encounter pair may pick up enough 
energy to react, even though the pair may not have had enough energy when 
first formed. 


Solutions to exercises 


E18B.1(b) The second-order rate constant for a diffusion-controlled reaction is given by 
[18B.3-789], kg = 4mR*DNa, where R* is the critical distance and D is the 
diffusion constant. As explained in the text, D is the sum of the diffusion 
constants of the two species, therefore in this case D is twice the value given. 
With the data given 


kg = 4m x (0.4 x 10°? m) x (2 x 5.2 x 10°? m?s~') x (6.0221 x 107° mol ') 


=/3.1 x 107 m? mol7! s~! 


E18B.2(b) Fora diffusion-controlled reaction the rate constant is approximated by [18B.4- 
789], ka = 8RT/3n, where y is the viscosity. Recall that 1 P = 107! kgm™' s"}, 
so that 1 cP = 10-?>kgm™‘s"1. 


(i) For decylbenzene 


_ 8x (8.3145JK7! mol") x (298 K) | 


- 1.97 x 10° m? mol! s7! 
3 x (3.36 x 10-3 kgm‘ s~!) 


kg 


In sorting out the units it is useful to recall 1 J = 1 kgm? s~?. 


(ii) For sulfuric acid 


_ 8x (8.3145) K™! mol ') x (298 K) _ 
3 x (27 x 10-3kgm™'s~!) 


ka 


2.4 x 10° m? mol! s7! 


E18B.3(b) Fora diffusion-controlled reaction the rate constant is approximated by [18B.4- 
789], ka = 8RT/3n, where y is the viscosity. Recall that 1 P = 107! kgm™! s“}, 
so that 1 cP = 10-* kgm 's"!. Therefore the rate constant is 

8 x (8.3145JK7! mol ') x (320 K) 
m2 - 
3 x (0.601 x 10-3 kgm“ s“!) 


= 1.18... x 10° m? mol! s7! =|1.18 x 10° m? mol7! s7! 
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The half-life of a second-order reaction is given by [17B.5—734], t)/. = 1/k,[A]o. 
The initial concentration is 2.0 mmol dm~? which is 2.0 mol m~*. With the data 
given 
7 1 

(1.18... x 10° m3 mol"! s!) x (2.0 mol m-3) 


=|42 ns 


fia 


E18B.4(b) The second-order rate constant for a diffusion-controlled reaction is given by 
[18B.3-789], kg = 4mR*DNa, where R® is the critical distance and D is the 
diffusion constant. As explained in the text D is the sum of the diffusion con- 
stants of the two species. The value of D is estimated using the Stokes—Einstein 
equation, D = kT/6nyR, and with the data given separate values of D are 
computed for the two species. The critical distance is taken as R* = Ra + Rp. 
Recall that 1 P= 10-! kgm™'s"!, so that 1 cP = 10-3 kgm! s"!. 


ka = An(Ra + Rg)(Da + Dzg)Na 


= anNi(Ry + Rs) 2H (Ly 1) 
6my \Ra Rp 
= 4n x (6.0221 x 10° mol ') x (421 +945) 
. 1.5806 2 19 IK IJ C28) | 11 
6m x (1.35 10-3kgm™'s-!) \421 945 


= 5.64... x 10° m? mol! s7! 


The initial concentrations are [A] = 0.155 moldm™ = 0.155 x 10° mol m™ 
and [B] = 0.195 moldm™* = 0.195 x 10° mol m~°. The initial rate is therefore 
d[P] 


= Kel AIL] 


(5.64... x 10° m? mol! s“') 
x (0.155 x 10° mol m™*) x (0.195 x 10° mol m™*) 


=/1.71 x 10!! mol m=? s7! 


Using [18B.4-789], kq = 8RT/3y, the rate constant is 


_ 8x (8.3145JK7! mol ') x (293 K) 


— = 4.81 x 10° m? mol! s! 
3 x (1.35 x 10-3 kgm! s~!) 


kg 


This value would result in a somewhat slower initial rate, casting some doubt 
therefore on the validity of the approximations used. 


Solutions to problems 
P18B.2 It is convenient to plot the function as 


[J]*A ook /4Ditr ket 
No (nDt)}/2 
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For the plots shown in Fig. 18.2 the diffusion constant is chosen as D = 4.1 x 
10° m*s"!, the value suggested in Brief illustration 18B.3 on page 790. The 
plot on the left is for k, = 0. As expected, as time increases the material spreads 
further from the origin and the profile flattens. The plot on the right is for 
k, = 2x 1077 s"!. Now, because reaction also consumes the material, the curves 
are all at lower values with the longer time curves being more affected because 
more material has been consumed by the reaction. 


x/mm 


k,=2x10% 57 


800 - —t=100s 
---£=200s || 
t= 1000s 
600 
400 =i 
200 4 
Q Sai Caner L 
6 8 
Figure 18.2 
P18B.4 (a) For a diffusion-controlled reaction the rate constant is approximated by 


[18B.4-789], kq = 8RT/3n, where y is the viscosity, given at 298 K as 
1.06 x 1073 kgm7' s! in the Resource section 


_ 8x (8.3145) K 7! mol ') x (298 K) _ 
3 x (1.06 x 10-3 kgm‘ s~) 


6.23 x 10° m? mol"! s7! 


ka 


(b) The second-order rate constant for a diffusion-controlled reaction is also 
given by [18B.3-789], kq = 4mR* DNa, where R’* is the critical distance 
and D is the sum of the diffusion constants of the two species. It is conve- 
nient to express the rate constant as 2.77 x 10° m? mol! s~!. Rearranging 
the expression gives 


‘ ka 2.77 x 10° m? mol! s“! 
4nDNa 4m x (1 x 10-9 m?s~!) x (6.0221 x 1023 mol) 
= (0.4 nm 


18C Transition-state theory 


Answers to discussion questions 


D18C.2 


D18C.4 


The Eyring equation, [18C.10-794], results from activated complex theory which 
is an attempt to account for the rate constants of bimolecular reactions by con- 
sidering the scheme A + B == C* ——> P, where C*is an activated complex. 
In the formulation of the theory, it is assumed that the activated complex and 
the reactants are in equilibrium. The concentration of the activated complex 
is calculated in terms of an equilibrium constant, which in turn is calculated 
from the partition functions of the reactants and a postulated form of the ac- 
tivated complex. It is further supposed that one normal mode of the activated 
complex, the one corresponding to displacement along the reaction coordinate, 
has a very low force constant. Displacement along this mode leads to products, 
provided that the complex enters a certain configuration of its atoms, known 
as the transition state. 


The primary kinetic isotope effect is the change in rate constant of a reac- 
tion in which the breaking of a bond involving the isotope occurs in the rate- 
determining step. The reaction coordinate in a C-H bond-breaking process 
corresponds to the stretching of that bond. The vibrational energy of the stretch- 
ing depends upon the effective mass of the C and H atoms. Upon deuteration, 
the zero-point energy of the bond is lowered due to the greater mass of the deu- 
terium atom. However, the height of the energy barrier is not much changed 
because the relevant vibration in the activated complex has a very low force 
constant, so there is little zero-point energy associated with this vibration of 
the complex, and hence little change in its zero-point energy upon deuteration. 
The net effect is an increase in the activation energy of the reaction. It is then 
expected that the rate constant for the reaction will be lowered in the deuterated 
molecule, and this is what is observed. 


Sometimes the rate of reaction is lowered upon deuteration to an extent even 
greater than can be accounted for by this analysis. In such cases, quantum- 
mechanical tunneling may be part of the reaction mechanism. The probability 
of tunneling is highly sensitive to mass, so it is much less likely (and therefore 
much slower) for deuterium than for 'H. If the rate of a reaction is altered 
by isotopic substitution it implies that the substituted site plays an important 
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role in the mechanism of the reaction. For example, an observed effect on 
the rate can identify bond breaking events in the rate determining step of the 
mechanism. On the other hand, if no isotope effect is observed, the site of the 
isotopic substitution may play no critical role in the mechanism of the reaction. 


Solutions to exercises 


E18C.1(b) 


E18C.2(b) 


The empirical expression is compared to the Arrhenius equation k, = Ae~#:/R7, 


allowing the activation energy to be determined from E,/R = 5925 K; hence 
E, = (8.3145) K"! mol’) x (5925 K) = 49.2... kJ mol |. The frequency factor 
is A = 6.92 x 10'? dm’ mol 's~! = 6.92 x 10° m3 mol"! s“!. 

The relationship between E, and A*H for a bimolecular solution-phase reac- 
tion is given by [18C.17-796], A*H = E, — RT = (49.2... x 10° Jmol’) - 
(8.3145JK~! mol ') x (298 K) = 46.8kJmol'|, The relationship between 
Aand A'S for a bimolecular solution-phase reaction is given by [18C.19b-796] 


RT RY watsyr 
h pe 
Ap*h 
ekRT? 
= (8.3145JK7! mol *) 
(6.92 x 10° m? mol! s~') x (10° Pa) x (6.6261 x 107*4Js) 
‘ e(1.3806 x 10-23J K7!) x (8.3145J K7! mol) x (298 K)? 


=|-34.1JK7! mol! 


=e 


hence A*S = RIn 


x1 


Note the conversion of the units of A to m? mol”! s1. 


The empirical expression is compared to the Arrhenius equation k, = Ae~*:/R7, 


allowing the activation energy to be determined from E,/R = 4972 K; hence 
E, = (8.3145) K"! mol *) x (4972 K) = 41.3... kJ mol |. The frequency factor 
is A = 4.98 x 10° dm? mol ' s~! = 4.98 x 10!° m3 mol"! s“!. 

The relationship between E, and A*H for a bimolecular solution-phase reac- 
tion is given by [18C.17-796], A'H = E, — RT = (41.3... x 10° Jmol‘) - 
(8.3145J K~! mol ') x (298 K) = +38.8... kJ mol’. The relationship between 
Aand A?S for a bimolecular solution-phase reaction is given by [18C.19b-796] 


MERI atsir 
h pe 
Ap*h 
ekRT2 
= (8.3145JK ' mol’) 
a (4.98 x 10'° m? mol! s~) x (10° Pa) x (6.6261 x 10°**Js) 


A= 


hence A*S = RIn 


e(1.3806 x 10-23 JK!) x (8.3145J K7! mol‘) x (298 K)? 
= -17.6...JK7! mol 


Note the conversion of the units of A to m? mol"! s~!. A*G is found by com- 
bining the values of A*H and A'S in the usual way 


A'g = A'H- TAS 
= (+38.8... x 10° Jmol") — (298 K) x (-17.6... JK"! mol") 


=|+44.1kJ mol! 


E18C.3(b) The rate constant for a bimolecular gas phase reaction is given by [18C.18a-796] 


k= es 


This rearranges to 
A‘S = Rin (: a oe) - ain es) + 3 
= (8.3145JK7! mol’) 

(0.35 m? mol”! s~') x (6.6261 x 10°-*4Js) x (10° Pa) 
(a x 10-23 K7!) x (8.3145J K7! mol) x (338 =) 
39.7 x 103 Jmol! 

338K 
~124JK7! mol! 


E18C.4(b) In Example 18C.1 on page 794 the following expression for the rate constant for 
a reaction between structureless particles is derived 


1/2 
ee (er) go* e SEo/ RT 
TH 


The activation energy is obtained from its usual definition, [17D.3-742] 


Therefore AE = E, — +RT and hence 


1/2 
ean, (“*) ot el/2@-AEa/RT 
TUL 
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E18C.5(b) 


The rate constant for a bimolecular gas phase reaction is given by [18C.18a-796] 


— ae 


Comparing these two expressions gives 
1/2 
Na 8kT get - ok RT ats/e 
h pe 
This is rearranged to give A*S, noting that for a collision between like molecules 
1 
bo5m 


1/2 
8kT hp? 
A*S = RIn| Na | —— * 
o( af TU : ttas| 


= (8.3145JK7! mol’) 


8 x (1.3806 x 10-23 J K-!) x (450 K) )" 


x In| (6.0221 x 107? mol”) x ; 
Tx 5 x 92 x (1.6605 x 10-77 kg) 


x (0.45 x 10°'8 m’) 


(6.6261 x 10°**Js) x (10° Pa) 
x 
e3/2(1.3806 x 10-23 J K7) x (8.3145J K7! mol’) x (450 K)? 


=|-79JK7! mol”! 


It is convenient to convert the units of the frequency factor and express it as 
A = 2.3 x 10'° m? mol”! s"!. The relationship between E, and A*H for a 
bimolecular gas-phase reaction is given by [18C.17-796], A*H = E, — 2RT = 
(30.0 x 10° J mol) —2 x (8.3145 J K~! mol’) x (298 K) = +25.0... kJmol | = 
+25 kJ mol !|. The relationship between A and A*S for a bimolecular gas- 
phase reaction is given by [18C.19a-796] 


oki RT atsye 
h p* 
Ap*h 
e?kRT? 
= (8.3145JK ' mol‘) 
(2.3 x 101° m? mol”! s~!) x (10° Pa) x (6.6261 x 107**Js) 
. e?(1.3806 x 10-23J K"') x (8.3145J K! mol’) x (298 K)? 
= -32.4...]K-! mol! =|-32JK7! mol! 


A= 


hence A*S = RIn 


A*G is found by combining the values of A*H and A'S in the usual way 
A*G = A°H-TA‘S 
= (+25.0... x 10° Jmol") — (298 K) x (-32.4... JK”! mol”') 


+35 kj mol" 


E18C.6(b) 


EI8C.7(b) 


The variation of the rate constant with ionic strength is given by [18C.23-797], 
Igk, =Igke + 2Azazpl'/?; at 298 K and for aqueous solutions A = 0.509. In 
the absence of further information assume za = +1 and za = +1. Rearranging 
for lg k? gives 


Ig ko =Igk, — 2Azazpl'/? 


= 1g(1.55 dm® mol”? min“!) — 2 x (0.509) x (+1) x (+1) x (0.0241)1/? 
= 0.0322... 


Therefore |k° = 1.08 dm® mol? min™!}|, 


The effect of deuteration on the rate constant is given by [18C.25-799] 


k,(C-D) __¢ ,_ h(C-H) nea 
k,(C-H) ef (=e | (“") | 


In this expression w(C-H) = (k¢/ucu)'””. It can be adapted for other pairs of 
isotopes by changing the effective masses and the force constant. 


The effective mass for !*C-!°O is 


McMo 12 x 15.9949 
mMc+mo 12+ 15.9949 


ico = My = 6.85... My = 1.13... x 1077 kg 


Likewise for *C-!8O (denoted C-O’) the effective mass is 


McCMo 12 x 17.9992 
mMct+mo 12+17.9992 


Hoo’ = My = 7.19... My 


With the given force constant 


1750Nm-!_ \1/? 
w(C-O) = a = 3.92...x 1045"! 
1.13... x 10-26 kg 
At 298 K 
(1.0546 x 10734Js) x (3.92... x 10!4 s~1) (ee ' 
2x (1.3806 x 10-23] K7) x (298 K) 7.19... 
20,121... 
k.(C-O' 
(C O ) = e$ = el. - [0.86 
k,(C-O) 


Raising the temperature will decrease ¢ which will have the effect of increasing 
the ratio k,(C-O')/k,(C-O) and so moving it closer to 1. That is, the isotope 
effect will be reduced. 
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Solutions to problems 


P18C.2 The first step is to analyse the given rate constant data in terms of the Arrhenius 
equation, k, = Ae~®/?_ A plot of Ink, against 1/T has slope —E,/R and 
intercept In A. The data are tabulated below and the plot is shown in Fig. 18.3. 


afeC. T/K (103/T)/K? k,/s? _In(k,/s~) 


—24.82 248.33 4.027 1.22 x 107+ -9.011 
—20.73 252.42 3.962 2.31 x 1074 —8.373 
-17.02 256.13 3.904 4.39 x 10-4 —7.731 
—13.00 260.15 3.844 8.50 x 10-4 —7.070 
—8.95 264.20 3.785 1.43 x 10°? —6.550 


In(k,/s~*) 


—-9.0b | | | | 
3.80 3.85 3.90 3.95 4.00 


(10°/T)/K~ 


Figure 18.3 


The data are a good fit to the line 


In(k,/s~') = -1.035 x 10*/(T/K) + 32.66 
From the intercept In A = 32.66 and hence A = 1.526x 10!* s~!. From the slope 
—E,/R = 1.035 x 104 K, hence E, = 86.3... kJ mol! =|86.3 kJ mol ‘|. 


This reaction is first order, so the argument leading to the expression for the rate 
constant in terms of partition functions needs to be modified. Crucially, the 
equilibrium constant for the formation of the activated complex, K* = pc:/pa, 
no longer includes a p® term. Similarly, for this equilibrium the conversion 
from partial pressures to concentrations does not involve an RT term because 
in this case these terms cancel between products and reactants: in other words 
the equilibrium constant has the same value regardless of whether partial pres- 
sures or concentrations are used. Following this through, the argument in the 
text leads to a modified version of [18C.10-794] 


=} 
ke ist =k he K 


P18C.4 


The activation energy is obtained from its usual definition, [17D.3-742] 


a d kT — 
BE, = RT? dnkeast _ p72 4 yy « R'] 
aT aT h 


= 
_ RT? 1 . dink 
T dT 


1 AtH 
-eo (54 SH) = ars atH 


where to go to the last line the equivalent of dIn K/dT = A,H®/RT? is used. 
The expression for k,,;s is then written in terms of A*G, A*H, and A*S 


ketst = h K 


e ed'S/R eo ATH/RT = x = ed’ S/R (| eFa/RT 


kT — kT 
- ‘é . eo A'G/RT 


where to go to the final expression A*H = E, — RT is used. The quantity in the 
bracket is identified as the frequency factor A. 


From the graph E, = 86.3... kJ mol", therefore 


A*H = E, — RT = (86.3... x 10° kJ mol!) — (8.3145J K! mol) x (253 K) 


= +84.2... kJmol | =|+84.2 kJ mol! 


Assuming x = 1 


A= RT Qa°5/R 
h 


Ah 
hence A*S = RIn —— 
kTe 


(1.526 x 10! s~') x (6.6261 x 10°**Js) 
(1.3806 x 10-23 J K7') x (253 K) xe 


= +19.6...JK-! mol! =/+19.7JK7! mol! 


= (8.3145JK ' mol‘) In 


A*G is found by combining the values of AH and A*S in the usual way 
A*G = A*H- TAS 
= (+84.2... x 10° Jmol") — (253 K) x (+19.6... JK! mol") 


=|+79.2 kJmol ! 


The suggested starting point, [18C.9-794], is an expression for the equilibrium 
constant for the formation of the activated complex in terms of the partition 
functions Ee 

K = Nad: e-SEo/RT 
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For reactions with the same activation energy their relative rate constants will 
depend only on the ratio of partition functions, so attention is focused on this 
quantity. To simplify the notation, the overline, double dagger and standard 
symbols will be omitted. The translational contribution to the partition func- 
tion is written q", and the rotational contribution is written q® for each degree 
of rotational freedom; similarly, the vibrational contribution is written q¥ for 
each normal mode. 


For the reaction between atoms, the reactants only have translational contribu- 
tions, but the activated complex has both translational and rotational contribu- 
tions (two rotational degrees of freedom as the species is linear). There is no 
vibrational contribution because the only vibration corresponds to the reaction 


coordinate. 
( qc _o xy _@)? 
PBJatom XE FT 

If the reactant A is non-linear and has N atoms it has three rotational degrees of 
freedom and 3N —6 normal modes; similar considerations apply to B which has 
N’ atoms. The activated complex also has three rotational degrees of freedom 
and Nact = 3(N+N’)-5 normal modes, the one corresponding to the reaction 
coordinate being omitted. 


qc 7 q' x (q®)? x (qv) N= 
ead qi x (q®)3 x (qv )3N-6 x qi x (q®)3 x (qv )3N’"-6 


9A 9B 
_ ay 
qx (q*)? 
where to go to the last line the calculation [3(N+N’)-5]-(3N-6)-(3N’-6) = 


7 is used. 


The ratio of the rates for the molecular and atomic reactants is therefore 
ky,mol (qv)’ q: 2 (qv)’ = (1)’ =|3x 1078 
ky,atom q’ x (q®)3 (gq)? (q®)° (102? 7 


The reaction with molecules is indeed very much slower. 


P18C.6 The variation of the rate constant with ionic strength is given by [18C.23-797], 
Ig k, = 1g k°+2Azazpl'/?; at 298 K and for aqueous solutions A = 0.509. A plot 
of lgk, against I'/? is used to explore whether or not this relationship applies; 
for the solution given I = 3[Na2SO4]/mol kg". 


[Na2SOq]/mol kg! I'/? k,/(dm3/? mol~!/? s“!) Iglk,/(dm*/? mol“? s“!)] 


0.2 0.775 0.462 —0.335 
0.15 0.671 0.430 —0.367 
0.1 0.548 0.390 —0.409 
0.05 0.387 0.321 —0.493 
0.025 0.274 0.283 —0.548 
0.0125 0.194 0.252 —0.599 


0.005 0.122 0.224 —0.650 
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Ig(k,/(dm?/? mol7!/? s“!)] 


pl 


Figure 18.4 


The plot is shown in Fig 18.4: it is evident that the data do not fall on a straight 
line. This is perhaps not surprising as the ionic strengths used are considerably 
in excess of those for which the Debye—Hiickel limiting law is expected to apply. 
The three data points at lowest ionic strength do fall on a good line, as is shown 
in the plot, and these have a slope of +0.67. Such a value implies 


2x (0.509) x (zazp) = +0.67 hence (Zazp) = +0.658 


This result makes no sense in terms of the theory, so little can be deduced other 
than the fact that the two species have charges with the same sign. 


The variation of the rate constant with ionic strength is given by [18C.23-797], 
Ig k, =lgk°+2Azaqzpl'/?; at 298 K and for aqueous solutions A = 0.509. A plot 
of lg k, against I'/ is used to explore whether or not this relationship applies. 


I PP k,/(dm? mol"'s~!) — Igfk,/(dm?* mol! s~!)] 
0.0025 0.0500 1.05 0.021 
0.003 7 0.060 8 1.12 0.049 
0.0045 0.067 1 1.16 0.064 
0.0065 0.0806 1.18 0.072 
0.008 5 0.0922 1.26 0.100 


The plot is shown in Fig 18.5; the data do not fall on a straight line. The limiting 
slope, taken from the first three points, is +2.54. Such a value implies 


2 x (0.509) x (Zazp) = +2.54 hence (z,azg) = +2.5 


This result implies that both ions have charges with the same sign, and if one 
has charge 1 the other may have a charge of 2 or 3. 
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P18C.10 


Ig[k,/(dm* mol s~!)] 


| 
0.04 0.05 0.06 0.07 0.08 0.09 0.10 
pr 


Figure 18.5 


The equilibrium constant for the dissociation of the weak acid HA according to 
HA == H* +A’ is written in terms of activities, and then in terms of activity 
coefficients and concentrations; it is assumed that the activity coefficient for the 
neutral species is unity. 


ay+aa- _ Yut[H"]ya-[A7] _ yi [H"][A7] 


K,= 
AHA yua[HA ]c° [HA]c° 


Taking logarithms gives 


[A"] 
[HA |c® 


Ig K, =lg[H*]+2lgys +lg 


Inserting the Debye—Hiickel limiting law, lg y.. = —Alz,z_|I'/, and taking z, = 
+l and z_ = -1, gives 


[A’] 
[HA ]c® 


Ig Ky = Igi[H*] -2Ar” +1g 


hence lg[H*] = lg K, -lg ar + 2Ar? 
ce 


The rate is written r = k,[H*][B], hence 
Igr = 1g(k,[B]) + Ig(H"] 


= Ig(k,[B]) + lg Ka -lg ae + 2A? 


k,Ka[B][HA]c® 
[A’] 


The prediction is that the log of the rate will go as I'/”. 


+ 2AT1/2 


=lg 


18D The dynamics of molecular collisions 


Answers to discussion questions 


D18D.2 


D18D.4 


The saddle point on the potential energy surface corresponds to the transition 
state of a reaction. The saddle-point energy is the minimum energy required 
for reaction; it is the minimum energy for a path on the potential energy sur- 
face that leads from reactants to products. Because many paths on the surface 
between reactants and products do not pass through the saddle point, they 
necessarily pass through points of greater energy, so the activation energy can 
be greater than the saddle-point energy. Thus, the saddle-point energy is a 
lower limit to the activation energy. 


Molecular beams may be used to prepare molecules in specific rotational and 
vibrational states, and then to examine the results of collisions between such 
precisely prepared species. Section 18D.1(a) on page 801 describes how molec- 
ular beams are prepared such that the molecules in them have a very nar- 
row range of velocities and therefore relatively few collisions to redistribute 
their energies. Molecules in such beams can be prepared in specific vibrational 
states, for example, by using lasers to excite vibrations. Crossing two molecular 
beams allows collisions to be staged between two sets of precisely characterized 
molecules. Detectors can then be used to study the results of those collisions, 
recording the number of molecules in which particular states that are scattered 
in a given direction. 


Solutions to exercises 


E18D.1(b) 


E18D.2(b) 


Refer to Fig. 18D.19 on page 808, which shows a repulsive potential energy sur- 
face as well as trajectories of both a successful reaction and an unsuccessful one. 
The trajectories begin in the lower right, representing reactants. The successful 
trajectory passes through the transition state (marked as ¢ ©). The unsuccessful 
trajectory is fairly straight from the lower right through the transition state, 
indicating little or no vibrational excitation in the reactant. Therefore most of 
its energy is in translation. This trajectory runs up a steep portion of the surface 
and rolls back down the valley representing the reactant. Without vibrational 
energy, it cannot go around the corner to the transition state. 


In contrast, the successful trajectory is able to turn the corner only because 
it has a substantial amount of energy in vibration, which is represented by 
side to side motion in the valley representing reactants. That is, the reactant 
is relatively high in vibrational energy. Once this successful trajectory passes 
through the transition state, it follows a straight course into the valley rep- 
resenting products, so the product is high in translational energy and low in 
vibrational energy. 


The numerator of [18D.6—809] is integrated with the assumption that P(E) = 1 
for E < V, and zero otherwise. Effectively this means computing the integral 
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over the range E = 0 to E = V with P(E) = 1 


co Vv 
} P(E) e#/*" dE = ) e F/KT aE 
0 0 
a -E/kT|V 
= -kTe ke 


= -kT(e- VF? — 1) =|kT(1 — e-V/FT) 


When kT < V the exponential term goes to zero, leaving a linear dependence 
on T. When kT >> V the exponential is expanded as (1 - V/kT), which leads 
to a result independent of T. 


Solutions to problems 


P18D.2 


P18D.4 


The change in intensity of the beam, dI, is proportional to the number of scat- 
terers per unit volume, WV, the intensity of the beam, I, and the path length dL. 
The constant of proportionality is the collision cross-section a, the ‘target area’ 
of each scatterer. 


dl =-oNIdL_ hence “r= -oNdL hence dlnI=-oN dL 


If the incident intensity at L = 0 is Ip, and the intensity after scattering through 
length L is I, integration gives 


I L 
1 dInI = } -oNdL hence InI/Iy = -oNL 
To 0 
For scattering by CHF, I/Ig = 0.60, whereas for scattering over the same 


length by Ar I/Ip = 0.90 at the same pressure. The ratio of the logarithms 
of these fractions is the ratio of the collision cross sections. 


In 0.60 _ OCH2F2 


=|4.8 
In 0.90 OAr 


The very polar species CsCl is scattered more strongly by the polar CH,F, than 
by atomic Ar. 


For a collinear approach the potential energy surface is described in terms of 
that for HOD, the H—-O distance Ry_o, and the D-O distance Rp_o¢. When the 
H-O distance is large the variation of the potential energy is essentially that 
of an isolated OD molecule with Rp_o. When the D-O distance is large the 
variation of the potential energy is essentially that of an isolated OH molecule 
with the distance Ry_o. 


18E Electron transfer in homogeneous systems 


Answers to discussion questions 


DI8E.2 


Electron tunnelling plays an important role in electron transfer. As is discussed 
in Section 7D.4 on page 268, it is expected that tunnelling will be more impor- 
tant for electrons than any other particles that participate in chemical reactions 


because electrons are so much lighter than atoms or ions. Tunnelling is respon- 
sible for the exponential distance dependence of the factor He(d)*, given by 
[18E.4-812], and the electron-transfer rate constant, given by [18E.5-812], is 
directly proportional to H.t(d)’. A full discussion is found in Section 18E.2 on 
page 811. 


Solutions to exercises 


EI8E.1(b) 


EI8E.2(b) 


The distance dependence of H.(d)? given by [18E.4-812], He(d)” = H¢2e7F 4, 


Het(do)” _ .-p(dr-ai) 


Het(d1)? 
= e (30 nm7')[(2.0 nm)—(1.0 nm)] = 9.35... x 10714 


Increasing the distance from 1.0 nm to 2.0 nm reduces H,,(d)* by [13 orders 
of magnitude. 


The rate constant for electron-transfer is given by [18E.5-812] together with 
[18E.6-813] 


1 a Ae ‘ A,G° + AER)? 
oe Hea(dveX GT  atg= eee, 
h \RTAER 4AER 


For the two reactions given, AE, and He(d ie are assumed to be the same, 
therefore 


Ket,a =e (A'G2-A'G)/RT hence In ket2/ket,1 = —(A*G, - A*G,)/RT 


et, 1 
The term (A*G, — A*G,)/RT is then developed as 


A*G,-A'G, _ (A,G3 + AER)? — (A,G? + AER)? 


RT 4AERRT 
_ (ArG3)? - (ArG?)? + 2AER(A,G3 - AG?) 
4AERRT 
1 A e\2 _ A e\2 
= ( Gy) ( G7) +2(A,G} - A,G?) 
4RT AER 


Putting this with the expression for In k,,2/k;,1 gives 


In ket2/ket,1 = 


-1 (ArG3)? = (A,G?)? 
4RT AER 


+2(A,G - ».67)| 
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This expression is then rearranged for AER 


= (A,G3)? =: (A,G?)? 
AER 
_ (A,G3)* 7 (A,G?)? 
—-4RT In ket,2/Ket,1 _ 2(A,G$ = AG?) 
= (A,G?)? — (A,G3)* 
4RT |n ket,2/Ket,1 + 2(A,G$ = A,G?) 


—-4RT In ket2/ket1 = 2(A,G> ~ A,G; ) 


AER 


AER 


The data are given in eV so it is convenient to express 4RT in eV with the help 
of the conversion factors inside the front cover 
leV 


4RT = 4x (8.3145J K~! mol ')x (298 K) x = = 0. 102...eV 
96.485 x 103 J mol 


With the data given 


2 (A,Gy)* ~ (ArG3)? 
ART In ket,2/ket1 + 2(ArG? — AG?) 
(-0.665 eV)? — (-0.975 eV)? 


(0.102... eV) x In GS} + 2[(-0.975 eV) - (-0.665 eV)] 


= 1.53... eV =|153 eV 


AER 


Using the data for the first value of the rate constant 


_ (A,G® + AER)? _ [(-0.665 eV) + (1.53... eV) ]? 
4AER 4x (1.53... eV) 


A'G = 0.122... eV 


The expression for k, given by [18E.5-812] is then rearranged to find He (d - 
RTAER\" 43 
Hoatai = hk (——*) eh’ G/RT 
Tt 


As the values of AE, and A?G have already been found in eV, it is convenient 
to express the term RT also in eV; following the same process as above gives 
RT = 0.0256... eV. 


Het(d)* = (6.6261 x 107**Js) x (2.02 x 10° s“') 


1/2 
sg (Co eV) x (1.53... ~) (0-122... eV)/(0.0256... eV) 
m3 


= 5.59... x 10°78 J eV = 8.97... x 10777 J? 


On the final line the units are converted using 1 eV = 1.6021 x 107! J. Hence 
He(d) = 9.47 x 1074 JI, 


E18E.3(b) The rate constant for electron-transfer is given by [18E.5-812] together with 


[18E.6-813] 


1/2 4 
( ) Ha(ayres'one ea + AER)" 


ket = = 
* h\ RTAER 4AER 


For the two reactions given, AER and A*G are assumed to be the same. The 
distance dependence of H.(d)? is given by [18E.4-812], He(d)* = H°2e7F4, 
therefore 
ket,2 _ (Het(d)*)2 _ e-B(d:-dr) 
Ket: (Het(d)*)1 
hence In(ket,2/ket,1) = —B(d2 - d1) 
In(Ket,2/Ket,1) 
(a, - di) 
In[(4.51 x 10* s-!)/(2.02 x 10° s')] 
(1.23 nm) - (1.11 nm) 


therefore 8 = — 


= 12.5...nm7! 


B 


The rate constant for d3 = 1.59 nm is then found using the result above 


ket3 om kage Phe) 


= (2.02 x 10° s) XK QT (12S ene nm7!)x[(1.59 nm)-(1.11 nm)] 


=|498 5"! 


Solutions to problems 


PI8E.2 


Using the Marcus cross-relation, and assuming f = 1, the rate constant may be 
expressed k, = (kaakppK)!/?, where in this case A is the Ru** complex and 
D is the Fe** complex. The equilibrium constant K for the overall reaction is 
found from the standard potentials. Subtracting the second half-cell reaction 
from the first gives (omitting the ligands for brevity) 


Ru** + Fe** —-> Ru** + Fe** E® = +1.26 V - (+0.77 V) = +0.49 V 


In this reaction one electron is involved, therefore the standard Gibbs energy 
change is given by [6C.3-221], A,G® = —FE®, and the equilibrium constant by 
A,G® = —RT In K, hence 


K ae brG°/RT _ QFE°/RT 
_ (96485 C mol!) x(+0.49 V)/[(8.3145J K~! mol!) x(298 K)] 
= 1.93.58 10° 
The rate constant for the overall process is therefore 
k, = (kaakppK)'? 
[(4.0 x 108 dm? mol”! $7!) x (4.2 dm? mol”! $7!) x (1.93... x 10°)]!/? 


=|5.7 x 108 dm? mol! s7! 
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PI18E.4 


P18E.6 


The variation of the electron-transfer rate constant with A,G® is given by [18E.8- 


814] 
Ink oa face ; eal + const 
Nket = S : 
* 4AER \ RT 2\ RT 


A plot of In ke, against -A,G® is expected to be an inverted parabola and, as 
described in the text, the maximum occurs at -A,G® = AE. The plot is shown 
in Fig 18.6. 


-A,G°/eV— ker/(10°s"') I gl ket/(10° s*) ] 


0.665 0.657 —0.182 
0.705 1.52 0.182 
0.745 1.12 0.049 
0.975 8.99 0.954 
1.015 5.76 0.760 
1.055 10.1 1.004 


1.0} 
i F 
= 0.5} 
am 
| 
— 
0.0 |- 
| | i | | 
0.6 0.7 0.8 0.9 1.0 1.1 12 
-A,G® /eV 
Figure 18.6 


The data are rather poor fit to the second-order polynomial 
Ig[ ket/(10° s~')] = -3.682 x (—A,G°/eV)* + 9.157 x (—A,G° /eV) — 4.5983 


which is shown on the plot. The maximum of this function occurs when the 
derivative is zero, that is when 2 x -3.682 x (-A,G® /eV) + 9.157 = 0; this occurs 
at (-A,G* /eV) = 1.24.... Therefore | AER = 1.2 eV|, 


The theoretical treatment given in the text applies only at relatively high tem- 
peratures. At temperatures above 130 K, the reaction in question is observed to 
follow a temperature dependence consistent with [18E.5-812], namely increas- 
ing rate with increasing temperature. Below 130 K, the temperature dependent 
terms in the equation are replaced by Franck—Condon factors (Topic 11F); that 
is, temperature-dependent terms are replaced by temperature-independent wave- 
function overlap integrals. 


Answers to integrated activities 


18.2 


Typical orders of magnitudes are ¢},/Na ~ 10’, q® = 10 per rotational degree of 
freedom, q’ ~ 1 per vibrational degree of freedom, and q ~ 1. Vibrational and 
electronic contributions will therefore be ignored from now on. According to 
transition-state theory the rate constant is given by ([18C.10-794] and [18C.9- 


794]) 

= RE RT Nages e AEo/RT 

h p* 44 

At 298 K the factors in from the the ratio of partition functions evaluate to 
1.5 x 10'! m? mol”! s“!, assuming x = 1. 
For a reaction between structureless particles A, B, and C* all have contribu- 
tions from translation; in addition, C* has two rotational degrees of freedom, 
therefore 


ie Na x an x (gy e-AEo/RT 
4m * 4m 
- (gy 7 SEo/RT 
dm/Na 
(10)? 
107 
= (1.5 x 10° m? mol! gs“) x e~A#0/RT 


k, = (1.5 10! m* mol! s™! 


=(L5%10" m* mol* s-*) 


=(15%10" m’ mol 3") x 


In collision theory the rate constant is given by [18A.9-783] 


1/2 

kT 

k, =oNa (er) eh Re 
Ty 


For a typical value o = 0.4 nm? and a mass of 2 x 10°7° kg, at 298 K 
k, = (1.7 x 108 m? mol™! s“!) x e#*/R? 


Assuming that E, * AEp, collision theory gives a rate constant greater by about 
a factor of 100, implying a steric factor of about 0.01; this is a plausible result. 
If A and B are non-linear triatomics, then A, B and C? all have three rotational 
degrees of freedom 
Na X din * (")” 
din * (48)? * dim * Cg")? 
‘ 1 7 SE o/RT 

(a*)° x din/Na 

1 

(10)? x 107 
~AEo/RT 


k, = (1.5 x 10"! m3 mol! s') x —AEo/RT 


= (1.5 x 10"! m? mol”! s~') 


= (1.5 x 10"! m? mol”! s~’) x 
= (15m? mol! s"!) xe 


The steric factor is now 9 x 10~* - very much smaller than for the reaction 
between structureless particles. 
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Processes at solid surfaces 


19A An introduction to solid surfaces 


Answers to discussion questions 


DI9A.2 


The Auger effect is described in Section 19A.3(b) on page 828. In Auger electron 
spectroscopy the electron beam is only able to affect species on the surface 
and perhaps a few layers into the bulk, and therefore the emitted electrons are 
characteristic of the surface and the species adsorbed onto it. The energies of 
the emitted electrons are characteristic of the material present and so provide 
a fingerprint of the sample. 


In scanning Auger microscopy (SAM) the electron beam is narrowly focused so 
that electrons are excited only from a small region (of dimension about 50 nm). 
By scanning the beam across the sample it is possible to build up a map of the 
composition. 


In scanning tunnelling microscopy (STM) a topological map of the surface is 
built up, and under favourable circumstances individual atoms may be identi- 
fied; the resolution is thus much greater than that achieved in SAM. However, 
STM gives no clues as to the identity of the atoms on the surface, in contrast to 
SAM. 


Solutions to exercises 


E19A.1(b) The collision flux, Zw, is given by [19A.1-825], Zw = p/(2nMkT/N,)"/? where 


p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann’s 
constant, T is the temperature and Nag is Avogadro's constant. From inside the 
front cover, 760 Torr = 1 atm = 1.01325 x 10° Pa, therefore 1 Torr is 133.32 Pa. 


(i) For a nitrogen molecule, the molar mass M = 2 x (14.01 gmol') = 
28.02 gmol ’, therefore for p = 10.0 Pa 


_ P 
(2nMkT/N,)}/? 
(10.0 Pa) x (6.0221 x 1073 mol')!/? 
[2m x (28.02 x 10-3 kg mol *) x (1.3806 x 10-23 J K"!) x (298.15 K) | 


WwW 


1/2 


= 2.88... x 107 ms! =|2.88 x 10!9 cm=? 57! 
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For p = 0.150 uTorr 


P 
~ (2nMkT/Na)}/? 


(0.150 x 10~© Torr) x (133.32 Pa Torr’) x (6.0221 x 107° mol!) !/ 


Ww 


[2mx (28.02 x 10-3 kg mol) x (1.3806 x 10-23 JK?) x (298.15 K) ]” 


=5.76...x 10!7 ms"! =|5.76 x 10!3 cm7? 5"! 


(ii) For methane, the molar mass M = (12.011 gmol')+4x(1.0079 gmol') = 
16.043 g mol ', therefore for p = 10.0 Pa 


P 
~ (2nMkT/Na)*+/? 


(10.0 Pa) x (6.0221 x 107? mol ')!/? 


Ww 


[21x (16.043 x 10-3 kg mol!) x (1.3806 x 10-23 J K-!) x (298.15 K)] 


= 3,80...x 107% m’s7! =/3.81 x 10!9 cm? 57! 


For p = 0.150 Torr, 


_ P 
(2nMkT/Na)}/2 


(0.150 x 10~° Torr) x (133.32 Pa Torr’) x (6.0221 x 107° mol ')!/ 


Ww 


[2mx (16.043 x 10-3 kg mol!) x (1.3806 x 10-23] K~!) x (298.15 K) ]"” 


= 7.61...x 10'7 ms"! =|7.62 x 10'3 cm=? 57! 


E19A.2(b) The collision flux, Zw, is given by [19A.1-825], Zy = p/(2nMkT/Na)'/? where 
p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann's 
constant, T is the temperature and Na is Avogadro’s constant. 


The collision rate, z, is given by z = AZ where A is the surface area. Hence, 


Ap 


= AZy = 
7 (2nMkT/N,)'?2 


For N> the molar mass M = 2 x (14.01 gmol ') = 28.02 gmol'. Thus, for 
A = n(d/2)’, where d is the diameter of the circular surface, rearranging the 
above expression gives 


r(2nMkT/Na)!/? 
A 
500% 19" §* 
mx (0.5 x 2.0 x 10-3 m)? 


2nx (28.02 x 10~* kg mol *) x (1.3806 x 10-73 J K~!) x (525 K) we 
x 
6.0221 x 1023 mol! 


=|7.3 x 10? Pa 
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E19A.3(b) Fora perfect gas, and at constant temperature, p « 1/V, where V is the volume 
occupied by the gas at pressure p. Therefore 


Pi V2 p2 


The surface coverage 6 is given by 8 = V/V. where V is the volume of gas 
adsorbed at a particular pressure p and V.. is the volume of gas which gives 
a complete monolayer, but where the volume has been corrected to the same 
pressure p. 


At 5.0 bar, the volume adsorbed is a complete monolayer and thus Vo. = 6.6 cm? 


at 5.0 bar. At 0.30 bar, this same volume is 


(6.6 cm?) x (5.0 bar) 


Vex = = 110cm? 
nae 0.3 bar 
Hence the surface coverage is 
11 cm? 
6 = ———-_ = 0.1 
110 cm? 


E19A.4(b) For a process to be spontaneous it must be accompanied by a reduction in 
the Gibbs energy, that is AG < 0, where AG = AH - TAS. If adsorption is 
endothermic, AH > 0, but nevertheless observed to be spontaneous, it must 
be that AS > 0. This is unusual for adsorption of a gas because such a process 
involves the loss of translational degrees of freedom. However, if the adsorbed 
molecule dissociates on binding it is possible for the entropy to increase, AS > 
0. 


Solutions to problems 


P19A.2 The collision flux, Z,,, is given by [19A.1-825], Zy = p/(2nMkT/N,)!/? where 
p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann’s 
constant, T is the temperature and Na is Avogadro’s constant. 


(a) For an oxygen molecule, the molar mass M = 2 x (16.00 gmol') = 
32.00 gmol ', therefore at T = 300 K and p = 100 kPa, 


= P 
(2nMkT/N,)}/? 


(100 x 10° Pa) x (6.0221 x 107° mol7')!/? 


Ww 


[2nx (32.00 x 10-3 kg mol *) x (1.3806 x 10-23 J K~') x (300 x]? 


= 2.68...x 10°? ms! =|2.69 x 1023 cm7? 57! 


(b) At p = 1.00 Pa the collision rate is reduced by a factor of 10° compared to 
(a):|Zy = 2.69 x 10'8§ cm? 57! 
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P19A.4 


Assume that on the surface the atoms are centred on a square grid of side ao, 
the lattice spacing, with the atoms in contact (a face of a simple cubic lattice). It 
follows that the radius of each atom is half the lattice spacing r = a) /2. Hence, 
the area, A, of a single surface atom is approximated by A = mr? = (a0)? = 
$745. 

For p = 100 kPa, the number of collisions made with a single surface atom in 
each second by oxygen is 


Neot = AZwAt = 4nZwagAt 


= in x (2.68... x 10°? m™*s"') x (291 x 10°'7 m)* x (1s) =|1.79 x 108 


For p = 1.00 Pa, the number of collisions is reduced by a factor of 10° compared 
to the calculation just made: |AZ,, = 1.79 x 10°|, 


Using Bragg’s law, A = 2d sin @, it is observed that for a given wavelength, 
the greater the separation d of atomic layers within a lattice, the smaller the 
scattering angle @.Therefore, in terms of the LEED pattern, the farther apart 
the atoms responsible for the pattern, the closer the spots appear in the LEED 
pattern. 


Therefore, tripling the horizontal separation between the atoms corresponds 
to the spot separation reducing to a third of the original separation between 
the spots. The vertical separation between atoms is unchanged, therefore the 
vertical separation of LEED spots in that dimension remains unchanged. The 
result is shown in Fig. 19.1. 


Original LEED pattern Reconstruction LEED pattern 
@ @ @ @o@e@e00e00e00 
@ @ @ @@e@0e0000 


Figure 19.1 


19B Adsorption and desorption 


Answers to discussion questions 


D19B.2 


The assumptions made in deriving the Langmuir isotherm are: 


(1) Adsorption cannot proceed beyond monolayer coverage. 
(2) All sites are equivalent and the surface is uniform. 


(3) The ability of a molecule to adsorb at a given site is independent of the 
occupation of neighbouring sites. 


For the BET isotherm assumption (1) is removed so that multi-layer coverage 
is possible. In the derivation of this isotherm a distinction is made between the 
energetics involved in forming the first and subsequent layers. 


Solutions to exercises 


E19B.1(b) ‘There is an error in the Exercise: the volume at the lower pressure should be 
1.52 cn’. 
The Langmuir isotherm is [19B.2-833], 0 = ap/(1+ ap), with a = k,/ka. The 
surface coverage may be written in terms of the volume of gas adsorbed V, 
0 = V/V.., where V... is the volume corresponding to complete coverage. For 
two different pressures 


Vi op Vz &p2 
Voo 1+apy Voo 1+ apo 


Inverting both sides 


Voo 1 Voo _ 1 
+ 


heey eee | 
Vi apr V2 ap2 


To eliminate « first multiply the left-hand equation by 1/p2 and the right-hand 
equation by 1/p; 
Veo 1 1 Vee 1 1 
= + = + 
pPoVi =apip2 pr PiY. &pip2 Pi 


Subtracting the two equations gives then eliminates a 


Voo Veo 1 1 
p2Vi piVo pr pi 
I/p2-l/pi pipe 
1/p2Vi-1/piV2  pi/Vi - p2/ Va 
where for the last step top and bottom are multiplied by p, po. 
With the data given 


hence V = 


Veo = Pi— p2 
pilVi — p2/ V2 
7 (56.4 kPa) — (108 kPa) 7 
(56.4 kPa) /(1.52 cm?) - (108 kPa) /(2.77 cm?) 


27.4 cm? 
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E19B.2(b) 


E19B.3(b) 


E19B.4(b) 


The residence half-life is given by [19B.14-839], ty). = ToeFases/RT The acti- 
vation energy for desorption, E,,des, is approximated as minus the enthalpy of 
adsorption. 


thy = (1.0 x 10714 s) e(155x10° J mol!) /[(8.3145J K"! mol™!)x(500 K)] 


1.6 x 107 5 


The Langmuir isotherm is [19B.2-833], @ = ap/(1+ap). The surface coverage 
may be written in terms of the volume of gas adsorbed V, 6 = V/Va., where 
Vo is the volume corresponding to complete coverage. Equivalently, 9 may be 
expressed in terms of the mass adsorbed, @ = m/m.o, where m.. is the mass 
corresponding to complete coverage. For two different pressures 


m api m,  ap2 
Mo 1+ap) Moo 1+ Mp2 


The aim is to find m.., and the algebra to do this is just the same as the method 
for finding V.. in Exercise E19B.1(b) with volumes replaced by masses. The 
result is 


ic. ch Pi p2 
° pilm, - P2/m2 
_ (36.0 kPa) — (4.0 kPa) 
(36.0 kPa) /(0.63 mg) — (4.0 kPa) /(0.21 mg) 


= 0.84 mg 


The surface coverage at the first pressure is therefore 


m, 0.63 mg 


0, = 0.75 


Moo ~ 0.84 mg 7 


At the second pressure 62 = (0.21 mg) /(0.84 mg) = [0.25]. 


The Langmuir isotherm is [19B.2-833], 0 = ap/(1+ ap), inverting both sides 
gives 
1 1 1 1-0 


es | hence =—-l= 
0 ap ap 0 0 


Inverting again gives 


ap = oe hence ee 
=o P= 70-8) 
With the data given 
0.2 
Pp : 0.46 kPa 


: (0.548 kPa”) x (1 — 0.20) : 


A similar calculation for @ = 0.75 gives [5.5 kPal. 


E19B.5(b) 


E19B.6(b) 


The isosteric enthalpy of adsorption is define as [19B.5b-834] 


dIn(ap*)\ = AagH® 
( a(1/T) ) OR 


From the Langmuir isotherm is follows that a = 6/p(1— @) but, because an 
isosteric process is being considered (6 is constant), this reduces to a = C/p, 
where C is a constant. With just two sets of data the derivative is approximated 
as the finite interval to give 

In(Cp*/p2) —In(Cp*/pi) __ AaaH® 


(1/T,) - 1/T1) R 
AaaH® ( 1 1 
hence In pi /p2 = : (= =) 
2 1 


AwH? (11 
h l =] + 
ence Nn p2 np. R (;. T, 


The data gives the enthalpy of desorption as +12.2 J for 1.00 mmol of gas, 
therefore the molar enthalpy of adsorption is —12.2 kJ mol '. 


-12.2 kJ mol! 1 1 


] kPa) = In(8.86 kPa) + 
n (p2/kPa) = In( a) §3145]K- mol \318K 298K 


= 2.49... 


Therefore (p2/kPa) = e”4?-, giving|p = 12.1 kPal 


The isosteric enthalpy of adsorption is define as [19B.5b-834] 


(ace) __ AaaH® 
6 


a(1/T) R 


From the Langmuir isotherm is follows that a = 6/p(1— @) but, because an 
isosteric process is being considered (6 is constant), this reduces to a = C/p, 
where C is a constant. With just two sets of data the derivative is approximated 
as the finite interval to give 

In(Cp*/p2) —In(Cp*/pi) _ _ AaaH® 


(1/T2) - (1/T;) R 
Aa H* 1 1 
hence In(pi/p2) R ( : =) 
hence A,qH® = Rln(p2/pi) 
1/T, = 1/T, 


With the data given 


(8.3145JK7! mol ') x In[(1.02 x 10° Pa) /(350 x 10° Pa)] 
1/(240 K) — 1/(180 K) 


A,aH® = 


-6.40 kJ mol! 
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E19B.7(b) 


E19B.8(b) 


The rate constant for desorption is assumed to follow an Arrhenius law, kg. = 
Ae™aces/RT | Recall that for a first order process the half life is simply propor- 
tional to the inverse of the rate constant, therefore the time needed for a certain 
amount to desorb is also inversely proportional to the rate constant. Thus 


T/T = eo (Fades/R) A/T2-1/T1) 


Eades ( 1 1 
hence In(t,/72) : (; =) 
Rene Ese 
(1/T, - 1/T1) 


With the data given 


—(8.3145JK~! mol) In[(1856 s)/(8.44s)] 
1/(1012 K) - 1/(873 K) 


= 2.85...x 10° Jmol | =|285 kJ mol! 


Eades = 


The times for desorption at different temperatures are computed using 


T/T = eo (Eades/RIC/T2-1/T1) hence is 7 ¢ (Eades! R)C/T2-1/T1) 


The time needed at 298 K is related to that at 873 K 
T) = (1856 s) el (2-85...x10° J mol!) /(8.3145 J K~! mol!) ][1/(298 K)-1/(873 K)] 


=1.5x10*s 


Effectively, the gas does not desorb at this temperature. Repeating the calcula- 
tion at 1500 K 


T2 = (1856 s) el (2-85...x10° J mol™')/(8.3145J K7! mol!) ][1/(1500 K)-1/(873 K)] 


=|0.14 ms 


The average time that a species remains adsorbed is proportional to its half-life, 
given by [19B.14-839], ty/2 = ToeEaes/ RT Therefore, if the two times are T, and 
T2 at temperatures T,; and T, 


T/T} = e(Fades/R)C/T2-1/T1) 


E, es 1 
hence In(t2/t1) = = (= - =) 


R T Ty 
Rl 
hence E, dés= Rin(t2/T1) 
dee= T/T; 


The data gives the lifetime at the higher temperature as T, = 7,(1 - 0.35) = 
0.65 T, 


(8.3145JK! mol ') In[(0.6571)/(t1)] 
1/(1000 K) - 1/(600 K) 


=|5.4kJ mol" 


a,des = 


655 


E19B.9(b) The half-life for a species on the surface is given by [19B.14-839], ty). = Te Eades! RT 
(i) With E, des = 20 kJ mol! 
at 298 K ti = (0.12 ps) e(20x 10° J mol™')/[(8.3145J K~! mol!)x(298 K)] 


=|3.8 x 10” ps 


at 800 K ty. = (0.12 ps) (20x 10° J mol™')/[(8.3145J K~! mol!)x(800 K)] 


=|2.4 ps 


(ii) With E,,4es = 200 kJ mol! 
at 298 K tio = (0.12 ps) e(200x10° J mol™')/[(8.3145 J K~! mol!) x(298 K)] 


= 1.36... x 10°4 ps =|1.4 x 107 5 
at 800K ty. = (0.12 ps) e(200x10° J mol™')/[(8.3145 J K~! mol!) x(800 K)] 


= 1.37...*% 10" ps =[1.45 


Solutions to problems 


P19B.2 As is shown in Example 19B.1 on page 833, a suitable plot to test the Langmuir 
isotherm is of p/V against p; such a plot has intercept 1/aV.. and slope 1/ Veo. 
The table of data is given below and the plot is shown in Fig. 19.2. 


p/Pa_ _V/em* _(p/V)/(Pacm™) 


25 0.042 595 

129 0.163 791 

253 0.221 1145 
540 0.321 1682 
1000 0.411 2433 
1593 0.471 3 382 


Omitting the data points for the two highest pressures gives a reasonable straight 
line with equation 


(p/V)/(Pacm™*) = 2.135 x (p/Pa) + 547.9 


Vso is found from the slope as V. = 1/slope = 1/(2.135) cm? = [0.47 cm?|. 
The value of a is found from (slope)/(intercept), a = (2.135)/(547.9) Pa"! = 


3.9 x 107° Pa! |, 


P19B.4 Note: the volume data given in the Problem is in error. The values in the table 
should be, reading left to right, 1.22 1.33 1.31 1.36 1.40 in cm?. 


As is shown in Example 19B.1 on page 833, a suitable plot to fit data to the 


Langmuir isotherm is of p/V against p; such a plot has intercept 1/aV.. and 
slope 1/Vao. The table of data is given below and the plot is shown in Fig. 19.3. 
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The data fall on a reasonable straight line with equation 


(p/V)/(atm cm~*) = 0.6941 x (p/atm) + 7.147 x 10°° 


Veo is found from the slope as V.. = 1/slope = 1/(0.6941) cm? = 


1.44 cm?}, 


P19B.6 


The number of H, molecules in this volume is found using the perfect gas law 
N= NapV 
RT 
_ (6.0221 x 10”? mol") x (1.01325 x 10° Pa) x (1.44 x 10~° m3) 
(8.3145JK~! mol”) x (273.15 K) 
= 3.86. #10" 


The area of a molecule is estimated from the mass density of the liquid in the 
following way. Consider a volume V of the liquid which has mass density p; 
the mass of the liquid is Vp and this corresponds to Vp/M moles, where M 
is the molar mass. The number of molecules in the volume is N = NaVp/M, 
therefore the volume occupied by one molecule is V/N = M/Nap. 


If the molecule is considered to be a sphere of radius R, then mR? = M/Nap, 


from which it follows that R = (3M/4Napr)'/?. Therefore the area of the 
‘silhouette’ of the sphere is A = R? = 1(3M/4Napr)?/?. With the data given 


x 3 x (2.0158 gmol *) a 
=T 
4 x (6.0221 x 1023 mol") x (0.708 g cm-3) x 1 

= 3.40... x 107° cm? = 3.40... x 1077 m? 


The surface area is therefore (3.86... x 10’) x (3.40... x 1077° m?) =|1.3 m?} 


(a) As is shown in Example 19B.1 on page 833, a suitable plot to fit data to the 
Langmuir isotherm is of p/V against p; such a plot has intercept 1/aVoo 
and slope 1/V... The table of data is given below and the plot is shown in 
Fig. 19.4; it is clear from this that the data do not conform to the Langmuir 


isotherm. 
p/kPa V/cm? (p/V)/(kPa cm”) z y/(10-3 cm™?) 
13.3 17.9 0.743 0.067 3.980 
26.7 33.0 0.809 0.134 4.669 
40.0 47.0 0.851 0.200 5.319 
53.3 60.8 0.877 0.267 5.976 
66.7 75.3 0.886 0.334 6.645 
80.0 91.3 0.876 0.400 7.302 


(b) In [19B.7-836] the BET isotherm is manipulated into a straight-line plot 


Zz 1 _ f=) 


(1-z)V ~ CVs  -CVior 2 ao RE 


Thus a plot of z/(1 - z)V against z is expected to be a straight line with 
slope (c — 1)/cVmon and intercept 1/c Von; note that (slope)/(intercept) 
= c-—1. For brevity the term z/(1 - z)V is denoted y. The manipulated 
data is shown in the table above and the plot is shown in Fig. 19.5. 


657 


658 


0.90 


0.85 | + 7 
0.80 |- a 


(p/V)/(kPa cm™) 


0.75 aie = 


0.70 | | ! ! 


20 40 60 80 


Figure 19.4 


y/(10-? cm”?) 


Figure 19.5 


The data are a good fit to a straight line with equation 
y/(10-* cm™*) = 9.939 x (z) + 3.329 


The parameter c is found using 


slope 9.939 
—— =c-1 hence c=1+ = |3.99 
intercept 3.329 
The intercept is 1/¢Vinon, therefore 
1 1 
Vinon = 75.3 cm3 


cx (intercept) 3.99 x 10-3 x (3.329 cm=3) _ 


P19B.8 Note: there is missing data from this Problem, which is that the two tempera- 
tures referred to are 400 °C and 500 °C. 


P19B.10 


P19B.12 
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The isosteric enthalpy of adsorption is defined as [19B.5b-834] 


OIn(ap*)\ _  AaaH® 
( a(1/T) ) R 


With just two sets of data the derivative is approximated as the finite interval 
to give 
In(a2p*) -In(a,p*) AaaH® 


(1/T,) - Q/T) R 
hence In a/ a Aaa ( ae 
R In Ty 
With the data given 

(-160x 10° Jmol ')/ 1 1 

In w/o, - = ( 
8.3145JK"' mol ' \773K 673K 

= —3.69... 


Therefore a2/a, = e >" = [0.0247]. 


The Freundlich isotherm is written cag, = K ral is ; taking logarithms gives In cas 


=InK + (1/n) Ingo). This implies that a plot of In cag; against In c,o) should be 
a straight line of slope 1/n and intercept In K. The data are given below and the 
plot is shown in Fig. 19.6. 


csoi/(mgg') — cads/(mgg') — In[esoi/(mgg')] — In[caas/(mg g')] 


8.26 4.41 2.111 1.48 
15.65 9.20 2.750 2.22 
25.43 35.20 3.236 3.56 
31.74 52.00 3.458 3.95 
40.00 67.20 3.689 4.21 


The data fall on a modest straight line, the equation of which is 


In[caas/(mg g')] = 1.849 x In[c.o1/(mg g7!)] - 2.554 


The slope is 1/n, therefore n = 1/slope = 1/(1.849) = [0.54], The intercept gives 
In K and hence |K = 0.078 mg g™' | 


To compute the fractional coverage @ it would be necessary to know the mass 
needed for a monolayer. This is of no particular significance for this isotherm. 


The Langmuir isotherm would be different in the three cases. 


(a) For adsorption without dissociation [19B.2-833], 0 = ap/(1+ ap) 
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In[ caas/(mg g')] 


| 
2.0 2.5 3.0 3.5 4.0 


In[csoi/(mg g-")] 
Figure 19.6 


(b) For adsorption with dissociation into two species the isotherm is [19B.4- 
833], 0 = (ap)"?/[1 + (ap)? 


(c) By extension, for adsorption with dissociation into three species the isotherm 


is 0 = (ap)'?/[1 + (ap)'?] 


A plot of @ against p at low pressures (where the denominator is approximately 
1) would show progressively weaker dependence on p for dissociation into two 
or three species. 


19C Heterogeneous catalysis 


Answers to discussion questions 


D19C.2 The two relevant equations derived in How is that done? 19C.1 on page 842 are 
(aapa + 1)04 + a paOp = Aapa apppOa + (apps + 1)03 = Apps 
The first is multiplied by a pg and the second by (a4 pa + 1) to give 


appa(Gapa t+ 1)Oa + Mpppodapads = AppBaapa 
(aapa + 1)appp0a es (aapa + 1)(appp + 1)0, = (aapa + 1) apps 


The terms in 6, are now the same, and so will disappear when the two equations 
are subtracted to give 


appadapads — (Hapa t+ 1)(appp+1)Op = apppaapa — (Aapat 1)agps 


The expression for 0 then follows with some rearrangement and simplification 


On = ap peaapa —~ (Gapa+1)anpp 
appaaapa — (dapat 1)(appp t+ 1) 
7 — OB PB 
ApPBAAPa — CaAPatpPp-Aapa — Appp-1 
OB PB 


Anspat Opps +1 
which is the required expression. That for @, is simply found by swapping the 
indices A and B: the equations all remain valid under such a change. 
Solutions to exercises 
E19C.1(b) The amount in moles of CO gas is found using the perfect gas law. 
ne pV _ (1 bar)x(10° Pa) 3.75 x 10°° m3 


RT 1 bar (8.3145J K~! mol’) x (273.15 K) 
= 1.65... x 107* mol 


which corresponds to Nan = (6.0221 x 1073 mol!) x (1.65 x 1074 mol) = 
9.94... x 10!? molecules. 


A rough calculation of the surface area notes that the collision cross section 
is 0 = md’, where d is the diameter of the colliding spheres. Therefore d = 
(o/n)'/?, and hence r = $(a/m)"”. The area of one molecule is nr? = nj0/n = 
io. In the tables, no value for the collision cross section of CO is given, so the 
value for N3 is used. The surface area is therefore (9.94... x 10') x 5 x (0.43 x 


10° m7) =| 11. m?)|, 


In fact circles do not cover a plane completely, and it can be shown that the 
highest coverage which can be achieved is one in which the circles cover 0.91 
of the area of the plane. The estimate of the area therefore needs to be scaled 
up by a factor of 1/0.91 ~ 1.1 to give 12 m’. 


Solutions to problems 


P19C.2 The rate law for a unimolecular decomposition occurring on a surface is given 
by [19C.1-841] 
_ keap 
= ae 


HI is adsorbed strongly on gold, implying that ap > 1, and so the rate law 
reduces to v = k,: that is, zeroth order and thus independent of pressure. On 
platinum, absorption is weaker implying that ap <« 1. In this limit the rate law 
becomes v = k, ap: that is, first order in the pressure. 
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19D Processes at electrodes 


Answers to discussion questions 


D19D.2 This is discussed in Section 19D.3 on page 850. 


Solutions to exercises 


E19D.1(b) _ If the anodic process is dominant, the current density is given by [19D.5a—-850], 
In j = In jo + (1 — a) fy, where f = F/RT. At 298.15 K 


f = (96485 C mol ')/[(8.3145JK7! mol”*) x (298.15 K)] = 38.921 V! 


where the units are resolved by recalling 1 V = 1 J C7!. Taking the difference of 
two expressions for In j for different overpotentials gives 


In(jo/ji) = (1 - @) f (m2 - m1) 
Keei B) 
mene B= af 
- In(72/17.0) 
(1 — 0.42) x (38.921 V-) 


+ 0.105 V =|0.17 V 


E19D.2(b) If the anodic process is dominant, the current density is given by [19D.5a—-850], 
j= joe", where f = F/RT. At 298.15 K, f = 38.921 V~!. Rearranging for 
jo and then using the data given 


jo= je -osn 


= (17.0 mA cm’) e7 (1-0.42) x (38.921 V"')x(0.105 V) -|1.6mA cm~2 


E19D.3(b) If the anodic process is dominant, the current density is given by [19D.5a-850], 
j= joe", where f = F/RT. At 298.15 K, f = 38.921 V~!. Taking the ratio 
of two expressions for j for different overpotentials gives 


(1-«) fino (l-a) fm 


jalji = joe lige 
hence jz = jye-OSCn-™) 


= (1.22 mA cm™*) e(1-0.5)x(38.921 v~')x[(0.60-0.50) v)] -|85mA cm~2 


E19D.4(b) (i) The Butler-Volmer equation is [19D.2-848], j = jo(eC-o fn = ee), 
For Fe** on Pt jg = 2.5 x 10° Acm™ and a = 0.58; at 298.15 K, f = 
38.921 V~'. For an overpotential of +0.30 V the current density is 


j=(2.5x 107° Acm”) 
xz (eC texan 50 V) _ 70-58 (38.921 V"')x (0.30 vy 


0.34 Acm~ 


E19D.5(b) 


E19D.6(b) 


E19D.7(b) 


(ii) If the current is entirely anodic, only the first term is needed 


j=(2.5x 10°73 Acm”) 52 e(1-0.58)x( 38.921 V"')x(0.30 v) 


=|0.34 A cm 


The result confirms that the current is indeed dominated by the anodic 
term, which is the term for which the power of the exponential is positive. 


The Butler-Volmer equation is [19D.2-848], j = jo(e-™4" — e-*/"), The 
overpotential is equal to the applied potential E minus the potential developed 
by the electrode which, assuming standard conditions, is +0.77 V: 4 = E - 
(0.77 V). With the given value for jo, and assuming a = 0.5 


j- (2.5 mA cm”) © (e-teraee Vy] _ e 05x fx [E-(0.77 V1) 


jz (2.5 mA cm”) “ ues V))] _ e 0 5f[E-(0.77 wh 


At equilibrium, only the exchange current flows, therefore for an electrode with 
area A the current is j)A, and thus the charge passing in time t is (current x 
time): q = joAt. If each species passing through the double layer carries one 
fundamental change, the number of charges is N = q/e = joAt/e. Thus the 
number per second through an area of 1.0 cm? is, for H*/Cu, 


N/t = joA/e = (1.0 x 10°° A cm”) x (1 cm*)/(1.6022 x 107!°C) 


= 6.24...x 10% 51 =|6.2 x 10!2 s7! 


A similar calculation for Ce**/Pt gives (2.5 x 10'* s~!| 


The number of atoms covering 1 cm? of electrode is (10~* m?) /(260x107'? m)?* 
= 1.47...x 101°. Therefore for H*/Cu the number of times per second that each 
atom is involved in a electron transfer event is (number of such events)/(number 
of atoms) = (6.24... x 10'° s-')/(1.47... x 101°) = |4.2x 1077s"? A similar 
calculation for Ce**/Pt gives |0.17 s~! |, 


In the linear region the current density and overpotential are related by [19D.4- 
849], 4 = RTj/Fjo, therefore the current density is j = y4Fjo/RT. For an 
electrode of area A the current is J = jA, and therefore the resistance is 


q iT _ RT 
I qFjoA/RT  FjoA 


For H*/Pb 


(8.3145J K-! mol‘) x (298 K) 


ge - =|5.1x 10° 0 
(96485 C mol") x (5.0 x 10-12 A cm~?) x (1.0 cm?) 


The units are resolved by using (from inside the front cover) 1 V = 1 J C7! and 
1Q=1VA‘l!. A similar calculation for Fe**/Pt gives [10 QO}. 
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E19D.8(b) Because the standard potential of Zn?*/Zn is —0.76 V, under standard condi- 


tions Zn metal will only be deposited when the applied potential is more nega- 
tive than -0.76 V. The current density is given by [19D.2-848], j = jo(e-™/"- 
eon ), but under these conditions only the second term (the cathodic current) 
is significant. Using the data given for H*, assuming a = 0.5, and recalling that, 
at 298.15 K, f = 38.921 V7! 

ju = ~joe */" 
= -(0.79 x 103 A cm™~) e70-5x (38.921 V"!) x(-0.76 v) 


=-2.1x10° Acm” 


It is usually considered that the metal can be deposited if the current density for 
discharge of H* is less than about 1 mA cm’. In this case, the current density 
for discharge of H* is vastly in excess of this criterion, which means that zinc 
metal will not be deposited, and all that will happen is the evolution of H). 


Solutions to problems 


P19D.2 


P19D.4 


Simultaneous deposition is expected if the two potentials are the same, and this 
is acheived by altering the ratio of the concentrations of Pb** and Sn’*. Using 
the Nernst equation [6C.4-221], the potentials of the two half cells are 


RT 
E(Pb**/Pb) = E(Pb**/Pb)* + re Appr 
2+ 2+ ° RT 
E(Sn*"/Sn) = E(Sn**/Sn)*° + 3p in Agy2+ 
These will be equal when 
o RT 2 RT 
E(Pb**/Pb)° + p 3 Apps = E(Sn**/Sn)° + p 3 Agn?+ 
From which it follows that 


nex = [E(Pb?*/Pb)* — E(Sn2*/Sn)°] 


- 2 x (96485 Cmol *) 
(8.3145J K~! mol ') x(298 K) 
=0;778., 


[(-0.126 V) - (0.136 V)] 


Therefore as,2+/app2+ = e778" = [2.18]. By making the concentration of Sn** 
a bit over twice that of Pb’*, simultaneous deposition can be achieved. 


The overpotential is 7 = E’ — E, where E is the equilibrium potential; in this 
case 7 = E’ + (0.388 V). The data given correspond to positive overpotentials, 
so the anodic current will dominate and hence Inj = In jo + (1 - a) fy. For 
the In**/In electrode three electrons are transferred, therefore the relationship 
needs to be modified to In j = In jo + 3(1 -— a) fy. A plot of In j against 4 will 
have slope 3(1 — a) f and intercept In jo. Such a plot is shown in Fig. 19.7. 
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The data fall on a good straight line with equation 
In[j/(A m~)] = 59.41 x (4/V) - 1.894 


From the slope it follows that 3 x (1 — a) x (38.921 V~') = 59.41 V' hence 
« = 0.49), The exchange current density is computed from the intercept as 


jo = 0.150 Am™*|, 


Note that there is an error in the problem: the cathodic current should be 
computed for E’ = —0.365 V. The cathodic current is j. = —joe°*/", thus 
with the data already determined 


rae =(0.150 A m2) e72(0-49)*(28.921 V)x[(-0.365+0.388) Vv] -{-9.0402 A m~ 


P19D.6 (a) The Butler-Volmer equation, [19D.2-848], j = jo(e-in - ein) is 
expanded to second order in fy 


j= jo[L+(-a)fn+ 3-0)’ fq? - 1+ afy 50° f'y’| 
= jolfn+ sf? - 2a)] = jofn + joBf° 1” 
term 1 term 2 
where B = }(1— 2a) is used. 
The current density is integrated over a complete period with y = 79 cos wt; 
the period is 2n/w and the result of the integration is the total charge 
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P19D.8 


(b) 


(a) 


(b) 


(c) 


(d) 


passing over this time. Term 1 integrates to zero because the integral of a 
cosine wave over a complete period is zero. The integral of term 2 is 


2n/w 2n/w 2n/w 
job fn cos* wt dt = 3joB fd dt+$joBP°na cos 2wt dt 


term 3 


where the identity cos* A = }(1+cos2A) is used. Term 3 is zero as it is the 
integral of a cosine wave over two complete periods. The other integral 
evaluates to 27/w and therefore the charge passing over the complete 
period is 


. 2m 
2J0BS no 
The mean current over the complete period is found by dividing the charge 
passing by the time, which is the period 21/w. Therefore 


jav = A joBh ong = |iof?nas(4 - @) 


As required, the mean current goes to zero when a = i. 
For H*/Pt jo = 7.9 x 10-* A cm’; with the data given 
jav = (7.9 x 10°* Acm’”) x (38.921 V')? x (0.010 V)” x $(0.5 - 0.38) 


=|7.2 uAcm 


This voltammogram is that expected for a reversible process, as described 
in Section 19D.3 on page 850, and characteristic of a process with a ‘large’ 
exchange current density. Only a small overpotential is required to achieve 
a significant current. 


The first part of the voltammogram shows two successive reductions, at 
different potentials. Both of these reductions appear to be reversible as the 
current changes direction on the reverse sweep, with two features which 
complement those in the first part of the sweep. 


This voltammogram is that expected for a irreversible process, as described 
in Section 19D.3 on page 850, and characteristic of a process with a ‘small’ 
exchange current density. In this case a larger overpotential is needed to 
generate a significant current and the cathodic process dominates. 


The first part of the voltammogram shows two successive reductions, at 
different potentials. The second of these appears to be reversible as the 
current changes direction for the first part of the reverse sweep, but the 
second reduction appears to be irreversible as there is no negative-going 
current associated with it. 


Answers to integrated activities 


119.2 


The relativistic correction term is 


eAd (1.6022 x 107! C) x (50 x 10° V) re 
2mec? 2 x (9.1094 x 10-3! kg) x (2.9979 x 108ms-!)2 


119.4 


The non-relativistic wavelength is 


Anon-rel = cae Lee 
(2m.eA¢)}/? 
6.6261 x 107*4Js 
~ [2x (9.1094 x 10-3! kg) x (1.6022 x 10-19 C) x (50 x 103 V)]!2 
= 5.48 pm 


With the relativistic correction 


6.6261 x 10°**Js 
[2x (9.1094 x 10-3! kg) x (1.6022 x 10-19 C) x (50 x 103 V) ]!/2 
1 
x 
(1 + 0.0489...) 1/2 


Arel = 


= 5.36 pm 


There is a significant difference of about 2%. Whether or not this will affect 
any particular measurement depends on whether it is necessary to know the 
wavelength to high precision. 


The tunneling of a particle through a rectangular barrier is described in Sec- 
tion 7D.4 on page 268. The decay of the wavefunction in the barrier depends 
on the parameter x given by x = [2m(Vo — E) ]'/?/h, where E is the energy and 
Vo is the height of the barrier. In this case (Vo — E) = 2.0 eV and so 


x = [2x (9.1094 x 1073! kg) x (2.0 1.6022 x 1071? J)]/7/(1.0546 x 10734 Js) 
= 7.24... x 10° m7! 


Assuming that «L >> 1 for the distances L considered in this calculation, the 
transmission probability T is approximated by [7D.20b-270], T = 16e(1 - 
e)e?*", where ¢ = E/Vy. When the distance increases from L, to L, the ratio 
of the transmission probabilities is 


T/T; = eo 2k(L2-L1) 


= go 2*(7.24...10" mot) x[(0.60-0.50)x10-° m] _ 9 935 


Assuming that the current is proportional to the transmission probability, this 
ratio would also be the ratio of the currents. 
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